Mathematica 11.3 Integration Test Results

Test results for the 2646 problems in "1.2.1.3 (d+e x)"m (f+g x) (a+b

x+c x"2)"\p.m"
Problem 433: Result unnecessarily involves imaginary or complex numbers.

J(ex)”2 (A+Bx)/a+cx® dx

Optimal (type 4, 427 leaves, 10 steps):
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Result (type 4, 270leaves):
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Problem 434: Result unnecessarily involves imaginary or complex numbers.
J(ex)S/2 (A+Bx) A/ a+cx? dx

Optimal (type 4, 397 leaves, 9 steps):
4a2pe3xa+cx? 2ae’+ex (25aB-77Acx) Va+cx?

_ . _
15 c3/2+/ex (ﬁ+\/?x) 1155 c?
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Result (type 4, 257 leaves):
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Problem 435: Result unnecessarily involves imaginary or complex numbers.
J(ex)B‘/2 (A+Bx) +/a+cx? dx

Optimal (type 4, 363 leaves, 8 steps):
2aevex (5A+7Bx)Va+cx? 4a’Be?x+a+cx?
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Result (type 4, 251 leaves):
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Problem 436: Result unnecessarily involves imaginary or complex numbers.
J\/ex (A+Bx) +/a+cx? dx

Optimal (type 4, 328 leaves, 7 steps):
4ahexva+cx? 2+vex (5aB—21Acx)m 2B+Vex (a+cx2)3/2
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Result (type 4, 236 leaves):
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Problem 437: Result unnecessarily involves imaginary or complex numbers.
J(A+Bx> Vva+cx? dx
Ve X

Optimal (type 4, 297 leaves, 6 steps):
2+ex (5A+3Bx) Va+cx? 4aBx+a+cx?
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= — b/

. :
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Result (type 4, 227 leaves):
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Problem 438: Result unnecessarily involves imaginary or complex numbers.
J(A+Bx> Vva+cx?

(e X) 3/2

dx

Optimal (type 4, 300 leaves, 6 steps):

2 (3A-Bx) Va+cx? 4A~c xVa+cx? 1
_ + _
3eex eVex (\/?Jr\/?x) evex Va+cx?
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Result (type 4, 215leaves):
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Problem 439: Result unnecessarily involves imaginary or complex numbers.
J(A+Bx> Vva+cx?

(e X) 5/2

dx

Optimal (type 4, 298 leaves, 6 steps):
2 (A+3Bx) Va+cx? 4B+/c xVa+cx?
3e (ex)3/? e2/ex (\/?Jr\/?x)

a+cx? cl/4/x
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Result (type 4, 214 leaves):
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Problem 440: Result unnecessarily involves imaginary or complex numbers.
J(A+Bx> Vva+cx?

(e X>7/2

dx

Optimal (type 4, 338 leaves, 7 steps):
4Aca+rcx?r 2 (3A+5Bx)Va+cx? AN 2xVarcx?

5ae’vex 15e (ex)5? 5ae’ex (Va +vc x|
a+cx? cl/4 4/ x 1
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Result (type 4, 217 leaves):
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Problem 441: Result unnecessarily involves imaginary or complex numbers.
J(A+Bx) Vva+cx?

(e X>9/2

dx

Optimal (type 4, 368 leaves, 8 steps):
4Aca+cx? 4Bcva+cx? 2 (5A+7Bx)Va+cx? 4Bc3?2x+/a+cx?

21ae® (ex)?/? 5ae*+ex 35e (ex)’/? 5ae*+ex (\/a +4/c x)
a+cx? cl/4 4/ x 1
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Result (type 4, 236 leaves):
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Problem 442: Result unnecessarily involves imaginary or complex numbers.

j(ex)S/2 (A +BX) (a+cx2)3/2d1x

Optimal (type 4, 438 leaves, 10 steps):
8alAedx+a+cx? 4a’e’+/ex (65aB-231Acx) Va+cx?
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Result (type 4, 276 leaves):
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Problem 443: Result unnecessarily involves imaginary or complex numbers.

3/2

J(ex)”2 (A+Bx) (a+cx?)™ " dx

Optimal (type 4, 400 leaves, 9 steps):
4a2e+ex (65A+77Bx) Va+cx? 8a*Be?xVa+cx?

5005 ¢ esci2iex (Va e x)
2aeex (39A+77Bx) (a+cx?)?? 2Aeex (a+cx?)®? 2B (ex)¥? (a+cx?)®?
+ + +
3003 ¢ 11 c 13 ¢

2 1/4
sat B et X (va + /< x| arex EllipticE[ZAr‘cTan[ﬂ}, 1] /
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(65c7/4\/§w/a+cx2 ~ |4 ati4 (77\/?B+65A\/?) e%/?(ﬁﬂ/?x)

a+cx? cl/4/x 1
B EllipticF[ZAr‘cTan[i}, =] /[5005 c’*Jex \Ja+cx?
(\/a +\Ex)2 a4 2

Result (type 4, 270leaves):
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(924a3B-1(a5c3xS (13A+113x) -4a’cx (195A+77Bx) -5ac?x3 (507A+3853x)) -
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C

Problem 444: Result unnecessarily involves imaginary or complex numbers.
J\/ex (A +BX) (a+cx2)3/2dlx

Optimal (type 4, 366 leaves, 8 steps):
8a2Aex/a+cx? 4a+ex (15aB—77Acx) Va+cx?

15\/?\/e—x(\/?+\/?x) 1155 ¢
2+/ex (9aB-77Acx) (a+cx?)?? 2B+ex (a+cx?)®?
. _
693 c 11c
2 1/4
8a%%Ae/x (\/?Jr\/?x) arex EllipticE[ZAr‘cTan[i}, 1] /
(\/?+\/?x)2 at/t 2

(15c3/4m#a+cx2 _|a a4 (15\/?8—77A\/?) E\/Y<\/?+\/?X)

a+cx? cl/4/x 1
B EllipticF[ZAr‘cTan[i}, =] /[1155 >4 ex \Ja+cx?
(\/a +\Ex)2 al/t 2

Result (type 4, 254 leaves):
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(a+cx®) (35c®x* (11A+9Bx) +12a* (77A+15Bx) +acx® (847A+585Bx) ) -

Ve
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r
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c x? Vx
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\ Ve

Problem 445: Result unnecessarily involves imaginary or complex numbers.

x*/2 E1lipticF [i ArcSinh]|

= —bl)l/

3/2

dx

(A+Bx) (a+cx?)
%
Optimal (type 4, 333 leaves, 7 steps):
4a+/ex (15A+7Bx) Va+cx® 8a?BxVa+cx? 2+/ex (9A+7Bx) (a+cx?)*?

105 e +15\/?m(\/;+ﬁx) ' 63 e

2 1/4 ./
8a%4B/x («/a +/c x) sz EllipticE[ZAr‘cTan[#], l} /
(Va +ve x| ; 2

(15c3/4m#a+cx2 + |aa7t (7\/?B+15A\/?) W(\/?M/?x)

a+cx? cl/4/x 1
B EllipticF[ZAr‘cTan[i}, =] /[105 34 ex \Ja+cx?
(\/a +\Ex)2 at/t 2

Result (type 4, 248 leaves):
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iva
e

(a+cx2) (84a2B+5c2x3 (9A+7Bx) +acx (135A+77Bx)) -
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5 Ve
168a52B+/c |1+ x*/2 E11ipticE[i ArcSinh| ], -1] +
c x? Vx
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r

24 32 (7\/?B+1511AV7)V? [1.-2 x*/2 E1lipticF [i ArcSinh]| - },—1]/
cx? x
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\ Ve

Problem 446: Result unnecessarily involves imaginary or complex numbers.

3/2

dx

J(A+Bx) (a+cx?)

(e X) 3/2

Optimal (type 4, 341 leaves, 7 steps):
24aAc xVa+rcx2 4ex (5aB+21Acx)Va+cx? 2 (7A-Bx) (a+cx?)??

5e-/ex (\/?Jr\/?x) 35 e? 7e+ex
a+cx? ct4x

24354 Act4A[x (\/?+V?x)

E1lipticE |2 ArcT l
)2 ipticE[2ArcTan| o },2]/

Vo e x

5e+/ex vJa+cx?

+|4as/4 (5\/?B+21A\E)\/Y(\E+\Ex)

2 1/4
ﬁ Ellip‘cicF{ZAr‘cTan[C 1;{?}, %] /[35 c*eex Ja+cx?
a ++/c x a

Result (type 4, 232leaves):
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x |2 iva (a+cx?) (cx* (7A+5Bx) +a (49A+15BX)) -
Ve
iva
3 Ve
168a*2A~c |1+ x*/2 E1lipticE i ArcSinh | |, -1] +
cx? Vx
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a Ve
8a’? (siva B+21AVc | [14 x3/2 E1lipticF [i ArcSinh| ], -1] /
c x? Vx

35 iva (ex)3?+/a+cx?

Ve

Problem 447: Result unnecessarily involves imaginary or complex numbers.

3/2

dx

(A+Bx) (a+cx?)
J (eX)S/Z
Optimal (type 4, 341 leaves, 7 steps):

24aB+/c xVarcx? 4 (9aB-5Acx)Va+cx? 2 (5A-3Bx) (a+cx?)??

5e2+/ex (\/?Jrﬁx) 15e2+/e x 15e (ex)3/?
a+cx? ct4/x

24 3%4Bct4\/x (\/?+V?x)

E1lipticE |2 ArcT l
)2 ipticE[2ArcTan| o },2]/

Vo e x

5e2+/ex +/a+cx?

+ 4234 (9\EB+5A\/?) 4 x (\Em/?x)

2 1/4
o arex Ellip‘cicF{ZAr‘cTan[C W}, 1]

; "™ / 15e2+/ex /a+cx?
(Va «Ve x| a 2

Result (type 4, 233 leaves):
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iva
e

(a+cx®) (-5aA+21aBx+5Acx*+3Bcx’) -

iva
\/7

C
722%2BC |1+ —— x/2EllipticE[i ArcSinh| ], -1] +
c x? Vx
iva
\/7

8a(9\/;B+51'1A\/?>\/? [1+ a2 x5/2 E11ipticF [i ArcSinh| \/_c ]» -1] /
cX X

15 iva (ex)’?+/a+cx?

Ve

Problem 448: Result unnecessarily involves imaginary or complex numbers.

3/2

dx

(A+Bx) (a+cx?)
J (ex)7/2
Optimal (type 4, 339 leaves, 7 steps):

4c (9A-5Bx) Va+cx? 24Ac32xa+cx? 2 (3A+5Bx) (a+cx?)??

15e3/ex 5e3+/ex (\E+\Ex) 15e (ex)>?

2 1/4 ./
_arex Ellip‘cicE[ZAr‘cTan[c x | l] /
(Va «ve x)? at/t =2

24 a4 A4 Ax (\/?+V?x)

5e3+ex +Ja+cx?

+ |4al/4 (S\EB+9A\/?) 34 x (\Em/?x)

2 1/4
o arex Ellip‘cicF{ZAr‘cTan[C W}, 1]

; "™ / 15e/ex Ja+cx?
(Va «Ve x| a 2

Result (type 4, 233 leaves):
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(a+cx®) (-5¢cx* (3A+Bx) +a (3A+5Bx)) -

iva
Ve

72+/a A 1+ a2 x7/2 E1lipticE[i ArcSinh| ], -1]+8va (sivaB+9ac)
cX \/;

iva
a Ve i+ a
c [1+ x’/? E1lipticF [i ArcSinh]| ], -1] / 15 |- (ex)7/2+/a+cx?
cx? Vx Ve

Problem 449: Result unnecessarily involves imaginary or complex numbers.

J(A+Bx) <a+cx2)3/2d]
X

(eX)9/2
Optimal (type 4, 339 leaves, 7 steps):
4c(5A+21Bx) Va+cx? 24Bc32x/a+cx? 2 (5A+7Bx) (a+cx?)*?

+ — —

35e3 (ex)3/2 5et/ex (\/?Jr\/?x) 35e (ex)”/?
a+cx? cl/a 1
24314 B 54 /X (\/?+\/?x) +—X2 EllipticE[2ArcTan| 1\‘{; > —| /
(\/?+\/?x) at/ 2

5e*+ex +Ja+cx?

+|4(21va BesAYc | ¢t /x (Va + e x|

2 1/4
—( arex )2 Ellip‘cicF{ZAr‘cTan[C 1;{?}, %] /[35a1/4e4mm
Va ++/c x a

Result (type 4, 238 leaves):
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2V/ex |- iVa (a+cx®) (5cx* (3A-7Bx) +a (5A+7Bx)) -
Ve
iva
\/7
84/a B2 142 x9/2EllipticE[jArcSinh[—c],—1}+4(21\EB+51‘1A\E>
c x? NS

iva
a \/? 1 a
3?2 1+ x®/2 E1lipticF [i ArcSinh|[ —], -1] / 35 i e’ x*+/a+cx?
N Ve

c x? NS

Problem 450: Result unnecessarily involves imaginary or complex numbers.

J(ex)”2 (A+BX) (a+cx2)5/2d]x

Optimal (type 4, 437 leaves, 10 steps):
8a’e+ex (221A+231Bx) Va+cx? 16a*Be?xVa+cx?

51051 c 221c32+Jex (\E+\Ex)
4a%e~/ex (221A+385Bx) (a+cx?)®? 2ae+ex (221A+495Bx) (a+cx?)®?
- +
51051 c 36465 c
2Aevex (a+cx2)7/2 2B (ex)3/2 (a+cx2>7/2
+ +
15 ¢ 17 ¢
2 1/4
16317/4Be2\/?(\5+%x) arex EllipticE[ZAr‘cTan[i] E} /
(\/?+\/?x)2 C 2

(221c7/4\/ex Jarcex? | - |gatsa (231\/?B+221A\/?) e2+/x (\/?+\/?x)

2 1/4
(a+cx)2 EllipticF[ZArcTan[#}, %] /[51051 c’*Jex \Ja+cx?
Va +Vc x @

Result (type 4, 289 leaves):
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1

255255 M\/g c2/ex Va+cx?
c

iva
e

<a+cx2) (924ea4B-1901c4x7 (17A+15Bx> -40a3cx (221A+77Bx) -

28ac3x’ (1768A+1485Bx) —a’c?xe (45747A+342653x)) -

iva
a \| Ve
9240a°2B~/c |1+ ; x*/2 E1lipticE [i ArcSinh|[—], -1] +
\/ C X

Vx
iva
a Ve
40a* (231+/a B+221iAVc | Ve [1+—— x*/?EllipticF[iArcsinh[————], -1]
C X &

Problem 451: Result unnecessarily involves imaginary or complex numbers.

J\/ex (A+BX) (a+cx2)5/2d1x

Optimal (type 4, 404 leaves, 9steps):
16a3Aex+a+cx? 8a?+vex (13aB-77Acx) Va+cx?

39\/?\/3(\/?+\/?x) 3003 c
4a~/ex (39aB-385Acx) (a+cx2)3/2

9009 c
2+/ex (13aB-165Acx) (a+cx2)5/2 2B/ex (a+cx2)7/2

N _
2145 c 15 ¢
2 1/4
16a*4ae/x (Va +c x| _arex EllipticE[ZAr‘cTan[ﬂ}, S /
(\E+\Ex)2 at/* 2

[39c3/4\/ex vJa+cx?

_ |gat¥4 (13\/?3_77A\/?) eVx (\/?H/?x)

2 1/4
o arex EllipticF[ZAr‘cTan[ﬂ}, l] /[3003 c>*Jex yJa+cx?
(\/a_+\/?x)2 CH 2

Result (type 4, 273 leaves):

| 19
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1
45045 /%@ cvex Varcx?
C

2e iVa (a+cx?) (231c*>x® (15A+13Bx) +1202a% (77A+13Bx) +

Ve

28ac?x* (385A+312Bx) +a’cx* (11935A+8073Bx) | -

i+va
. Ve
9240a72Ac [1+ x*/2 E1lipticE[i ArcSinh [ ——], -1] +
¢ x? Vx
i+va
a Ve
120 37/2 (713 i \/?B+77A\/?) 1+ x3/2 ElllpthF[Jl Ar‘cSinh[i}, *1}
c x? Vx

Problem 452: Result unnecessarily involves imaginary or complex numbers.

dx

(A+Bx) (a+cx?)®?
%
Optimal (type 4, 369 leaves, 8steps):
8a2\/ex (195A+77Bx) Va+cx? 16a*Bxa+cx?

+ +
3003 e 39Em(ﬁ+ﬁx)
20a+ex (117A+77Bx) (a+cx?)>? 2+ex (13A+11Bx) (a+cx?)>?
N _
9009 e 143 e
a+cx?

EllipticE [2 ArcTan [

c1/4\/? 1
al/4 }’ 2] /

16a13/43&(ﬁ+ﬁx) (\/7 = )2
a + C X

. |gati/4 (77€B+195A\/c_) Vx (\/;-%—\/?X)

(39c3/4\/ex \Ja+cx?

a+cx?

R

1/4
EllipticF[ZArcTan[ﬂ}, 1] /[3003 c>*Jex yJa+cx?
2

al/4

Result (type 4, 267 leaves):
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(1848a3|3+63c3x5 (13A+11|3x) +dac?x® (792A+539Bx) +a’cx (4329A+2387Bx)) -

i+a
a Ve
3696a72B/C |1+ x>/2 E11ipticE |1 ArcSinh[ ———], -1] +
c x? Vx
i+a
\F

482 (77Va B+195: AV | Ve [1+ 2 \2E1lipticF[i ArcSinh [ },—1]/
c x? Vx

ivVa
9009 iva cvex \Ja+cx?
\ Ve

Problem 453: Result unnecessarily involves imaginary or complex numbers.

)5/2

(A+Bx) (a+cx?
J dx

(e x) 3/2

Optimal (type 4, 379 leaves, 8 steps):
16a2A+c xVa+cx? Sax/eix(15aB+77Acx)\/a+cx2
N

+

3eex (\/?H/?x) 231 @2
20\/ex (9aB+77Acx) (a+cx2>3/2 2 (11A-Bx) (a+cx2)5/2
693 e’ 1le+ex
2 1/4
16 a%4 A ct/4x (\/;Jr\/?x) _arex EllipticE[ZAr‘cTan[i s 1] /
(\/?+\/c_x)2 at/* 2

3eex Ja+cx? |+ [8a%4 (15\/?B+77A\/?) Vx (\/?+\/?x)

) 1/4 e
(a+cx)2 EllipticF[ZArcTan[#}, %] /[231c1/4em 3+CX2
Va +4/c x a

Result (type 4, 253 leaves):
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iva
e

(a+cx®) (7c*x* (11A+9Bx) +4acx® (77A+54Bx) +3a* (385A+111BXx) ) -

iva

Ve
3696 a2 A+/C |1+ —— x*2EllipticE[i ArcSinh[———], -1] +
c x? Vx

48 3572 (151\/?B+77A\/?) 1+

x*/2 EllipticF|i Ar‘cSinh[—c], -1] /
c x? NS

693 iva (ex)3?+/a+cx?
Ve

Problem 454: Result unnecessarily involves imaginary or complex numbers.

5/2

dx

J(A+Bx) (a+cx?)

(e X) 5/2

Optimal (type 4, 378 leaves, 8steps):
8acvex (5A+7Bx)Va+cx? 16a2B+/c xVa+cx?
N _

21e3 3e2vex (Va e x|
20 (7aB-3Acx) (a+cx2)3/2 2 (3A-BX) (a+cx2)5/2
63e2/ex 9e (ex)3?

2 1/4
16 2%/ B ¢4 /x| («/a /¢ x) _arex EllipticE[ZAr‘cTan[i}, l] /
(Va « Ve x)? a2

3e?+/ex Ja+cx?

. |ga’/4 (7\/;B+5A\/?) cAax (\/?+\/?X)

21e%+/ex Ja+cx?

EllipticF[2ArcTan|

a+cx? cl/4+/x 1
e oLy
(NE+\EX)2 at/* 2 /

Result (type 4, 253 leaves):
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(a+cx®) (-21a* (A-5Bx) +c*x* (9A+7Bx) +4acx® (12A+7Bx)) -

iva
r

a C
3362528+ |1+ x*/2 E11ipticE[i ArcSinh| ], -1] +
c x? Vx
iva

\/7
48a? (7+/a B+5iAvVe Ve [14 2 X5/2EllipticF[i ArcSinh[———], ~1] /
cx? \x

63 iva (ex)’?+/a+cx?

Ve

Problem 455: Result unnecessarily involves imaginary or complex numbers.

5/2

dx

J(A+Bx) (a+cx?)

(e X)7/2

Optimal (type 4, 376 leaves, 8steps):
8ac (63A-25Bx) Va+cx?  48aAc32x+a+cx?
105 e3 e x 5e3+ex (\EJr\/?x)

4(25aB-21Acx) (a+cx?)¥? 2(7A-5Bx) (a+cx?)>?

105 €2 (e x)3/2 35e (ex)®/?
a c 2 c1/4 1
48254 ACS VX (Va e e x| | EllipticE[zArcTan[i}, =] /
(Va e x)? att = 2

5e3+ex +/a+cx?

. |8a%/4 (25\/?B+63A\/?) 34 Ax (ﬁﬁﬁx)

2 1/4
ﬁ EllipticF[ZAr‘cTan[%}, %] /[105e3 Vex +Ja+cx?
a +Vc x

Result (type 4, 254 leaves):
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(a+cx?) (7a* (3A+5Bx) -3c®>x* (7A+5Bx) -4acx® (63A+20Bx)) -

a
1008 a*2Ac*'? |1+ —— x7/2EllipticE[i ArcSinh| —-—], -1] +

c x? NS

16 23’2 (251\/?B+63A\/?)C 1+ az x7/2EllipticF[iAr‘cSinh[?c],—1] /
' cx

105 iva (ex)?/2+/a+cx?
Ve

Problem 456: Result unnecessarily involves imaginary or complex numbers.

5/2

dx

J(A+Bx) (a+cx?)

(e X)9/2

Optimal (type 4, 377 leaves, 8steps):
48aBc32xa+cx?  8c(63aB-25Acx) Va+cx?

5e*/ex (\/?Jrﬁx) 105 e* Ve x
4 (21aB+25Acx) (a+cx?)¥? 2 (5A-7Bx) (a+cx?)>?
105 e? (e x)>/? 35e (ex)7/?
2 1/4
48 a%/4B %4 ~/x (\/?+V?x) _arex EllipticE[ZAr‘cTan[ﬂ}, l] /
(Va - ve x)? att 2

5e*+ex +Ja+cx?

. |8a¥4 (63\/?B+25A\/?) S/AAx (ﬁﬁﬁx)

2 1/4
ﬁ EllipticF[ZAr‘cTan[%}, %] /[105e4\/ex v/ a+cx?
a +Vc x

Result (type 4, 259 leaves):
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2V/ex |- iVa (a+cx®) (4acx* (20A-63Bx) -7c*x* (5A+3Bx) +3a” (5A+7Bx)) -
Ve
iva
\/?
504 a*2Bc*? [1+ x*/2 E1lipticE[i ArcSinh|[ ——], -1] +
c x? NS
i+a
a Ve
8a(63Va Br25iAVc | |1+ x?/2 E1lipticF [ ArcSinh [ ———], -1] /
c x? VX

1+ a
105 iva e’ x*a+cx?
N3

Problem 457: Result unnecessarily involves imaginary or complex numbers.

5/2

dx

J(A+Bx) (a+cx?)

(e X>11/2

Optimal (type 4, 375leaves, 8steps):
8c2 (7A-5Bx) Va+cx? 16 Ac*’?2xa+cx?
- +
2l1e’+ex 3e’ex (\/?+V?x)

4c (7A+15Bx) (a+cx2)3/2 2 (7A+9Bx) (a+cx2)5/2

63e3 (ex)5/2 63e (ex)’?
2+ cxd cl/a 1
16214 Ac 4 Vx (Va +ie x| | EllipticE[zArcTan[i}, =] /
(Va e x)? att 2

3e’+Jex vJa+cx?

. [8al/ (S\EBJA\/?) 74 x (\Em/?x)

21e’Jex Ja+cx?

EllipticF |2 ArcTan|

a+cx? /4 a/x 1
— 283

Result (type 4, 259 leaves):
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Problem 458: Result unnecessarily involves imaginary or complex numbers.

J<ex)7/2 (A +BXx) dx

Va+cx?
Optimal (type 4, 388 leaves, 9steps):
10aAe’ex Va+cx? 14aBe? (ex)3?2+/a+cx?

+

21¢? 45 ¢?
2Ae (ex)?2+a+cx? 2B (ex)”?+a+cx? 14 a’2Be* x/a+cx?
+ + -
7c oc 15 c%/2 /e x (\/a /e x)

2 1/4
14 2% Be*/x (\/?+V?x) _arex EllipticE[ZAr‘cTan[ﬂ], 1} /
(Va e x)? avt 2

(15c11/4\/e7xﬂa+cxz)+ a’/4 (49\/?B+25A\E) e*/x (\/?Jr\/?x)

2 1/4
—( arcex )2 Ellip‘cicF{ZAr‘cTan[iC lf}, %] /[105c11/4\/§m
Va +Vc x a

Result (type 4, 251 leaves):
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(a+cx2) (147a2|3+5<:2x3 (9A+7Bx) -acx(75A+49Bx)) -

Ve

iva
r

a C
147a52B+/c |1+ x*/2 E11ipticE[i ArcSinh| ], -1] +
c x? Vx
iva

r
3a% (49va B+25iAVc | Ve 1+ 2 ¥2EllipticF[iArcSinh [ ——], ~1] /
c x? NS

1+ a
315 iva cVex vJa+cx?

C

Problem 459: Result unnecessarily involves imaginary or complex numbers.

J<ex)5/2 (A +BXx) dx

Vva+cx?
Optimal (type 4, 356 leaves, 8 steps):
10aBe?Vex Va+cx? 2Ae (ex)¥?2+a+cx?
- +

+

21 c? 5c
2B (ex)?2+a+cx? 6aAe3x+a+cx?
- +
7c 5c3/2+/ex (\/?+\/?x)
3 c 2 c1/4 1
6254 ned /x W?”/?X) o arex E111pticE[2ArcTan[i > ] /
(Va «+/e x)? avt 2

(5c7/4\/ex \Ja+cx?

+ a5 (25\/?B—63A\/?) e3\/x (\E+Wx)

2 1/4
ﬁ EllipticF[ZAr‘cTan[#L %] /[1@5 "+ ex \/m)
a +/c x a

Result (type 4, 236 leaves):
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~l]2e3 iVa (a+cx®) (-3cx* (7A+5Bx) +a (63A+25BX)) -
Ve
ivJa
3 Ve
63a3/2A\/?\/1+7x3/2EllipticE[jArcSinh[ |, -1] +
cx? Vx
iva
3 Ve
aa/z(_zsjl\/?B+63A\/c_) 1+ x>2 EllipticF[i ArcSinh| ], -1] /
c x? Vx

i+ a
105 iva c?Vex vJa+cx?
Ve

Problem 460: Result unnecessarily involves imaginary or complex numbers.

j<ex>3/2 (A +BXx) dx

Vva+cx?
Optimal (type 4, 326 leaves, 7 steps):
2AeJex Va+cx? 2B (ex)3?2+a+cx? 6aBe?x/a+cx?
+

- +

3c 5c¢ 5c3/24/ex (\E+\/?X)
2 1/4
6a54Be?\/x (\/?Jr\Ex) _arex Ellip‘cicE[ZAr‘cTan[c VX s 1] /
(Va «/cx)’ vt 2

(5c7/4\/§«/a+cx2 ~|a (9va Brsavc | e Vx (Va e x|

2 1/4
(\/:Hi;)z Ellip‘cicF[ZAr‘cTan[c 1;{;}, %] /[15 c*+Jex \Ja+cx?
a +vc x a

Result (type 4, 229 leaves):
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—||2e? iva (a+cx2> <9aB—cx(5A+3Bx))—
Ve
iva
a Ve
9a¥2Bc |1+ x*/2 EllipticE[i ArcSinh| ], -1] +
c x? N3

i+va
NrS

a(9\/?B+5lex/?)\/? [1+ az x*/2 E1lipticF [i ArcSinh| \/_c ], -1] /
cX X

i+ a
15 iva c?ex +/a+cx?

Ve

Problem 461: Result unnecessarily involves imaginary or complex numbers.

X

Jm (A+Bx)
Varcx?
Optimal (type 4, 287 leaves, 6 steps):
2BVex Va+rcx? 2AexVa+cx?
¢ o vex (va ey

2 1/4
2al4pe/x (\/?+\/?x) ﬁ EllipticE[ZArcTan[c 1/\‘/?}, %] /
Va +Ve x a

[cs“‘\/ex \Ja+cx?

_ |al4 (\/?B-aA\/?)e\/?(v?H/c_x)

2 1/4
_arex EllipticF[zAr‘cTan[C \/Y}, l] /[3c5/4\/ex v/ a+cx?
(\/a_+\/?x)2 CH 2

Result (type 4, 216 leaves):



30 | Mathematica 11.3 Integration Test Results for 1.2.1.3 (d+e x)~m (f+g x) (a+b x+c x~2)~p.nb

2e iva (3A+Bx) (a+cx?) -
Ve
iva
\ﬁ
3va AVe 1+ a2 x*/2 E1lipticE [i ArcSinh | v_c ], -1]+va (-iva B+3Avc|
cx X

iva
e
x*/2 EllipticF [i ArcSinh|

ciz i~ ], -1] /{3 ,Ji\/v—f cvex Ja+cx?

Problem 462: Result unnecessarily involves imaginary or complex numbers.

1+

j A+ BX dx

Vex va+cx?

Optimal (type 4, 253 leaves, 5 steps):
2Bx+va+cx?

e Vex (\/?+\/?x)

2 1/4
2al4B+/x (\/?J,\/?x) - arex EllipticE[ZAr‘cTan[c \/Y], 1} /
(Va e x)? a2
(cmmm .
2 1/4
ql/4 B+A\/? \/7(\/3—+FX) _arex EllipticF[ZAr‘cTan[c W], 1] /
2 (Va «/cx)’ avt o2

[c3/4\/ex AJa+cx?

Result (type 4, 207 leaves):
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iva
i a a Ve

2B | - (a+cx’)-2~+/aBvc |1+ x>/2 E1lipticE i ArcSinh]| ], -1] +
A\ cx? A\ X

iva
\F

2 (VaBriave Ve |1+ az x3/2 E1lipticF [i ArcSinh | V—C ], -1]
cx X

iva c\Vex +Ja+cx?
\ Ve

Problem 463: Result unnecessarily involves imaginary or complex numbers.

™~

J A+BXx dx
(ex)32a+cx?
Optimal (type 4, 293 leaves, 6 steps):
2A+Va+cx? 2AvVc xVa+cx?
aevex aevex (\/?+V?x)

2 1/4
2ACY4 X (\/?Jr\/?x) ﬁ EllipticE[ZAr‘cTan[C 1/\7], 1} /
Va ++/c x a 2

+

(a3/4e\/ex \Ja+cx?

(\/?B+A\/?) Ix W;H/?X) _asext EllipticF[ZArcTan[Cmﬁ], l} /
(Va +ve x)° vt 2

(a3/4 c’*e+ex Ja+cx?

Result (type 4, 152 leaves):
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x*/2 | -A+/c EllipticE[i ArcSinh|

c x? NS

(iVa B+A+/c | ELlipticF i ArcSinh|

Problem 464: Result unnecessarily involves imaginary or complex numbers.

J A+BXx dx
(ex)%2a+cx?
Optimal (type 4, 327 leaves, 7 steps):
2A+a+cx? 2B+Va+cx? 2B+ xVa+cx?

+ —

3ae (ex)32 ae’vex aeZ+ex (\/?Jr\/?x)

2 1/4
2BcV4/x (\/§+\/?x) arex EllipticE[ZAr‘cTan[c &], 1} /
(Va + Ve x)? a2
(a3/4e2\/ex Ja+rcx? |+
2 1/4
(3va B-Avc | V/x (vVa +vc x| 2 EllipticF[2ArcTan[ < W], S /
(Va ++/cx)® al/t 2

(3a5/4e2\/ex \Ja+cx?

Result (type 4, 212leaves):
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iva
i\ a a Ve

x|-2a |2 (a+cx?)-6+/a By/c [1+ x*/2 E11lipticE [i ArcSinh]| ], -1] +
A\ c cx? /X

iva

2(3\/a B-iAvC)Vc [1+—— x¥2EllipticF|i ArcSinh| . J> -1]
2 ~/
cX X

i+va
3a | = (ex)*2+/a+cx?
Ve

Problem 465: Result unnecessarily involves imaginary or complex numbers.

J A+BX g
X
(ex)7/2+a+cx?
Optimal (type 4, 363 leaves, 8steps):
2AVa+cx? 2B+Va+cx? 6AcvVa+cx? 6Ac32x~a+cx?
- +

- +
Sae (ex)*? 3ae’(ex)*? s5a2ed+fex 5a2e3\/§(\/?+\/?x)

2 1/4
6Ac/x (Va +Vc x| (a‘% EnipticE[ZAman[%L o /
Va +/c x a 2

[5a7/4e3\/ex \Ja+cx?

- (5\/a_B+9A\/?) c”‘k/?(\/?m/?x)

2 1/4
o arex EllipticF[ZAr‘cTan[C \/;}, 1] /[15a7/4e3\/ex v/ a+cx?
(\/a_+\/?x)2 C 2

Result (type 4, 217 leaves):
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x|-2+a iva (3A+5Bx) (a+cx?) +
\/ Ve

18AC3? 1+

x’/2 E1lipticE[i ArcSinh|

c x2 NS

2(51\/?B+9A\/?)c [1+ a2 x’/2 EllipticF [i ArcSinh| I~ ], -1] /
cX X

15a%/2 iva (ex)”?[a+cx?
e

C

Problem 466: Result unnecessarily involves imaginary or complex numbers.

J<ex)7/2 (A +BXx) dx

(a+cx2)3/2

Optimal (type 4, 360 leaves, 8steps):
e (ex)®?2 (A+Bx) 5Ael+ex Va+rcx? 7Be? (ex)3¥2+a+cx? 21aBe*xVa+cx?
+ +

- +

cvVa+cx? 3¢? 5c? 5c5/2+/ex (\/?+\/?x)

2 1/4
21a>4Be*/x (\/?+V?x) _arex EllipticE[ZAr‘cTan[ﬂ], l} /
(Va e x)? vt 2

(5c11/4\/ex \Ja+cx?

_ |a¥4 (63\EB+25AW) et \/x (\H+\Ex)

2 1/4
ﬁ Ellip‘cicF{ZAr‘cTan[C lf}, %] /[BOCH/“\/ex \Ja+cx?
a ++/c x a

Result (type 4, 240leaves):
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- ]e* ﬂ (63a’B-2c*x* (5A+3Bx) +acx (-25A+42Bx)) -

Ve
iva
Ve
632%2B/c |1+ —— x*2EllipticE[i ArcSinh| ], -1] +
c x? Vx

iva
NI

a(63VaBr2siave Ve [1+ az x*/2 E1lipticF [i ArcSinh| \/_c ], -1] /
cX X

i+ a
15 iva c2vex +/a+cx?

Ve

Problem 467: Result unnecessarily involves imaginary or complex numbers.

j<ex>5/2 (A +BXx) dx

<a+cx2)3/2

Optimal (type 4, 326 leaves, 7 steps):
e (ex)3? (A+Bx) 5Be?+/ex Va+cx? 3Ae3xVa+cx?
+ +

cVa+cx? 3¢? c22/ex (\/?Jf\/?x)
2 1/4
3al/4ped+/x (\/?+\/?x) _arex Ellip‘cicE{zAr‘cTan[C Vx. 1] /
(\/?+\/?x)2 at/t 2

(c”“x/ex \Ja+cx?

_ |al4 (5\/?8—9A\/?) e3ﬁ(ﬁ+\/?x)

2 1/4
(\/_aJrj/x_)z Ellip‘cicF[ZAr‘cTan[c al/\‘/‘;}, %] /[6c9/4x/ex x/a+cx2)
a +vc x

Result (type 4, 228 leaves):
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e3 ia (9aA+5aBx+6Acx*+2Bcx?) -
Ve
i+va
a Ve
9va AVe 1+ x>/2 E1lipticE[i ArcSinh| ], -1] +\/?(—5]‘1\/?B+9A\/?)
c x? NS
i+a
a Ve i+ a
1+ x*/2 EllipticF [i ArcSinh| ], -1] / 3 iva c2Vex yJa+cx?
2
cx VX Ve

Problem 468: Result unnecessarily involves imaginary or complex numbers.

dx

J(ex)”z (A +BXx)
<a+cx2)3/2

Optimal (type 4, 296 leaves, 6 steps):
evex (A+BXx) 3Be?x/a+cx?

+ —

cVa+cx? c3/2\/§(\/?+\/?x)

2 1/4
3a1/4Be?/x (x/?+\/?x) o arex EllipticE[ZAr‘cTan[c \/;}, l] /
2

(\/a—+\/?x)2 3l/4

+

(c”“\/ex \Ja+cx?

(3 \a B+A+/c ) e?/x (\/a +/c x) _arext Ellip‘cicF{ZAr‘cTan[CU4 X B 1] /
2 1/4
(x/a +c x) a 2

(2 al’4c’*Jex Ja+cx?

Result (type 4, 217 leaves):
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e? tve (3aB+cx (-A+2Bx)) -
Ve
iva
\ﬁ
3va Byc [1+—— x¥2EllipticE[i ArcSinh[-—— ], -1+ (3vaB+iave| Ve
c x? NS
iva
_\/7 .
1+ x*/2 EllipticF [i ArcSinh| ‘ ], -1] / iva c2Vex yJa+cx?
c x? Vx Ve

Problem 469: Result unnecessarily involves imaginary or complex numbers.

dx

J\/ex (A+BX)

(a+cx2)3/2

Optimal (type 4, 298 leaves, 6 steps):
vex (aB-Acx) AexVa+cx?
- +
acVa+cx? a+/c Vex (\/?Jr\/?x)

) 1/4
AeVx (Va s Ve x| — A EllipticE[2ArcTan| S &}, 1] /
(Va + Ve x)? a2

[aw 4 fex Jarcx

+

(VaB-Avc)evx (Va Ve x| _arex EllipticF[ZAr‘cTan[Cl/AW], 1} /
(\/;+\/?X)2 a1/4 2

(2 a*4c®*Jex Ja+rcx?

Result (type 4, 204 leaves):
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iva
i \/a a Ve
iel-+a iva (A+Bx) +A~/c |1+ x>/2 E1lipticE[i ArcSinh| 1, -1] -
N c x2 X
iva
3 Ve
(711\/?B+A\E) 1+ x*/2 EllipticF[i ArcSinh| ], -1] /
c x? VX

{[j\/?] c32+ex rJa+cx?

Ve

Problem 470: Result unnecessarily involves imaginary or complex numbers.
A+ BX

J\/eix <a+cx2)3/2

dx

Optimal (type 4, 290 leaves, 6 steps):
vex (A+BX) Bx+Va+cx?

- +

aeva+cx? a\/?\/;(ﬁ+\/?x)

B/x [(Va + /< ] MEllipticE[zArcTan[%@], >

a3/4C3/4mm
(VaB-ave | Vx (Va +vc x| _ared EllipticF[ZAr‘cTan[Cl/AW], 2 /
(\/?Jr\/?x)z al/4 2

[2 a’/4c3*Jex Ja+rcx?

Result (type 4, 211 leaves):
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iva
iVa a Ve
iva (-aB+Acx) +va Bc [1+ x>/2 E1lipticE i ArcSinh]| ], -1] +
N3 c x? \x

iva

e
]’l(j«/a BrAVC | Ve |14 — x>/2 EllipticF[i ArcSinh| : ], -1]
2
cX VX

a iva cVex +Ja+cx?
\’ e

Problem 471: Result unnecessarily involves imaginary or complex numbers.

A+BX
J dx
(ex)3/2 (a+cx2)3/2

Optimal (type 4, 327 leaves, 7 steps):
A +BX 3A+Va+cx? 3AVc xVa+cx?
aevex Va+cx? ale+ex a2e+ex (\E+\/?x)

2 1/4
3ACYA/X (\/?+V?X) ﬁ EllipticE[ZArcTan[c 1/\7], 1} /
Va +/C x 2 2

+

(a”“e\/ex \Ja+cx?

(VaB+3avc | Vx (Va +vc x| _ared EllipticF[ZAr‘cTan[CI/AW], S /
(\/?Jr\/?x)z a1/4 2

(2a7/4c1/4e\/ex AJa+cx?

Result (type 4, 201 leaves):
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i+va
i+ a a Ve
x [Va iva (A+Bx) -3A~c [1+ x*/2 E11lipticE [i ArcSinh]| ], -1] +

Ve c x? Vx
i+a
NS

(ivaB3ave] |1+ 2 X3/2EllipticF[i ArcSinh| ], -1] /

cx? Vx

1+va
a3/? (ex)32/a+cx?

Ve

Problem 472: Result unnecessarily involves imaginary or complex numbers.

A+BX
J dx
(e x)5/2 (a+cx2)3/2

Optimal (type 4, 357 leaves, 8 steps):
A+ BX 5A+/a+cx? 3B+a+cx? 3B+/c xVa+cx?

2 3/2
ae (ex)¥2Ja+rcx? 3a‘e(ex)?¥ a2e2+/ex a2e2+/ex (\/a +1/c x)

cl/a &

s 1
EllipticE[2ArcTan| ] ;} /

(\/;Jr\/?x)z a1/4

a+cx?

BBcl/“\/?(\/?Jr\/?x)

(a7/4e2\/§x/a+cx2)+ (9\/?B—SA\/?) c1/4\/;(\/;+\/?x)

a+cx? cl/4/x 1
_arex EllipticF[2ArcTan| \/7}, =] /[Gag/“ezx/ex A a+cx?
Vo e x)? vt o

Result (type 4, 219leaves):
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iva
N

(—2aA+3an—5Acx2) -

iva

\ﬁ
9\/§B¢?\/1+7ax5/2 EllipticE i ArcSinh[—c], -1+
c x? Vx
- Ve
(9\/a_B—51'1A\/c_) \/?Fxm EllipticF[i ArcSinh|[~——], -1] /
CcX

Vx

3a’ iva (ex)>?+/a+cx?
Ve

Problem 473: Result unnecessarily involves imaginary or complex numbers.

A+BX
J dx
(ex)7/2 (a+cx?)??

Optimal (type 4, 393 leaves, 9steps):
A+BXx 7A~a+cx?

ae (ex)%2/arcx? 5a’e (ex)®?
5B+ a+cx? 21Ac+/a+cx? 21Ac32x+/a+cx?
+

- +

3a%e? (ex)3/? 5a3e3+ex 5a3e3+ex (\EJr\/?x)

2 1/4
21Ac5/4\/; (\/;+\EX) (a+cx)2 ElliptlcE[ZAr‘cTan[ﬁ], %] /
Va + T x a

(5a11/4e3\/ex \Ja+cx?

- (25\/?B+63A\/?) 34X (\/;-%—\/?X)

2 1/4
_arex EllipticF[ZAr‘cTan[i}, 1] /[30a11/4e3 Vex vJa+cx?
(\E+\Ex)2 at/t 2

Result (type 4, 226 leaves):
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1+ a
x| -va iva (6aA+10aBx+21Acx*+25Bcx?) +
Ve

iva
Ve
63AC2 1+ x7/2 E1lipticE[i ArcSinh [ ——], -1] -
c x? Vx
iva
. a N . Ve
(251\/?B+63A\/?) c [1+ x’/?2 E1lipticF[i ArcSinh | —-—], -1] /
c x? Vx

15a°/2 iva (ex)”?[a+cx?
e

C

Problem 474: Result unnecessarily involves imaginary or complex numbers.

dx

J<e x)13/2 (A +Bx)

(a+cx2)5/2

Optimal (type 4, 428 leaves, 10 steps):
e (ex)/2 (A+Bx) €*®(ex)”/? (11A+13Bx) 65aBef+/ex Va+cx2
- +

3c(a+cx?)?? 6c2va+cx? 14 c*
77Ae® (ex)32+a+cx® 39Be* (ex)®?+a+cx? 77 aAe’ xVa+cx?
+ - +
30 c3 14 c3 10c’/2/ex (\/a_+\/?x)
a+cx? L c4x ;1
7734 ae’V/x (Va +c x| |~ EllipticE[2ArcTan[—— —], ~| /
(\/?er?x)z al/t 2

[10c15/4\/e—x«/a+cx2)+ a4 (325\/?B—539A\/?) e’ x (\/?-%—\/?X)

2 1/4
o arex EllipticF[ZAr‘cTan[ﬂ}, l] /[140c17/4\/ex v/ a+cx?
(\/a_+\/?x)2 CH 2

Result (type 4, 284 leaves):



Mathematica 11.3 Integration Test Results for 1.2.1.3 (d+e x)~m (f+g x) (a+b x+c x~2)"p.nb

210 [ iY2 4 /ex (a+cx2)3’/2
Ve

(<12 x® (7A+5Bx) +35a%cx® (77A+39Bx) +4ac?x*® (231A+65Bx) +

3ad (539A+3253x))+1617a3/2A\E [1+ az x*2 (a+cx?)
CcX

iva
\F
E1lipticE[i ArcSinh[ ], ~1] 3232 (-325i+/a B+539A+/c |

X

iva

r

1+ 32 (a+cx?) EllipticF|i Ar‘cSinh{ic], -1]
c x? Vx

Problem 475: Result unnecessarily involves imaginary or complex numbers.

dx

J<e x) /2 (A +BXx)

(a+cx2)5/2

Optimal (type 4, 398 leaves, 9 steps):
e (ex)¥? (A+Bx) €®(ex)®?(9A+11Bx]

- - +

3c(a+cx2)3/2 6c2+a+cx?
5Ae’ex Va+cx? 77Be* (ex)3¥?2+/a+cx? 77 aBebx+a+cx?
+ - +
2¢3 30¢? 10c’/2+/ex (\/?Jrﬁx)
a+cx? cl/4+/x 1
77 a%4Bef\/x (\EJr\/?x) +—2 EllipticE[ZAr‘cTan[T\f s f} /
(\/?Jr\/?x) a 2

(10c15/4\/§w/a+cx2)— a4 (77\/?B+25A\/?) e®/x (\/?+\/?x)

2 1/4
e EllipticF[zArcTan[i}, S /[20c15/4\/ex Ja+cx?
(v Ve )’ ave 2

Result (type 4, 277 leaves):

| 43
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G
Ve

(—231a3B+5a2cx (15A-77Bx) +3ac?x® (35A-44Bx) +4c3x° (5A+3Bx)) n

iva

\/7
2312%2B/c |1+ —— x3/2 (a+cx?) EllipticE[i ArcSinh[—c], -1] -
c x? NS

[ a
3]'1a(—771'1\/a B+25A\/c)\/c 1+ ; x3/2(a+cx2)
c X

iva

\/7 .
EllipticF[jAr‘cSinh[;], -1] / 30 ﬂ c*Vex <a+cx2)3/2

Vx Ve

Problem 476: Result unnecessarily involves imaginary or complex numbers.

dx

J(GX)Q/Z (A +BX)

<a+cx2)5/2

Optimal (type 4, 368 leaves, 8 steps):

3¢ (a+cx?)?? 6c2\/a+cx? 2¢ 2c524/ex (\E+\Ex)

e (ex)”2 (A+Bx) €3 (ex)3? (7A+9BX) 5Be*+ex Va+cx? 7Ae>x+a+cx?
+ +

2 1/4
7at4aes \Vx (\/?Jr\EX) (a+cx)2 EllipticE[ZAr‘cTan[%}, %] /
Va +c x a

(Zc”/“\/H«/aJrcxz a4 (sva B-7AVC | e x (Va Ve x|

a+cx? cl4/x 1
st EllipticF[ZAr‘cTan[i}, =] /[4c13/4\/ex v/ a+cx?
(Va +e x)? alt "2

Result (type 4, 263 leaves):
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e’ La (4c®>x* (3A+Bx) +7acx* (5A+3Bx) +3a’ (7A+5BX)) -

Ve

iva

\F
21va AvC |1+ 2 532 (a+cx?) EllipticE[i ArcSinh| - ], -1] +
cx? VX

3\5(—5]‘1\/?B+7A\E) 1+

3/2

X (a+cx2)

c x?

EllipticF[i ArcSinh|

Problem 477: Result unnecessarily involves imaginary or complex numbers.

dx

J(ex)”z (A +BX)
<a+cx2)5/2

Optimal (type 4, 339leaves, 7 steps):
e (ex)?’2 (A+Bx) e*>+ex (5A+7Bx) 7Be*x+a+cx?

— — + —

3c(avcx?)’? 6c2Varcx? 2c52+Jex (\E+\Ex)

2 1/4
7218 et Vx (Va s Ve x| ("’”CX)Z E11ipticE[2 ArcTan| = 1;{;}, %] /
Va +c x a

[Zc”/“\/ex \Ja+cx?

N (21\/?B+5A\/?)e4\/?(\/a_+\/?x) _avext
i

1/4
Ellip‘cicF[ZAr‘cTan[C W], 1] /(12a1/4c”/4\/ex v/ a+cx?
2

al/4

Result (type 4, 251 leaves):
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e rya (212B-5acx (A-7Bx) +c*x* (-7A+12Bx)) -
Ve
[ iva
a Ve
21v/a BV |1+ x*2 (a+cx?) E1lipticE[i ArcSinh| ], -1] +
c x? VX
iva
a Ve
(21\/?B+511A\/?)\/? [1+ x*/2 (a+cx?) EllipticF i ArcSinh| ], -1] /
c x? NS
6 iva c3ex (a+cx2>3/2
Ve

Problem 478: Result unnecessarily involves imaginary or complex numbers.
J<ex)5/2 (A +BXx)

(a+cx2)5/2

dx

Optimal (type 4, 347 leaves, 7 steps):
e (ex)32 (A+Bx) e?*+ex (5aB-3Acx| Aedx/a+cx?

3¢ (a+cx2)3’/2 )

N
6ac2va+cx? 2ac3?2ex (\/?Jrﬁx)

2 1/4
Aed/x (\/;Jr\/?x) _arex EllipticE[ZAr‘cTan[C VX l] /
(\/;+\/?x>2 at/* 2

+

(2 a4’ \Jex Ja+cx?

(5va B-3aVc ) e Vx (Va e x| _arexd EllipticF[zAr‘cTan[C1/4\/;], = /
(\/;+\/?x)2 al/4 5

[12 a4 c®4Jex Ja+cx?

Result (type 4, 243 leaves):
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ie?|-va iva (a(3A+5Bx) +cx? (5A+7Bx)) +
Ve
iva
2 Ve
3A\/?\/1+7x3/2 (a+cx?) EllipticE[i ArcSinh| ], -1] -
CX2 \/;

(—51’1\/?B+3A\/?) 1+ az x*/2 (a+cx?) EllipticF i ArcSinh| T~ ], -1] /
cX X

Problem 479: Result unnecessarily involves imaginary or complex numbers.

dx

J(ex)”z (A +BX)

<a+cx2)5/2

Optimal (type 4, 341 leaves, 7 steps):
e/ex (A+Bx) evex (A+3Bx) Be2x+atcx?
N _

3¢ (a+cx?)?? 6acva+cx? 2ac3/2\/§(\/?+\/?x)

+

2 1/4
Be?/x (ﬁ+\/?x) — A EllipticE[2ArcTan|© &], l] /
(Va +Ve x|* vt 2
(2a3/4c7/4\/e7xﬂa+cx2 -
2 1/4
(3aB-avc|erx (Va «e x| | —"""—— EllipticF[2ArcTan| lf}, S /
(Va + Ve x| a 2

(12 a*/4c’*Jex Ja+cx?

Result (type 4, 249 leaves):
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e? ia (-3a®°B+Ac*x’-acx (A+5Bx) ) +
Ve
iva
a Ve
3vVa BVe [1+ x*2 (a+cx?) E1lipticE[i ArcSinh] ], -1] +
c x? NS
iva
\/7
1(311\/?B+A\/?)\/? [1+ a x*2 (a+cx?) EllipticF[i ArcSinh| ‘ ], -1] /
c x? NS
6a iva c2/ex (a+cx2)3/2
Ve

Problem 480: Result unnecessarily involves imaginary or complex numbers.

X

J\/ex (A+BX)

(a+cx2)5/2

Optimal (type 4, 342 leaves, 7 steps):
Vex (aB-Acx) +Vex (aB+3Acx] Aexarcx2

- + - +

3ac (a+cx?)?? 6a’cVa+cx? ZaZ\EM(\/a_Jr\/?X)

2 1/4
pevx (ﬁ+ﬁx) _arex EllipticE[zArcTan[c &}, 1] /
(Va + Ve x)? a2

(Za”4 c3*ex vJa+cx?

+

(5373,_\\/?) eVx (ﬁ+%x) _axcx® EllipticF[ZArcTan[Cm&}, %} /

(\/?M/?X)z a1/4

(12 a4 Jex Ja+cx?

Result (type 4, 239 leaves):
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e|-a ia (cx* (A-Bx) +a (3A+BX)) +
Ve
iva
a Ve
3AVc |1+ x*2 (a+cx?) E1lipticE[i ArcSinh] |, -1] -
cx? NS

(—i\/?B+3A\/?) 1+

x*/2 (a+cx?) EllipticF i ArcSinh|

> —b-l)l/

6 a3/? ﬂ cvex (a+cx2)3/2
Ve

Problem 481: Result unnecessarily involves imaginary or complex numbers.
A+ BXx

Jm <a+cx2)5/2

dx

Optimal (type 4, 335leaves, 7 steps):
vex (A+Bx) Vex (5A+3Bx) Bx+az+cx2
3ae(a+cx2)3/2 6a2ea+cx? 2a2\/?\/§(\5+\/?x)

Bx (\/?M/?X) __arex® EllipticE[ZAr‘cTan[%], l]
(\/?+\/?x)2 al/4 2

2374 c3%Jex Va+cx?

+

(3HB—5A\/?)\/;(\/?+WX) _axex? EllipticF[ZArcTan[Cm&}, 1} /
(\/?Jr\/?x)z a1/4 2

(12 a%/4c34Jex \Ja+cx?

Result (type 4, 249leaves):
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iva
e

(-3a®°B+5Ac*xX*+acx (7A-BX) ) +

iva

\/7
373 BYVC |1+ —— 32 (a+cx?) EllipticE[jArcSinh[;], -1] +
c x? NS

iva

.\/7
1(31\/?B+5A\/?)\/? [1+ az x*2 (a+cx?) EllipticF[iAr‘cSinh[?c],—1]/
cX X

6 a2 iva C\/g(a+cx2)3/2
\\ Vc

Problem 482: Result unnecessarily involves imaginary or complex numbers.

A+BX
J dx
(ex)32 (a+cx?)®?

Optimal (type 4, 373 leaves, 8steps):
A+BX 7A+5BX 7AVa+cx? 7Ac xVa+cx?
- +

+

3ae+ex (a+cx2)3/2 6a2eex Va+cx? 2a%e+ex 2a%e/ex (\/?+\/?x)

> 1/4
A VX (Va e e x) | EllipticE[zArcTan[i] 1}/

(Va e x)? att 2
(Zan/“e\/ex Jarex? |+
2 1/4
(5\/?B+21A\/c_) NS (\/;-%—\/?X) _arex EllipticF[ZAr‘cTan[ﬂ], l]
(Ve Ve x)? a2

(12 a4 ct4eqJex Ja+cx?

Result (type 4, 237 leaves):

/
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(cx* (7A+5Bx) +a (9A+7Bx)) -

’]'13[3
r
21AVc |1+ a2 x*2 (a+cx?) E1lipticE[i ArcSinh| - ], -1] +
cX

Vx
iva
a Ve
(51‘1\/?8+21A\/?) 1o — X2 (a+cx?) EllipticF|i ArcSinh| < ], -1] /
cX X

1\/? (eX)3/2
Ve

3/2

(a+cx?)

Problem 483: Result unnecessarily involves imaginary or complex numbers.

A+ BX
J dx
(ex)%2 (a+cx?)®?
Optimal (type 4, 402 leaves, 9 steps):
A+BXx 9A+7BX
+ _
3ae (ex)3? (a+cx2>3/2 6ae (ex)32+/a+cx?
S5AvVa+cx? 7Bra+cx? 7B+ c xVa+cx?
- +

2a%e (ex)¥?  233e2+/ex 2ae?+/ex (\EJr\/?x)

2 1/4
784X (Va + /e x| ("’HCX)Z EllipticE[ZAr‘cTan[#], o /
Va +c x a 2

(2a11/4e2\/§x/a+cxz |7 B-savc) x (Va e x|

a+cx? cl/4/x 1
ey EllipticF[ZAr‘cTan[i}, =] /[4a13/4e2\/ex A/ a+cx?
(Va +e x)? alt =2

Result (type 4, 253 leaves):
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X iva (—15Ac2x4+7acx2(—3A+Bx)+a2 (-4A+9Bx))-
Ve
iva
a Ve
21v/a BV |1+ x*/2 (a+ cx?) E1lipticE[i ArcSinh[ ————], -1] +
c x? VX
[iva
\/7
3(7\/?8—51A\/?)\/? [1+ LN (a+cx?) EllipticF[iAr‘cSinh[—c],—1] /
c x? VX
6a° iva (e x)>/? (a+cx2)3/2
Ve

Problem 484: Result unnecessarily involves imaginary or complex numbers.

A+BX
J dx
(ex)7/2 (a+cx?)®?

Optimal (type 4, 432leaves, 10 steps):
A+Bx 11A+9Bx 77 A+ a+cx?

+ —

3ae (ex)%2 (a+cx?)¥? gale (ex)¥2/arcxz 30a’e(ex)’?

5B+a+cx? 77Ac+a+cx? 77 Ac32x+/a+cx?
+

- +

2a%e? (ex)?? 10a*e3Vex 10 a*e3\ex (ﬁ+\/?x)

a+cx? cl/4~/x

77Ac5/4\/7(¢a—+\/?x) m EllipticE[2ArcTan|[——"—], %]/
a +yvc X a

- (25\/?B+77A\E) 34X (\/?H/?x)

(10a15/4e3 Vex i/a+cx?

2 1/4
—(\/_af/x_ ; E1lipticF[2 ArcTan| —— MEL %] /[29315/4e3mm
a + Cc X a

Result (type 4, 260 leaves):
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x|-va ia (4a® (3A+5Bx) +3acx? (33A+35Bx) +c?x* (77A+75BX) ) +
\ Ve

231ACc3? [1+

x’/2 (a+cx?) E1lipticE|i ArcSinh|

c x? Vx

3(251’1\/a_B+77A\/?)c [1+ & (a+cx?) EllipticF i ArcSinh| ], -1] /
cx? VX

30a’72 | —— (ex)7/? (a+cx2)3/2

Ve

Problem 527: Result more than twice size of optimal antiderivative.
J(A+Bx) (a2+2abx+b2x2)2d1x
Optimal (type 1, 38leaves, 3 steps):

(Ab-aB) (a+bx)5 B(a+bx)6
+
5 b2 6 b2

Result (type 1, 84 leaves):
ix (15a* (2A+Bx) +20a’bx (3A+2Bx) +
30

15a*b*x* (4A+3Bx) +6ab>x> (5A+4Bx) +b*x* (6A+5Bx) )

Problem 543: Result more than twice size of optimal antiderivative.

Jx (A+Bx) (a2+2abx+b2x?)>dx

Optimal (type 1, 61leaves, 3 steps):
a(Ab-aB) (a+bx)’ (Ab-2aB) (a+bx)® B (a+bx)’

+

7 b3 8 b3 9 b3

Result (type 1, 140leaves):

laanerlas (6Ab+aB) x3+ia4b (5Ab+2aB) x*+a’b* (4Ab+3aB) x° +
2 3 4

5a2b3 (3Ab+4aB) x6+iab4 (2Ab+SaB> x7+1b5 (Ab+6aB) x8+1b68x9
6 7 8 9
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Problem 544: Result more than twice size of optimal antiderivative.
J(A+Bx) (a2+2abx+b2x2)3dlx
Optimal (type 1, 38leaves, 3 steps):

Ab-aB) (a+bx B(a+bx
7+ 8
7 b2 8 b2

Result (type 1, 122 leaves):
1
—x (28a° (2A+Bx) +56a°bx (3A+2Bx) +70a* b’ x* (4A+3Bx) +
56
56a’b> x> (5A+4Bx) +28a*b*x* (6A+5Bx) +8ab>x® (7TA+6Bx) +b®x°® (8A+7Bx))

Problem 553: Result more than twice size of optimal antiderivative.

(A +BXx) <a2+2abx+b2x2)3
J dx

X9

Optimal (type 1, 44 leaves, 3 steps):
Aa+bx)” (Ab-8aB) (a+bx)’
- +

8ax? 56 a2 x’

Result (type 1, 123 leaves):

1
- ; (28b°x® (A+2Bx) +56ab>x* (2A+3Bx) +70a°b*x* (3A+4Bx) +
56 x
56a° b’ x> (4A+5Bx) +28a*b*x* (5A+6Bx) +8a°bx (6A+7Bx) +a® (7A+8Bx))

Problem 563: Result more than twice size of optimal antiderivative.

JX?’ (d+ex) (1+2x+x2)5d1x

Optimal (type 1, 69leaves, 3 steps):

1 1 1 12
7H<d—e> <1+X> +E<3d—4e) <1+X> -

3 1 1
~ (d-2e) (1 B, = (d-4e) (1 B, ~e(1 1
D (d-2e) (10x)2e  (d-de) (1ex) e e (10x]

Result (type 1, 153 leaves):

4
dx + — (10d+e) X5+E (9d+2e> X6+E <8d+3e) X7+E (7d+4e) X8+E <6d+5e) x° +
4 s 6 7 4 3
21 e xt°

(3d+8e) X12+i <2d+9e) X13+i (d+10e) x4+

— <5d+6e) Xle+ﬁ (4d+7e) x4
13 14 15

5 11

TSV
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Problem 564: Result more than twice size of optimal antiderivative.

sz (d+ex) (1+2x+x2)5d1x

Optimal (type 1, 55leaves, 3 steps):

117 (d-e) (1+x)1l—$ (2d-3e) (1+x)12+i (d-3e) (1+x)13+ie (1+x)%

Result (type 1, 148leaves):

dx3

+1 (10d+e) x4+ (9d+2e) X5+E (8d+3e> X6+2 (7d+4e) X7+E <6d+5e) x& +
4 2 7 4

e X14

<5d+6e) x° + 3 (4d+7e) Xle+E (3d+86> X11+i <2d+9e) X12+i (d+10e) xB ¢

3
14
3 11 12 13 14

Problem 565: Result more than twice size of optimal antiderivative.

Jx (d+ex) (1+2x+x2)5d1x

Optimal (type 1, 39leaves, 3 steps):

1 1 1
-— (d- 1+x)% s = (d-2 1+x)24 = 1+x)8
L (d-e) (1o = (d-2e) (102" e (14x]

Result (type 1, 147 leaves):

2
dx + — (10d+e) X3+E (9d+2e> x4+ 3 (8d+3e> x>+ 5 (7d+4e) x6 + 6 (6d+5e) x7 +
2 3 4
13
E <5d+6e) X8+E (4d+7e) X9+z <3d+8e) Xle+i (2d+9e) X11+L <d+10e) X12+ex
4 3 2 11 12 13

Problem 566: Result more than twice size of optimal antiderivative.

J(d+ex) (1+2x+x2)5d1x

Optimal (type 1, 25leaves, 3 steps):

1 1
T4l 1 u, 1 12
11( e)( +x) +12e( +x)

Result (type 1, 113 leaves):

1
— ex? (66+440x+1485 X2 + 3168 x3 + 4620 X* + 4752 x° + 3465 x® + 1760 x” + 594 x® + 120 x° + 11 xle) +
132

X11
d|x+5x2+15x3+30x*+42x°+42x5+30x” +15x8+5x° + x10 4 —
11
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Problem 579: Result more than twice size of optimal antiderivative.

dx

(d+ex) <1+2x+x2)5
J x13
Optimal (type 1, 31leaves, 3 steps):
d(1+x)* (d-12e) (1+x)™
12 x12 132 x11

Result (type 1, 114 leaves):

- " (12ex (1+11x+55x2+165x3+330x4+462x5+462x6+330x7+165x8+55x9+11x10) +
132 x

d (11 +120 X + 594 X% + 1760 x> + 3465 x* + 4752 x° + 4620 x°® + 3168 x” + 1485 x% + 440 x° + 66 xle) )

Problem 580: Result more than twice size of optimal antiderivative.

dx

(d+ex) <1+2x+x2)5
J X14
Optimal (type 1, 52 leaves, 4 steps):
d(1+x)* (2d-13e) (1+x)™ (2d-13e) (14+x)™
_ N _
13 x13 156 x12 1716 x1

Result (type 1, 115leaves):
1
1716 x13
(13ex (11 +120x + 594 x* + 1760 x> + 3465 x* + 4752 X° + 4620 x°® + 3168 X’ + 1485 x® + 440 x° + 66 x'%) +
2.d (66 + 715 x + 3510 x> + 18296 x> + 20020 X +
27027 x> + 25740 X° + 17160 X + 7722 x® + 2145 x° + 286 x*°) )

Problem 581: Result more than twice size of optimal antiderivative.

J(d+ex> (1+2x+x2)°

X15

dx

Optimal (type 1, 71leaves, 5steps):
d(1+x)™ (3d-14e) (1+x)™ (3d-1de) (1+x)™ (3d-14e) (1+x)™

4
14 x4 182 x13 1092 x*? 12012 x1?

Result (type 1, 149leaves):
d 10d+e 5(9d+2e) 15(8d+3e) 3 (7d+4e) 14(6d+5e)

14 x¥ 13 x13 12 x12 11 x11 x1e 3 x°
21 (5d+6e) 30 (4d+7e) 5(3d+8e) 2d+9e d+18e e

4 %8 7 x’ 2 x° x> 4 x4 3 x3
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Problem 596: Result more than twice size of optimal antiderivative.

sz’ (1+x) (1+2x+x2)5dlx

Optimal (type 1, 37 leaves, 3 steps):

1 12 3 13 3 14 1 15
-— (1+ +— (1+ -— (1+ +— (1+

12 (1+x) 13 (1+x) 14 (2] 15 (2]

Result (type 1, 83 leaves):
x* 11x> 55x® 165x’ 165x® 154x° 231 x%° 55x12  55x13 11 x¥ x5
- +

+ + + + + +30 x4 + + + —

4 5 6 7 4 3 5 4 13 14 15

Problem 597: Result more than twice size of optimal antiderivative.

sz (1+x) (1+2x+x2)5dlx

Optimal (type 1, 28 leaves, 3 steps):

liz (1+x)12—% (1+x)13+i (1+x)%

Result (type 1, 79 leaves):
x3  11x* 55x5 330x7 231x8 154x° 55 x12 11 x13 x4
+

— + +11 %% + + + +33x¥® 15 ¢ — 4 + —
3 4 2 7 4 3 12 13 14

Problem 598: Result more than twice size of optimal antiderivative.

Jx (1+x) (1+2x+x2)5dlx

Optimal (type 1, 19leaves, 3 steps):

1 2 1 13
! = (1
12( +x> +13< +x>

Result (type 1, 77 leaves):
x2 11x3 55x4 231x8 110x° 33x1® 11 x12 13

— + + +33x°+55x%+66x”+ + + +5x1 4+ + —
2 3 4 4 3 2 12 13

Problem 612: Result more than twice size of optimal antiderivative.

J(1+x) (1+2x+x2)5

13

dx
X

Optimal (type 1, 12leaves, 2 steps):
(1 + X) 12

12 x12

| 57
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Result (type 1, 75leaves):
11 11 55 165 66 77 66 165

55 11 1

12x12 x11 2x¥® 3x° 4x83 x’ x® x> 4x* 3x3 2x2 «x

Problem 613: Result more than twice size of optimal antiderivative.

dx

J(1+x> (1+2x+x2)5

X14

Optimal (type 1, 25leaves, 3 steps):
(1+X)12 <1+X)12

13 x13 156 x12

Result (type 1, 77 leaves):
1 11 5 33 118 231 66 55 33 55 11 1

13x13 12x12 x11 2x1® 3x? 4x8 x? x® x® 4x* 3x3 2x?

Problem 614: Result more than twice size of optimal antiderivative.

dx

<1+X> (1+2X+X2)5
j X15
Optimal (type 1, 37 leaves, 4 steps):
(1+X>12 <1+X>12 (1+X)12
_ N _

14 x4 91 x13 1092 x12

Result (type 1, 79 leaves):
1 11 55 15 33 154 231 338 55 11 11 1

14 x4 13x13 12x12  x11 x1@ 3 x% 48

7x7 2x% x5 4x* 3x3

Problem 841: Result more than twice size of optimal antiderivative.

Jx’" (1+x) (1+2x+x2)5dlx

Optimal (type 3, 143 leaves, 3 steps):

X1+m 11 X2+m 55 X3+m 165 X4+m 3309 X5+m

+ + + + +
1+m 2+m 3+m 4+m 5+m
462 X6+m 462 X7+m 330 X8+m 165 X9+m 55 X10+m 11 X11+m X12+m
+ + + + + +
6+m 7 +m 8+m 9+m 10 +m 11+m 12 +m

Result (type 3, 357 leaves):
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-((xm (3991689@+39916800m (1+x) +19958400m (1+m) (1+x)2+

6652800m (1+m) (2+m) (1+x)>+1663200m (1+m) (2+m) (3+m) (1+x)*+

332640m (1+m) (2+m) (3+m) (4+m) (1+x)5+5544em(1+m) (2+4m) (3+m) (4+m)
(5+m) (1+x)6+7920m(1+m> (2+4m) (3+m) (4+m) (5+m) (6+m) (1+x)7+

990m (1+m) (2+m) (3+m) (4+m) (5+m) (6+m) (7+m) (1+x)%+

116m (1+m) (2+m) (3+m) (4+m) (5+m) (6+m) (7+m) (8+m) (1+x)9+

11m (1+m) (2+m) (3+m) (4+m) (5+m) (6+m) (7+m) (8+m) (9+m) (1+x)®+m (1+m)
(2+m) (3+m) (4+m) (5+m) (6+m) (7+m) (8+m) (9+m) (10+m) (1+x)* - (1+m)

(2+m) (3+m) (4+m) (5+m) (6+m) (7+m) (8+m) (9+m) (18+m) (11+m) (1+x) ))/
((L+#m) (2+m) (3+m) (4+m) (5+m) (6+m) (7+m) (8+m) (9+m) (1@+m) (11+m) (12+m) )

Problem 842: Result more than twice size of optimal antiderivative.
Jx’“ (d+ex) (1+2x+x2)5d1x

Optimal (type 3, 209 leaves, 3 steps):
dxtm (led+e) x*™ 5 (9d+2e)x>" 15 (8d+3e) x+"

1+m 2+m 3+m " 4+m "
0 (7d+4e)x>™ 42 (6d+5e) x5 42 (5d+6e) X" 30 (4d+7e) xE"
+ + + +
5+m 6+m 7+m 8+m
5 (3d+8e) XM 5 (2d+9e) x10+m (d+1ee) XiLsm o y124m
+ + +
9+m 10 +m 11+m 12 +m

Result (type 3, 499 leaves):

(x"‘ (3628890 (e (1+m) -d (12+m)) +3628800m (e (1+m) -d (12+m)) (1+x) +1814400m (1 +m)
(e (1+m)-d(12+m)) (1+x)?+604800m (1+m) (2+m) (e (1+m)-d (12+m)) (1+x)>+
151200m (1+m) (2+m) (3+m) (e (1+m)-d (12+m)) (1+x)%+
30240m (1+m) (2+m) (3+m) (4+m) (e (1+m)-d (12+m)) (1+x)5+
5e40m (1+m) (2+m) (3+m) (4+m) (5+m) (e (1+m)-d (12+m)) (1+x)%+
720m (1+m) (2+m) (3+m) (4+m) (5+m) (6+m) (e (1+m)-d (12+m)) (1+x)7+
90m (1+m) (2+m) (3+m) (4+m) (5+m) (6+m) (7+m) (e (L+m)-d (12+m)) (1+x)8+
10m (1+m) (2+m) (3+m) (4+m) (5+m) (6+m) (7+m) (8+m) (e (1+m)-d (12+m))
(1+X)9 (1+m) <2+m) <3+m> (4+m) (5+m) (6+m) (7+m) (8+m) (9+m)
( (1+m) -d (12+m)> <1+X>10+ (1+m) (2+m) (3+m) (4+m) (5+m) (6+m)
(7+m) (8+m) (9+m) (18+m) (-2e (6+m) +d (12+m)) (1+x)™ +e (1+m) (2+m)
(3+m) (4+m) (5+4m) (6+m) (7+m) (8+m) (9+m) (10+m) (11+m) (1+x)12))/
((1+m) (2+m) (3+m) (4+m) (5+m) (6+m) (7+m) <8+m) (9+m>
(18+m) (11+m) (12+m))

Problem 980: Result more than twice size of optimal antiderivative.

1-x
J—dlx
XV1+3x+x2
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Optimal (type 3, 19leaves, 2 steps):

1+Xx
-2ArcTanh | ————]

V1+3x+x2
Result (type 3, 47 leaves):

Log[x] -Log[3+2x+2+/1+3x+x? | -Log[2+3x+2+/1+3x+Xx? |

Problem 1029: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/; (A+Bx)/a+bx+cx? dx

Optimal (type 4, 454 leaves, 6 steps):
2(5abBc—2(b2—3ac) <4bB—7Ac))\5\/a+bx+cx2
105 ¢5/2 (\/?H/?x)

2+/x (4bZB—7Abc+Sch+3c <4bB—7Ac) x) Va+rbx+cx? 2BAx <a+bx+cx2>3/2

+ +
105 c? 7cC

2
221 (5abBc -2 (b7 -3ac) (4bB-7AcC)) [Va +i/e x| |

(\/a +VcC x)z
cl/4+/x 1 b
EllipticE[ZAr‘cTan[ , — 2_—]] /(1@5 ¢4 Jaibxicx? | -
al/4 4 fa \Jc

al/4 (5abBc—2 (b>-3ac) (4bB-7Ac) ~/a Ve (4b2B—7Abc—10ch>)

(\/?+\/?X) a+bx+cx?

(\/?+\/?x)2
1/4 1 b
EllipticF[zArcTan[c VX - 24]] /(105c11/4x/a+bx+cx2
al/a 4 \/;\/?

Result (type 4, 2019 leaves):

2(—4b2B+7Abc+1Och)\/? 2 (bB+7Ac) x> 2B
+ + —BXx
105 c? 35¢ 7

5/2

a+x(b+cx) -

1
105c2a+bx+cx?

2 a+x(b+cx)
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(-8b°B+14Ab2c+29abBc-42aAc?) [c+ 2+ 2] 32
X

2

x

C a+(c+9
X

2 2
21\/7b3B(—b+w/b2—4ac) 1- 2 1- a

(—b—\/b2—4ac)x (—b+\/b2—4ac)x

ﬁ o a
-b-/b*-4ac -b-+/b?>-4ac
EllipticE[i ArcSinh| P ] -
x -b++b%-4ac
V2 |—a
-b-~/b*-4ac _b-+b2-4
E1lipticF [i ArcSinh| )5 — /
Vx -b+vVb2-4ac

2a 2a
1- 1-

(7bfx/b274ac)x (7b+x/b274ac)x

ﬁ _a
-b-y/b*-4ac -b-+b?-4ac
EllipticE[i ArcSinh] P ] -
x -b++b?-4ac
V22—
—b-+/b%-4ac _b-+/b%2-4
E1lipticF [ ArcSinh| )5 — /
Vx -b+Vb2-4ac
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29ibBc|-b++/b2-4 ] 1- 2a 1- 22
' C[ ' 2 (—b—\/m)x (—b+\/b2—4ac)x

\E . a
_b-/b2-4ac _b-+b%2-4
E1lipticE[i ArcSinh| s =]~
x -b++/b2-4ac
Jz [
-b-+/b%-4ac _b-+b%2-4
EllipticF [i ArcSinh| ] =] /
X -b+Vb2-4ac

. 2 [ 2 - 2a - 2a
211Ac(b+x/b 4ac] 1 (,b,M)X 1 <7b+m)x

vz | —a
_b-+/b2-4ac _b-+b%2-4
E11lipticE [ ArcSinh| |5 e
x -b++/b2-4ac
\/7 _a
~b-+/b?-4ac -b-+vb2-4ac
EllipticF i ArcSinh]| B ] /
Vx -b++b2-4ac

V2o - c+—+—|-|21+/2 b?Bc |1-
-b-+b2-4ac x> X (7bfm)x
2 o —a
23 -b-v/b*-4ac
1- EllipticF [Ji ArcSinh [ ] s

(b6 aac|x NE3
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—b—\/b2—4ac]/ a a b
- C+—+— | +
-b++b2-4ac -b-+vb?-4ac X2 X

2a 2a
7iAbc® |1- 1-

(—b—\/b2—4ac)x (—b+\/b2—4ac)x

V2 e
-b-y/b*-4ac -b-+b%>-4ac
EllipticF[i ArcSinh| | ] /
Vx -b++/b%2-4ac
a a b 2a
\/7 - C+—+— | + 511\/7ch2 1-
b-vVbZ-4ac X2 x (—b—\/b2—4ac)x
\/7 . a
23 -b-+/b%-4ac
1- E1lipticF[i ArcSinh| s
(fb+\/b274ac)x Vx
—b—\/b2—4ac]/ a a b
- C+ — + —
-b++b%2-4ac -b-+/b%>-4ac x* X

Problem 1030: Result unnecessarily involves imaginary or complex numbers.

X

j(A+Bx) Va+bx+cx? 4
Vx

Optimal (type 4, 373 leaves, 5steps):

| 63
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2 (2b°B-5Abc-6aBc) Vx Varbxiex:  24/x (bB+5Ac+3ch) Vva+bx+cx?
- +
15 ¢3/2 (\/?Jrﬁx) 15 ¢

+

a+bx+cx?

2a1/4(2b23_5Abc—6aBC> (\/;J’\/?X) ( )
Ja ++/c x ’

cl/a \/;

1
EllipticE[Z Ar‘cTan[ y —
a1/4 4

b
2 - ]] /(15c7/4x1a+bx+cx2

Va Ve

al/ (b+2\/?\/?) (ZbB—B\/?B\/c_—SAc> (\/?+\/?X) _arbxrext
o e

cl/a \/;

1
EllipticF[2ArcTan| -
al/4 4

2&]] /(15c7/4m

Result (type 4, 550 leaves):



Mathematica 11.3 Integration Test Results for 1.2.1.3 (d+e x)~m (f+g x) (a+b x+c x~2)"p.nb | 65

1

30 a+x(b+cx)

4\/?(bB+5Ac+Bch> <a+x(b+cx)> 1 4(2bZB—5Abc—6ch> (a+x(b+cx)>
c +§X - 3/2 "

;1(2b23-5Abc-6ch) (—b+x/b2—4ac) 2+ 4

a (b+m>x

b+v/b%-4ac
V2 [——
2a+bx-Vb2-4ac x L. ) . bt/ b2-4ac b+Vb2-4ac
EllipticE|i ArcSinh| ], ]+
bx-Vb2-4ac x Vx b-Vb2-4ac
1
—1i [2b3B-b2 [5Ac+ZBx/b2—4ac]+2ac[10Ac+3Bm)+

a

b+v/b%-4ac

4a 2a+bx-+vb%-4ac x
b(—8ch+5ACx/b2—4ac)]\/2+ i

(b+\/b2—4ac)x bx-+vb2-4ac x

vz [——
b+\/b*-4ac b++b2-4
EllipticF i ArcSinh| ls - = ]
VX b-vb2-4ac

Problem 1031: Result unnecessarily involves imaginary or complex numbers.
J(A+Bx) Vva+bx+cx?

x3/2

dx

Optimal (type 4, 341 leaves, 5steps):
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2<3A—BX>\/a+bX+CX2 2<bB+6AC)\/;\/a+bX+CX2

+

34/x 3+/c (\/?+\Ex)
2
227 (bBs6AC) (Va +i/c x| |
(\/?+\/?x)2
1/4
EllipticE[ZArcTan[i s 1 ZbJ] /(3c3/4x/a+bx+cx2 +
al/4 4 \E\E

(b+2+va Ve | (VaB+3avc) (Va +vc x| _asbxrcx?
(\/;+\/?x)2

cl/a W

1
EllipticF[2ArcTan| -
al/4 4

Zﬁw /(3a1/4c3/4x1a+bx+cx2)

Result (type 4, 491 leaves):

4 (bB+6Ac) (a+x (b+cx)) 4(-3A+Bx) (a+x (b+cx))

+ —

cVx Vx

1 4a
_ (bB+6Ac) (7b+«/b274acJ 2+ X
c (b+\/b2—4ac)x

a

b+/b%*-4ac

VT [——
2a+bx-+Vb%2-4ac x L. . . bu/b2-aac b++vVb2-4ac
EllipticE[i ArcSinh| ]s ] +
bx-+b2-4ac x \Vx b-+b%2-4ac
1
| [—bZB+4ch+be/b2—4ac +6Ac«/b2—4ac)
c [—a
b+ b*-4ac
5 4a 2a+bx-+vb*-4ac x
+ X

(b+\/b2—4ac)x bx-+vb?-4ac x

Yr e———
b+ b%-4ac } b+\/m

N b-+vb2-4ac

EllipticF[i ArcSinh|

}/(6 a+x (b+cx)
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Problem 1032: Result unnecessarily involves imaginary or complex numbers.
J(A+Bx) Va+bx+cx?

x>/2

dx

Optimal (type 4, 353 leaves, 5 steps):
2 (aA+ (Ab+3aB) x) Vva+bx+cx? 2 (Ab+6aB) Ve Vx Va+rbx+cx?
_ N _

3ax3/? Ba(\/?+\/?x)
2
2 (Abs6aB) c4 (va «ic x| | S OXIOC
(Va ++c x|
1/4
eltiprice [2areran [, T o- 0[]/ 30 arbient |
vt el Ve

(Ab-6aB) v/ +va (3bB-2ac)| (Va +i/c x| | XX
(Va ++e x)?

EllipticF[2ArcTan|

b
2- ]] /[3a3/4c1/“x/a+bx+cx2
Vo T

Result (type 4, 499 leaves):
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1

6ax3/2./a+x (b+cx>

1 a
—4(Abx+a<A+3Bx)>(a+x(b+cx)>+—x 4(Ab+6aB) _
_a b+vVb%2-4ac
b+v/b%*-4ac

2a
(a+x(b+cx>)+i<Ab+GaB) (b—x/b2—4ac) 1+ x3/2
(b+\/b2—4ac ) X

Ny p——
4a+2bx-2+b2-4ac x L _ . bi/b?-4ac b+vb2-4ac
EllipticE[i ArcSinh| 1 |+
bx-+b2-4ac x x b-+/b2-4ac
j(Ganlb2—4ac +A[—b2+4ac+bx/b2—4ac])
1 2a 32 4a+2bx-2+Vb%-4ac x
+ X
(b+\/b2—4ac)x bx-+b*-4ac x
VT [——
b+v/b%-4ac b++vb2_4ac
EllipticF[i ArcSinh| ], — ]

N b-+vb2-4ac

Problem 1033: Result unnecessarily involves imaginary or complex numbers.
J(A+Bx) Va+bx+cx? 4

x7/2

X

Optimal (type 4, 421 leaves, 6 steps):
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2 (2Ab2—5abB—6aAc) va+bx+cx? 2 (3aA+ (Ab+5aB) x) Va+bx+cx?
- +
15a2/x 15 a x>/2

2\/?(5abB—2A(b2—3ac))\/?\/aerx+cx2 )
15 a2 (\/a_-%—\/?x)

a+bx+cx?

2C1/4(53b3_2A(b2_3aC>)(\/?+\/?X) (\/_ Nry )2
a +VcC X

cl/a \/;

1
, =
al/4 4

EllipticE[2ArcTan|

Zﬁ]] /(15a7/4xla+bx+cx2

(b+2va Ve | (2ab-5aB-3va Avc | (Va +c x| _arbxicx?

(\/a +/c x)2
C1/4‘/ 1 b
EllipticF[ZAr‘cTan[ix — 2—7]] /(15a7/“xla+bx+cx2
al/ 4 Va e

Result (type 4, 576 leaves):
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1

30a2x>/2. Ja+x (b+cx)

—4(a+x (b+cx)) (—2Ab2x2+a2 <3A+5Bx) +ax (5be+A<b+6cx))) +

1 5 5 a
X 4(—2Ab +5abB+6aAc) - <a+x(b+cx))+
a b+Vb%2-4ac
b+v/b%-4ac

2a
i —b+w/b2—4ac](—5abB+2A(b2—3ac)> 1+ x3/2
( (b+x/b274ac)x

N g
4a+2bx-2+b>-4ac x . ) br/b?-dac b+Vb2-4ac
EllipticE i ArcSinh]| |, ] -
bx-+Vb2-4ac x X b-+vb2-4ac
i (5aB(b2—4ac—b\/b2—4ac]+2A[—b3+4abc+b2w/b2—4ac —3aCx/b2—4ac)]
1 2a 32 4a+2bx-2+Vb%2-4ac x
+ X
(b+\/m)x bx-+Vb2-4ac x
-

b+ b%-4ac } b+\/m]
3
\x b-+/b%>-4ac

EllipticF[i ArcSinh|

Problem 1034: Result unnecessarily involves imaginary or complex numbers.
J(Z—Sx) x7/27/2+5x+3x% dx

Optimal (type 4, 251 leaves, 9steps):
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1543648/x (2+3x)  8+/x (397265+502911x) V/2+5x+3x2
65675612 +5x+3x2 2189187

157160 V/x (2+5x+3x%)%?  21620x*2 (2+5x+3x2)%?  656x5/2 (2+5x+3x2)>?

+ —

+

243 243 34749 1287
1543648+/2 (1+x) | 22X EllipticE[ArcTan[/x |, - 2]
10 1+x 2
x7/2 3/2
(2+5x+3x)7° - +
39 65675612 +5x +3x?
349240/2 (1+x) [ 22* EllipticF[ArcTan[Vx |, -]
+X
2189187 /2 +5x + 3 x?

Result (type 4, 178 leaves):

2 (1 543648 + 2811400 X + 670548 x> - 141444 x> +

58374 x* + 2892348 x> + 671895 x° - 10195794 x’ - 7577 955 x8) +

N

1543648 1 /2

4959281 /2

X

(6567561\/7x/2+5x+3xz

Problem 1035: Result unnecessarily involves imaginary or complex numbers.

J(Z—Bx) X°/24/2+5x+3x% dx

Optimal (type 4, 228 leaves, 8 steps):

| 71
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261784W(Z+3x) 8&(5786@+74313x) V2+5x+3x%2

8419952 +5x + 3 x2 280665

4420/x (2+5x+3x2)¥% 533 10
( ) + — x3/? (2+5X+3~X2>3/27—XE’/2 <2+5X+3X2>3/2+
6237 891 33

261784+/2 (1+x) | %2* EllipticE[ArcTan[Vx |, - %]
1+X 2
8419952 +5x +3x%
13016 /2 (1+x) | 22X EllipticF|ArcTan[v/x |, - 2]
1+x 2

5613312 +5x + 3 x2
Result (type 4, 1701leaves):

-523568 - 918440 x - 198168 X2 + 39780 x> + 947916 x* + 271350 x° - 3129840 x® - 2296 350 x” -

2
3

3.2 x*/2 E1lipticE[i ArcSinh | ]s i] +665441 2

X VX 2

[E—
-
I

3
] /[841995&«/2+5x+3x2
2

X

%

Problem 1036: Result unnecessarily involves imaginary or complex numbers.
j(Z—Sx) x3/24/2+5x+3x%x% dx

Optimal (type 4, 205 leaves, 7 steps):
2360/x (2+3x)  4+/x (779+1035x) V2+5x+3x2 136

+7\/? (2+5X+3X2)3/27

51032+ 5x + 3 x% 1701 189
1o 3/2 _

23602 (1+x) /% EllipticE[Ar‘cTan{&], fi]
—x¥? (2+5x+3x%)
27 5103 /2 +5x + 3 x2

668/2 (1+x) | Z2* EllipticF[ArcTan[+/x |, - 1]
1701 V2 + 5x+ 3x2
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Result (type 4, 165leaves):

4720 + 7792 X + 1380 X2 + 7920 x> + 2970 x* - 23652 X° -

&‘

2
3

1 2 3
17010 x°+2360i V2 |1+~ |3+~ x¥2EllipticE[i ArcSinh| 1, =] -
X X N 2
2
: 1 CEE Y U . ’ 3 2
35612 [1+~ |3+~ x¥2EllipticF[iArcSinh| 1> =] /(5103\/x \J2+5x+3x
X X N 2

Problem 1037: Result unnecessarily involves imaginary or complex numbers.
J(Z—Sx) Vx Af2+5x+3x% dx

Optimal (type 4, 182leaves, 6 steps):

2476 2:3
) Vx (2+3x) i\/?(430+639x>m7

N
2835/2+5x+3x2 945
2476 /2 (1+x) [22* EllipticE[ArcTan[Vx ], - 7]

E\/; (2+5X+3X2>3/2+

21 2835/2+5x + 3 x?
2+3x st 1

164+/2 (1+x) [ 22* EllipticF[ArcTan[Vx ], - 7]
1892 +5x+3x?

Result (type 4, 163 leaves):
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-2 (2476 +3730 x - 3354 x% - 1935 x3 + 8748 x* + 6075 x5) -

2476 12 [1+— [3+— x3/2 EllipticE[i ArcSinh| —“ =
/ 2
. 1 2 32 crines gl .
1612 |1+~ |3+~ x*2EllipticF[iArcSinh|
X X

Problem 1038: Result unnecessarily involves imaginary or complex numbers.

J<25X> V2 +5x+3x2
X

Optimal (type 4, 159 leaves, 5 steps):

88Vx (2+3x 2
( ) — 1 9x VX \/2+5X+3X
27V2+5x+3x2 9

882 (1+x) \/?ElllptlcE[ArcTan[\/_}, -]
27V2+5x+3x%
344/2 (1+x) \/%EllipticF[Ar‘cTan[\/?L -]

9+2+5x+3x?
Result (type 4, 158 leaves):

2
.03
], =] /(2835\/?\/2+5x+3x2
2
X

dx
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2 (88+226x+93x2-126x3-81x4) +

] /(27\/;x/2+5x+3x2

Problem 1039: Result unnecessarily involves imaginary or complex numbers.

dx

J<25X>m

x3/2

Optimal (type 4, 159 leaves, 5steps):
22~/x (2+3%x)  2(6+5x) V2+5x+3x2

9/2+5x+3x% 3%
222 (1+x) \/%EllipticE[Ar‘cTan[ﬂ}, -1
;
9vV2+5x+3x
102 (1+x) FgllipticF[ArcTan[&L -1
1+x 5
3V2+5%x+3x%

Result (type 4, 153 leaves):

1| 2

-2 (14+65x+96x>+45x%) +221~/2 1+~ |3+ = x*?EllipticE|iArcSinh|
X X

8i+/2 1+f 3+f x>2 E1lipticF[i ArcSinh|[—], = 9\/x \2+5x%x+3x?
A/ 2

| 75
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Problem 1040: Result unnecessarily involves imaginary or complex numbers.

(2—5x> V2+5x+3x2
J X5/2 dx

Optimal (type 4, 157 leaves, 5steps):

50/x (2+3x) 4(1-5x)V2+5x+3x2

31/215x+ 3% 33/

502 (1+x) [22* EllipticE[ArcTan[vx |, - 7]
34/2+5x+3x2

212 (1+x) [22* EllipticF[ArcTan[Vx |, - 7]
V2+5x+3x?

Result (type 4, 153 leaves):

1 2 3
-2(4+40x+81x2+45x%) -50i /2 [1+= [3+= x*2EllipticE[iArcSinh| 1, =] -
X X VX 2
2
. 1 2 5/2 PR . . ’ 3 3/2 2
13i+v/2 [1+> [3+= x*2EllipticF[i ArcSinh| 1, =] /(3x/ \J2+5x+3x
X X Vx 2

Problem 1041: Result unnecessarily involves imaginary or complex numbers.

(2—5x> V2+5%x+3x2

J x7/2

Optimal (type 4, 180 leaves, 6 steps):

139 /x (2+3x) 4(3-10x) V2+5x+3x2

+

=

dx

+

15/2+5x+ 3 x2 15x°/2
139+/2 (1+x) [ 22* EllipticE[ArcTan[+/x |, -]
1392+ 5x+3x? 1ex 2
. _
15/x 152 +5x + 3 x2

11V2 (1+x) ﬁEllipticF[Ar‘cTan[\/?}, ,ﬂ
V2+5x+3x2
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Result (type 4, 153 leaves):

4 (-6+5x+41x%+30%%) 13912

X VX 2

|2
1 2 i 3
2682 [1+= [3+= x”/2EllipticF[i ArcSinh| 1, =] /(15X5/2x/2+5x+3xz
X X Vx 2

Problem 1042: Result unnecessarily involves imaginary or complex numbers.
j<25x> V2+5x+3x?

x9/2

dx

Optimal (type 4, 205 leaves, 7 steps):
62V/x (2+3x)  4(1-3x)V2+5x+3x> 43/2+5x+3x2

21V2+5x+3x% 7x7/2 21 x3/2
622 (1+x) [2%2* EllipticE[ArcTan[V/x |, - %]
622 +5x+3x? 1ex 2
- +
21/x 21V/2+5x+3x2

2+3 . . 1
43 (1+x) [ 2= EllipticF[ArcTan[+/x |, —ﬂ

72 V2+5x+3x2

Result (type 4, 155leaves):

48 + 24 X + 460 X? + 646 x> + 258 x* +

42 x72 /2 + 5x + 3 x2

" =5/
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Problem 1043: Result unnecessarily involves imaginary or complex numbers.
J(2—5x> V2+5x+3x2

X11/2

dx

Optimal (type 4, 228 leaves, 8 steps):
1331+/x (2+3x) 4 (7-20x)V2+5x+3x2  97~/2+5x+3x? 79/2+5x+3x2

+

6302+ 5x + 3 x2 63 x%/2 105 x>/2 63 x3/2
1331 (1+x) | 3% EllipticE[ArcTan[+/x |, -1
1331/2+5x+ 3 %2 ( )\/ Lox [ x]s -3
. _
630 /x 3152 V2 +5x%x+3x%?

2+3x 1
79 (1+x) | - = ElllpthF[Ar‘cTan{\/_}, —;}

21/2 V2+5x+3x2

Result (type 4, 160 leaves):

-560 + 200 X + 4324 x> + 3730 x3 - 2204 x* - 2370 X° -

3
133112 [1+— x*/2 E1lipticE i ArcSinh| ] ]
146 i /2 1+ = |3+ x™2EllipticF[i ArcSinh| ] } / (630 X242 +5x+3x%?

Problem 1044: Result unnecessarily involves imaginary or complex numbers.

m

w N

J(Z—Sx) x>/2 (2+5x+3x2>3/2d1x

Optimal (type 4, 256 leaves, 9 steps):
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497824&(2+3x) s\/Y(190465+2054e7x) N215%x+3x%2

+

328378052 +5x+3x2 10945935
8+/x (27010+32921x) (2+5x+3x2)%2 4660+/x (2+5x+3x2)%2
\/_< + )( + + ) B \/—< + + > +136X3/2<2+5X+3X2)5/27
243243 11583 351
497824/2 (1+x) | #2* EllipticE[ArcTan[/x |, - %]
2 > 1+x 2
— x3/2 <2+5x+3x2)5/ n B
9 328378052 +5x + 3 x2
61736/2 (1+x) lzl*ﬁ EllipticF[ArcTan[v/x |, —i]
+X
2189187 V2 +5x +3x2

Result (type 4, 183 leaves):

2
-497824i+2 |1+~ [3+= x*?EllipticE[i ArcSinh]
X

2 (497824 + 318520 x - 273876 x> + 91620 x> - 37601118 x* - 83323080 x° + 69664 455 Xx° +

1 / 2
337486905 x’ + 320800095 x® + 98513415 x° + 2141081 /2 [1+— |3+ —
X X

2
3

x>/2 E1lipticF[i ArcSinh|

3
1, =] /(32837805\/x \J2+5%x+3x%2
2

Vx

Problem 1045: Result unnecessarily involves imaginary or complex numbers.

2-5x) x3% (2+5x+3x%)¥%dx
( )

Optimal (type 4, 233 leaves, 8steps):
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55112W(z+3x) 8\/?(6998+6381x) V2+5x+3x%3
+

7297292+ 5x+3x2 243243
4+/x (6959 +8575x) (2+5x+3x2)>% 556+/x (2+5x+3x2)%?
+ —
27027 1287
55112+/2 (1+x) [ 22* EllipticE[ArcTan[V/x |, - %]
16 5, 215/2 Tax 2
—x¥? (2+5x+3x%)7° - .
39 7297292 +5x+3x2
25448~/2 (1+x) [22* EllipticF[ArcTan[v/x |, - 2]
+X
243243/2+5x+3x2

Result (type 4, 178 leaves):

-2 (7551127 61436 x + 8508 x% - 1171602 x> -

2497986 x* + 1830195 x> + 8989785 x° + 8374023 x” + 2525985 x8> +

551121 /2

212321i+/2
X

(729729\/7x/2+5x+3xz

Problem 1046: Result unnecessarily involves imaginary or complex numbers.

J(Z—Sx) Vx (2+5x+3x2)%%dx

Optimal (type 4, 210leaves, 7 steps):
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424~/x (2+3x) 4 [y exa3 4
55 39x 2 +5x+3x?

11554/2 + 5 x + 3 x2 385

424+/2 (1+x) | #3* EllipticE[ArcTan[/x |, - 7]
10 1+X 2
= /x (2+5x+3x2>5/2+ _
33 11552+ 5 x + 3 X2

36V2 (1+x) [22* EllipticF[ArcTan[Vx |, - 7]
7V2+5x%x+3x?
Result (type 4, 173 leaves):

1| 2
-424i~/2 |1+~ |3+ = x*?2EllipticE[iArcSinh|
X X

1
2 424 + 520 x - 3106 X% - 6140 x> + 3497 x* + 17775 x° + 16065 x® + 4725 x” +58 1 /2 [1+ —
X

w N

2
3+~ x*?EllipticF|i ArcSinh]|

x VX

I Z] /(nssﬁm

Problem 1047: Result unnecessarily involves imaginary or complex numbers.

2-5 24+5x+3x2)%2
J( x)<+x+ x) ix

Vx
Optimal (type 4, 187 leaves, 6 steps):

860 2+3
\/;( ! X> +i\/;(82+45x) \/2+5X+3x2 -

243+/2+5x+3x2 81

8602 (1+x) ﬁEllipticE[ArcTan[\/?], -1
E\/?(1+5x) (2+5x+3x2)3/2, )
’ 243/2+5x+3x2

356\/7(1+x> /21*3)‘ EllipticF [ArcTan[v/x |, —%]
812 +5x+3x2

W 65 + 84 x) (2+5x+3x2)3/2—

| 81
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Result (type 4, 165leaves):

1720 + 6052 X + 6420 x% - 1746 x> - 9990 x* - 8586 x° -

|2
1 2 3 3

2430x°+860i2 [1+= [3+= x¥2EllipticE[i ArcSinh]| 1, =]+

X X \x 2

2
1 2 \ 3 3
20812 [1+>= |3+ x¥2EllipticF[iArcSinh| 1, =] /(243Ww/2+5x+3x2
X X N 2

Problem 1048: Result unnecessarily involves imaginary or complex numbers.

dx

J<25X> (2+5x+3x2)%2

X3/2

Optimal (type 4, 187 leaves, 6 steps):

5848 \/x (2+3x 2
< ) + ﬁ(1945+531x) A/2+5x+3x% -
315+/2+5x+3x2 165

[ 2:3% E11ipti 1
2 (18- 5%) (2+5%+ 3] 5848 /2 (1+x) [22* EllipticE[ArcTan[Vx |, - 7]

7% 3152 +5x +3 X2
482/2 (1+x) | #2* EllipticF[ArcTan[V/x |, - %]
1+x 2
21V 2+5x+3x?

Result (type 4, 163 leaves):
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-2 (_3328 ~ 7390 x + 177 x? + 9855 x> + 7641 x* + 2025 x5) +

3}+

2

} /(315\/7x/2+5x+3x2

Problem 1049: Result unnecessarily involves imaginary or complex numbers.

dx

J(Z—SX) <2+5x+3x2)3’/2

x>/2

Optimal (type 4, 183 leaves, 6 steps):
34+/x (2+3x)  2(2-x)V2+5x+3x2
3v/2+5x+3x2 Vx

2 (203x) (2+5% 0+ 3x2)2" 3442 (1+x) | 22% EllipticE[ArcTan[vx |, - 7]

+ —

3x3/? 3v/2+5x+3x2

142 (1+x) J% EllipticF[ArcTan[+/x |, - ﬂ
V2+5x+3x2
Result (type 4, 163 leaves):
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2
3

1 2 3
-34i+/2 [1+>= |3+~ x*?EllipticE[i ArcSinh]| 1, =] -
X X N 2

2 [8+74x+195x%+219x3+117x* +27 x> +

&‘

3x3/24/2+5x%x+3x?

X

Problem 1050: Result unnecessarily involves imaginary or complex numbers.

2-5 2+5x+3x2)%?
J< x><+x+ x) ix

x7/2

Optimal (type 4, 185leaves, 6 steps):
1418/x (2+3x) 2 (89-35x) V2 +5x+3x2

_ . _
152 +5x+ 3 x2 5+/x

4 (3-5x) (2+5%+3x2)% 1418/2 (1+x) \/%EllipticE[ArcTanW?}, -2

+ —

15 x>/2 15V/2+5x+3x2

1172 (1+x) [ 22* EllipticF[ArcTan[Vx |, - ]
V2+5x%x+3x?
Result (type 4, 163 leaves):
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-2 (24+8ex+906x2+2230x3+1605 x* + 225 x5) -

1418 i /2

X

33782 [1+= [3+5 x7/2EllipticF[i ArcSinh|

Problem 1051: Result unnecessarily involves imaginary or complex numbers.

15 x%/24/2+5x + 3%x?

R

2|/

dx

J(Z—SX) <2+5x+3x2)3’/2

x9/2

Optimal (type 4, 187 leaves, 6 steps):
633/x (2+3x) 3(22+133x) V2+5x+3x2
7V2+5x+3x2 7 x3/2

4 (1-2x) (245%+ 3% 6332 (1+x) |22* EllipticE[ArcTan[Vx ], - 7]

+ —

7 x7/2 7V2+5x%x+3x?

783+/2 (1 + x) | 21++3.X EllipticF [Ar‘cTan[r] I i]
7V2+5x+3x2
Result (type 4, 163 leaves):
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-2 (8+24x-72x2-19x3+384x4+315x5) -

2 3
63312 3+~ x®2EllipticE[i ArcSinh| 1, =] -
X 2
2
. 1 2 9/2 . . . . ’ 7/2 2
15012 [1+= |3+~ x*?EllipticF[iArcSinh| 1> =] / 7x"/22+5x+3x
X X Vx 2

Problem 1052: Result unnecessarily involves imaginary or complex numbers.

2-5 2+5x+3x2)%?
J( x><+x+ x) ix

X11/2

Optimal (type 4, 210leaves, 7 steps):
5438+/x (2+3x) 5438/2+5x+3x2 (1446 +4055X) V/2+ 5x + 3 X2

315V/2+5x+3x% 315/x 315 x5/2
4(7-15%) (205%+3x2)? 5438/2 (1+x) \/%EllipticE[ArcTan[ﬁ], -]
+ -
630 3152 5% 357
899 (1+Xx) \EEllipticF[ArcTan[&], -1
21/2 V2+5x+3x2

Result (type 4, 160 leaves):
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-1120 - 3200 x + 7424 x% + 44480 x> + 64706 x* + 29730 X° -

108761 /2

X

260912 [1+= [34° x”/2 EllipticF[i ArcSinh|

Problem 1053: Result unnecessarily involves imaginary or complex numbers.

ﬁ\%

] ]/(630x9/2\/2+5x+3x2

)3/2

dx

J(Z—Sx) (2+5x+3x?

X13/2

Optimal (type 4, 233 leaves, 8 steps):
3229+/x (2+3x)  1357/2+5x+3x2  3229/2+5x+3x2  (634+1367x) V/2+5x+3x?

1386 /2 +5x + 3 x2 693 x*/2 1386 /x 231 x7/2
3229 (1+x 2:3X E11ipticE[ArcTan _1
4(9-20x) (2+5x+3x2)°? (2+ )\/ 1+ P [ [Vl 2]
- +
99 xt/2 6932 V2+5x+3x2
1357 (1+x) | 22X EllipticF[ArcTan[/x |, - %]
1+x 2
2312 V2 +5x+3x2

Result (type 4, 165leaves):
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-2016 - 5600 X + 11360 x? + 61744 x> + 86914 x* + 48256 x> +

L

2
3+~ x¥2EllipticE[i ArcSinh|[ ——

X \ﬁ E

8421 /2 1+f / +f x13/2E111pt1cF i ArcSinh| —“ = /1386x11/2x/2+5x+3x2
A/ 2

8142 x% + 32291 /2

Problem 1054: Result unnecessarily involves imaginary or complex numbers.

dx

(2-5x) <2+5x+3x2)3’/2
J 1572

Optimal (type 4, 256 leaves, 9 steps):
6907 \/x (2+43X)  204+/2+5x+3x2
N _

10010/2+5x + 3x% 385 x*/2
1231V2+5x+3x% 6907 V2+5x+3x2  (1834+3445x) V2+5x+3x?
+ + _

2002 x3/2 10010 \/x 1001 x°/2

4 (11-25%) (205 3x2)2" 6907 (1+x) | 22* EllipticE[ArcTan[vx |, -]

+

143 x13/2 5005 /2 V2 +5x + 3 x2

3693 (1 +x) \/%EllipticF[Ar‘cTan[ﬂ], -]

2002 /2 V/2+5x+3x2
Result (type 4, 170leaves):
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24640 - 67200 X + 125440 x? + 654400 x> + 840316 x* + 361120 x° - 29726 x°® - 36930 x’ -

1381412 [1+= [3+= x™/2EllipticE[i ArcSinh|
1+~ |3+~ x™?2EllipticF|i ArcSinh]| ] /

], ] 465112

ﬂ\ﬁ

20020 x23/2 /2 +5x + 3x?

e j

—

Problem 1055: Result unnecessarily involves imaginary or complex numbers.

A+BX
J dx
Vex Va+bx+cx?
Optimal (type 4, 300 leaves, 5 steps):
2BxVa+bx+cx?
Ve Vex (\E+\Ex)

| 89

b 2 1/4 ./ 1 b
2a4B+/x [(va +Vc x Jaroxrex EllipticE |2 ArcTan VX s — |2-
2 1/4
(\/a +4/c x) at/ 4 Vva vc

A/ b 2

(cs“‘\/ex Jarbxicx® |+ |at B | Vx (\/a +/c x) aroxrex ;
a (x/a +c x)

C1/4‘/ 1 b
EllipticF[ZAr‘cTan[ix — 2—7]] /(c”“x/ex Ja+bx+cx?
al/4 4 /_a /_C

Result (type 4, 444 leaves):
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4B | —A— (a+x(b+cx>)
) b+v/b%-4ac 1 ; 43
- % |- + ]].B(—b+ b—4ac] 2+
x? Vx (b+\/b2—4ac)x
Yo pur—
2a+bx-vb2-4ac x o ) b/b>dac  pi-/bZ_dac
EllipticE|i ArcSinh| ] ] -
bx-+vVb2-4ac x \x b-b?-4ac
4 2 bx-Vb2-4
j[—bB+2Ac+B b2—4ac) 2+ 2 a+bx-\b?-4ac x
Vx (b+\/m)x bx-+b2-4ac x

\/? . a
wm} b+m] /

Bl
VX b-+b2-4ac

EllipticF[i ArcSinh|

[Zc\/; Vex a+x (b+cx)
b+

Problem 1056: Result unnecessarily involves imaginary or complex numbers.

(2—5x) x7/2
J—dlx
V2+5x+3x2

Optimal (type 4, 223 leaves, 8 steps):
68920/x (2+3x) 11320+/x V2+5x+3%
_ N _

153092+ 5x + 3 X% 5103
820 508 10
567 567 27

68920+/2 (1+x) | 2£3x EllipticE[Ar‘cTan[&], 7;]
1+X 2

15309 V2 +5x + 3 x?
11320+/2 (1+x) | 22X EllipticF[ArcTan[v/x |, - 2]
1+x 2

51032 +5x + 3 X2
Result (type 4, 168 leaves):
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-2 (68920 + 138340 x + 40620 x> - 9306 x> + 4590 x* - 6399 x° + 8505 x°) -

2
3
689201 /2

3.2 X372 Elliptice [i ArcSinh| ]» > | +34960i 2

X Vx 2

&‘

2
3 3

1 2
1+~ |3+~ x¥2EllipticF[iArcSinh| ] /[15309\/x \J2+5%x+3%2
X X A/ x 2

], =

Problem 1057: Result unnecessarily involves imaginary or complex numbers.

(Z—SX) x>/2
J—dlx
V2+5x+3x2

Optimal (type 4, 200 leaves, 7 steps):

13688/x (2+3x) 412
( >77W\/2+5X+3X2+

128
2835+/2+5x+3x> 189 105

13688+/2 (1+x) [ 22X EllipticE[ArcTan[+/x |, - 2]
10 52 2 1+x 2
— X/ /2+5x+3x° -

.
21 2835+/2+ 5 x + 3 X2

412+/2 (1+x) \/? EllipticF [ArcTan[v/x |, - ]
1892 +5x+3x%
Result (type 4, 160 leaves):

x3/24/2+5x+3x%x% -
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27376 + 56080 X + 17076 X2 - 3960 x> + 3618 x* — 4050 Xx° +

w N

3}7

2
3+~ x¥2EllipticE[i ArcSinh| =
2

X

750812 [1+= [34° x3/2 EllipticF[i ArcSinh|

Problem 1058: Result unnecessarily involves imaginary or complex numbers.

(Z—SX) x3/2
J—dlx
V2+5x+3x2

Optimal (type 4, 177 leaves, 6 steps):

412& 2+3x)
( \/7«/2 5x+3x2

81+/2+5x+3x2 27

412+/2 (1+x) | #2* EllipticE[ArcTan[/x |, - %]
2 3/2 2 1+x 5
— X 2+5x+3x° + )

136881 V2 ]»

X

] f} /(2835\/?\/2+5x+3x2

’ 81VI 5 X 3R
52+/2 (1+x) HEllipticF[Ar‘cTan[\/?}, ,ﬂ
27V2+5x+3x2

Result (type 4, 158 leaves):
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-2 (412 + 874 x+282x* - 99X + 81 x*) -

412i+/2 [1+> [3+5 x*2EllipticE[i ArcSinh| }
25612 [1+= [3+° x3/2 EllipticF[i ArcSinh]|

Problem 1059: Result unnecessarily involves imaginary or complex numbers.

|+

N W

[E—

] /(81\/?x/2+5x+3x2

dx

j (2-5x%) V/x
V2+5x+3x2

Optimal (type 4, 154 leaves, 5steps):

136X (2+3%) 10 1362 (1+x) /21*3)‘ EllipticE[ArcTan[v/x |, —%]
—/x 4/2+5x+3x? +

27/2+5x+3x2 9 27V2+5x+3x2
2+3 . . 1

102 (1+x) [22* EllipticF[ArcTan[Vx |, - 7]
942+5x+3x?

Result (type 4, 150leaves):

o1 |, 2
272 +620x +258x% - 90 x> +1361 V2 |1+~ [3+ = x*2EllipticE[i ArcSinh]
X X
2
3
10612 1+— 3+—x3/2E111pt1cF[1Arcslnh[ 1, = /[27\/_x/2+5x+3x
N

Problem 1060: Result unnecessarily involves imaginary or complex numbers.

2-5x
J dx
Vx V2+5x+3x?
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Optimal (type 4, 129 leaves, 4 steps):

1o (2-3x] 102 (1+x) [22* EllipticE[ArcTan[Vx |, - 7]

. +
3215132 3vV2+5x+3x
22 (1+x) | 22X EllipticF[ArcTan[/x |, - 1]
1+x 2
V2+5x+3x2

Result (type 4, 150leaves):

=

1 2 5 [ 3
- 2x3/2 5[3+—+—
3v/2+5x+3x2 x* X

5i+v2 [1+% [3+2 EllipticE[iArcSinh]
X X
+
V X

. 1 2 . . . . E 3
8i2 /1+; /3+; ElllpthF[lAr‘CSIHh[W],—
Vx

Problem 1061: Result unnecessarily involves imaginary or complex numbers.

2-5x
J dx
x3/24/2+5x%x + 3 x?
Optimal (type 4, 146 leaves, 5 steps):

2+3x 1
2x (243%) 242:5x:3% 22 (1+x) | - ElllptlcE[Ar‘cTan[\/_},—z}

Vaesxesd V2osxo3
52 (1+x) \/% EllipticF[ArcTan[+/x |, - %]
V2+5x+3x%
Result (type 4, 90leaves):
1
V2+5x+3x%

&‘

2
3

\j 3
2+~ |3+~ x |2EllipticE[i ArcSinh]| =] - 7 EllipticF [i ArcSinh| 1, =]
ke W2
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Problem 1062: Result unnecessarily involves imaginary or complex numbers.

2-5x
J dx
x>/24/2+5x + 3 x?
Optimal (type 4, 175leaves, 6 steps):

25Vx (2+3x)  2v/2+5x+3x2  25/2+5x+3x%?
- - + +
31/2+5%x+3% 332 3+/x

25+/2 (1+x) | Z2* EllipticE[ArcTan[Vx |, - 1]
3vV2+5x+3x%

V2 (1+x) \/%EllipticF[Ar‘cTan[\/?], —%]
V2+5x+3x2

Result (type 4, 148leaves):

2
3

-2 (2+5x+3x%) -25i/2 /1+1 3.2 x*/2 E1lipticE i ArcSinh| | i] +
X X Vx 2

1 2 3
22i+/2 [1+= |3+~ x*2EllipticF[iArcSinh| 1> =] / 3x32,/2+5x%x+3x?
X X N 2

Problem 1063: Result unnecessarily involves imaginary or complex numbers.

=

2-5x
J dx
X7/2/2+5x + 3 x?
Optimal (type 4, 196 leaves, 7 steps):
66Vx (2+3x) 24/2+5x+3x2 3v/2+5x+3x
_ N _

542 +5x+3x2 5 x°/2 x3/2

662 (1+x) | 22* EllipticE[ArcTan[V/x |, - %]
66 V2 +5Xx+3x? 1+x 2
- +
5/x 5/2+5x+3x%

9 (1+x]) ﬁEllipticF[Ar‘cTan[\/;], ,i]

V2 V2+5x+3x2
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Result (type 4, 150 leaves):

1 2 3
~8+40x+138x2+90x>+132i 2 [1+ > |3+ x’/2EllipticE[i ArcSinh]| 1, =] -
X X N 2
2
: 1 2 7/2 s 3 : s ’ 3 5/2 2
87iV2 [1+= |3+= x’/2EllipticF[i ArcSinh| 1, =] /(10x \J2+5%x+3x
X X Vx 2

Problem 1064: Result unnecessarily involves imaginary or complex numbers.

-

dx

J (2-5x) x7/2

(2+5x+3x2)%2

Optimal (type 4, 197 leaves, 7 steps):

24+/x (2+3x 2x%/2 (74 + 95 x
- ( )+ ( >+20\/x \J2+5%x+3x%x% -
V2 +5x+3x2 3v/2+5x+3x?

24\/? (1 + X) F EllipticE [Ar‘cTan[ X ]’ - l]
64 3/2 > 1+X 5
— X 2+5x+3x° + )

3 V2+5x+3x2
202 (1+x) | %2* EllipticF[ArcTan[/x |, - %]
1+x 2
V2+5x+3x?

Result (type 4, 156 leaves):

1 2 3
~2(72+120x+22x* -4x3 +x*) -72i+/2 |1+ = [3+= x¥2EllipticE[i ArcSinh| ], =]+
X X Vx 2
2
: 1 2 3. P : : ’ 3 2
12i+/2 |1+~ [3+= x*2EllipticF[iArcSinh| ],—]/(3\/?\/2+5X+3X)
X X VX 2

Problem 1065: Result unnecessarily involves imaginary or complex numbers.

J( (2-5x) x>/2 ix

2+5x+3x2)3/2

=
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Optimal (type 4, 182leaves, 6 steps):

1804+/x (2+3x) 2x32(74+95x) 580
< >+ ( >——\/;w/2+5x+3x2—
81+/2+5x+3x2 34/2+5x+3x2 27

1804+/2 (1+x) | 22* EllipticE[ArcTan[+/x |, -]
1+x 2
81V2+5x+3x2

580/2 (1+x) | 22* EllipticF[ArcTan[+/x |, - 1]

27V2+5x+3x?
Result (type 4, 150leaves):

+

-

1 2 3
3608 + 5540 x + 708 x* - 90 x> + 1804 i \/2 |1+~ |3+ = x*/2EllipticE[i ArcSinh]| ], =] -
X X /X 2

2
1 2 \ 3 3
64i+/2 [1+= [3+= x*2EllipticF[iArcSinh| 1, =] /(81\/x \J2+5%x+3x%2
X X A/ x 2

Problem 1066: Result unnecessarily involves imaginary or complex numbers.

J( (2-5x) x32 ix

2+5X+3X2>3/2

Optimal (type 4, 159 leaves, 5 steps):

2+3Xx : . 1
200X (2+3x) 23X (74+955) 2002 (1+x) [ 22* EllipticE[ArcTan[/x |, -]

+ + -
9/2+5x+3x? 3vV/2+5x+3x? 94/2+5x+3x2
742 (1+x) l% EllipticF[ArcTan[+/x |, —%}

3v2+5x+3x?

Result (type 4, 145leaves):

| 97
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2
1 2 \ 3 3

-400 - 556 x -30x*-2001i+/2 |1+~ |3+~ x*2EllipticE[iArcSinh| 1, =] -

X X A/ x 2

1 2 3
22i+/2 [1+= |3+ = x¥2EllipticF[iArcSinh| 1> =] /(9\/x \J2+5x+3x2
X X A/ x 2

Problem 1067: Result unnecessarily involves imaginary or complex numbers.

=

dx

J (2-5x) +/x

<2+5X+3X2>3/2

Optimal (type 4, 155leaves, 5 steps):

2:3x ot 1
74+/x (2+3x)  2+/x (30+37x) 742 (1) [ 555 EllipticE[ArcTan[Vx ], - 7]

3/2+5x+3x2 V2 +5x%x+3x2 3vV2+5x+3x2
30/2 (1+x) l% EllipticF[ArcTan[+/x |, —%}
V2 +5x+3x2

Result (type 4, 140leaves):

2
1 2 \ 3 3
148 +190x+741/2 [1+= [3+ = x¥2EllipticE|i ArcSinh] 1, =]+
X X Vx 2
2
. 1 2 3/2 . . . . 3 3 2
16ivV2 [1+> [3+= x¥2EllipticF[i ArcSinh| ], =] /(3\/;«/2+5x+3x
X X VX 2

Problem 1068: Result unnecessarily involves imaginary or complex numbers.

2-5x

J\/; (2+5X+3X2)3/2

dx

Optimal (type 4, 151 leaves, 5 steps):
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2+3x . . 1
304X (243x) 2+/x (38445x] 30+/2 (1+x) /—1+X EllipticE [ArcTan[+/x |, 2]
- +

+ —

V2+5x%x+3x? V2+5x%x+3x? V2+5x+3x2
2:3x s ot 1

37V2 (1+x) [22* EllipticF[ArcTan[Vx |, - 7]
V2+5x+3x?

Result (type 4, 137 leaves):

2
1 2 V? 03
~60-74x-30i2 [1+> [3+> x*2EllipticE[iArcSinh| 1, =] -
X X Vx o2
2
. 1 2 32 E11ipticE | i ’ 3
7iV2 [1+= [3+= x*2EllipticF[i ArcSinh]| 1, =] /
X X Vx o2

Problem 1069: Result unnecessarily involves imaginary or complex numbers.

VX A/2+5x%x+3x?

2-5x
J dx
x3/2 (2+5x+3x2)3/2

Optimal (type 4, 172 leaves, 6 steps):
39/x (2+3x) 2 (38 +45x) 39V/2+5x+3x2
+

V2+5x+3x2 \/;\/2+5X+3X2 \/?
39\/7(1+x) l% EllipticE[Ar‘cTan[\/?}, —%}
+
V2 +5x+3x2
452 (1+x) | 22% EllipticF[ArcTan[v/x |, - 1]
V2+5x+3x2

Result (type 4, 137 leaves):

| 99
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2
1 2 \ 2 3
76 +90x+39iV2 [1+= [3+>= x*?2EllipticE[iArcSinh| 1, =]+
X X Vx 2
2
. 1 2 ., .. . . 3 3
6iv2 [1+= [3+= x*2EllipticF[i ArcSinh] 1> =] /
X X X 2

Problem 1070: Result unnecessarily involves imaginary or complex numbers.

VX A/2+5x+3x?

<‘

2-5x
J dx
x5/2 (2+5x+3x2)3’/2

Optimal (type 4, 201 leaves, 7 steps):
170 \/x (2 +3x) 2 (38 +45x) 1152 +5x+ 3 x2
- + - +

3vV2+5x+3x2  x32+/2+5x+3x2 3x3/2
1702 (1+x) [ 22* EllipticE[ArcTan[+/x |, - %]
1702 +5x + 3 x? I+x 2
N _
34/x 34/2+5x+3x2

2:3x A 1
115 (1+x) | -~ EllipticF[ArcTan[v/x |, 2]

\/?\/24—5X+3X2

Result (type 4, 145leaves):

|2
2 : 1 2 5/2 . . . . 3 3
~4-610x-690x>-340i2 [1+= [3+= x*2EllipticE[iArcSinh] 1, =] -
X X Vx 2
2
: 1 2 5/2 : : : : ’ 3 3/2 2
5i+v/2 [1+= [3+= x*’2EllipticF[i ArcSinh] 1, =] / 6x>2+/2+5x+3x
X X VX 2

Problem 1071: Result unnecessarily involves imaginary or complex numbers.

2-5x
J dx
x7/2 (2+5x+3x2)3’/2

Optimal (type 4, 224 leaves, 8 steps):
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2693 V/x (2+3x) 2 (38+45x) 191v/2+5x+3x?  157V2+5x+3x2
- N -

N
30V2+5x+3x2 x524/2+5x+3x2 5 x5/2 35372
2693 (1+x) [ #3% EllipticE[ArcTan[+/x |, -2
26932 5x 35 (1ex) 55 [ [Vx ], -2]
- +
30+x. 1572 V21 5x:3%
157 (1+x) [ 2% EllipticF[ArcTan[V/x |, - %]
1+x 2
V2 V2+5x+3x2

Result (type 4, 150leaves):

~12 + 110 x + 4412 x? + 4710 x> + 2693 1 / 2

Problem 1072: Result unnecessarily involves imaginary or complex numbers.

J( (2-5x) xt3/2 ix

2+5X+3X2>5/2

Optimal (type 4, 256 leaves, 9 steps):

2x1/2 (74 +95x)  1521@56+/x (2+3x) 4x7/? (1484 + 1685 X)

- +

9(2+5x+3x%)%?  76545/2+5x+3x2 27V2+5x+3x2
211144+/x V2+5x+3x>  167336x¥2/2+5x+3x*> 45820 5/2\/7
- + X

2+5x+3x% +
5103 2835 567

15210562 (1 + x) | 23X E1lipticE [Ar‘cTan [\/;} , - l}
1+X 2
76545+/2+5x + 3 x2
211144+/2 (1+x) \/E EllipticF[ArcTan[+/x |, - 1]
1+X 2

5103 /2 +5x + 3 x2
Result (type 4, 187 leaves):
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-2 (3042112+8876240X+ 5504080 x2 -

2967300 x> - 2106756 X* + 262710 x> - 70956 x° + 18225 x7) -

15210561\/2+7— 3+— x*2 (2+5x+3x?) E1lipticE[i ArcSinh| ] E] -
2

16461041\/2+7— 3+— x*2 (2+5x+3x?) E1lipticF i ArcSinh| ] i] /
2

(76545\/? (2+5x+3x2)3/2)

Problem 1073: Result unnecessarily involves imaginary or complex numbers.
(2-5x) xt1/2
J dx
<2+5X+3X2>5/2
Optimal (type 4, 233 leaves, 8 steps):

2x%2 (74 +95x 33608/x (2+3x) 8x%2(773+905x) 16040
( ) + < )— ( >— VX A[2+5x+3x2 +
9 (2+5x+3x2)¥?  7294/2+5x+3x7  27V/2+5x+3x2 243

336082 (1+x) [ 22 EllipticE[ArcTan[V/x |, -3
%x3/2x/2+5x+3x2— +

27 729 V2 +5x + 3 x?
16040 V2 (1+x) [ 22* EllipticF[ArcTan[vx |, - 7]
243/2+5x+3x2

Result (type 4, 179leaves):
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134432 + 479680 X + 534680 x> + 161784 x> - 21276 x* + 2484 x> - 486 x° +

2
3

33608 1

3.2 %02 (2+5x+3x?) EllipticE[i ArcSinh| ]» E} +14512 1

X Vx 2

3.2 00 (2+5x+3x?) E1lipticF[i ArcSinh| 13 /(729\/? (2+5%+3x2)°7)

X ND 2

Problem 1074: Result unnecessarily involves imaginary or complex numbers.

2_5 9/2
J (2-5x%) %72

(2+5x+3x2)5/2

Optimal (type 4, 210leaves, 7 steps):
2x7/2 (74 + 95 x) 17512+/x (2+3x) 4x*/2 (536 + 645 x)

- +

9(2+5x+3x%)%%  243/2+5x+3x2 9/2+5x+3x2

17512+/2 (1+x) [ 22* EllipticE|ArcTan[v/x |, - 2]
7540 \| 2
Vx A/2+5x+3x% + -

81 243/2+5x+3x2
7540+/2 (1+x) | 22* EllipticF[ArcTan[Vx |, - 7]
+X
81/2+5x+3x?

Result (type 4, 177 leaves):
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-2 (35024 + 129880 x + 155660 x* + 58 590 X°> - 1512 x* + 135 x> -

2
3

] 3

3.2 %02 (2+5x+3x?) EllipticE[i ArcSinh|

x VX

17512 i

2
3

3.2 00 (2+5x+3x?) E1lipticF[i ArcSinh| 13 /(243\/? (2+5%+3x2)°7)

X ND 2

Problem 1075: Result unnecessarily involves imaginary or complex numbers.
(2-5x) x7/2 4
X
J(2+5x+3x2)5/2

Optimal (type 4, 187 leaves, 6 steps):

2x°/2 (74+95x)  8020+/x (2+3x) 40/x (167 + 206 x)

+

9(2+5x+3x%)%% 81/2+5x+3x2 27V2+5x+3x2

8020/2 (1+x) [ 22 EllipticE[ArcTan[+/x |, - %]
1+x 2
81V2+5x+3x2

3340+/2 (1+x) | 22* EllipticF[ArcTan[+/x |, -]
1+Xx 2

27 V2 +5x+3x?
Result (type 4, 169 leaves):
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32080 + 120320 x + 147100 x2 + 58212 x> - 270 x* +

X

3.2 00 (2+5x+3x*) E1lipticF[i ArcSinh|

X ND 2

Problem 1076: Result unnecessarily involves imaginary or complex numbers.
(2-5x) x*/2 4
X
J(2+5x+3x2)5/2

Optimal (type 4, 187 leaves, 6 steps):

2x%2 (74+95x)  3464+/x (2+3x) 4+/x (715 + 866 x)
- +

9 (2+5x+3x%)%%  27/245x+3x2 9V2+5x+3%2

3464+/2 (1+x) | 22* EllipticE[ArcTan[+/x |, -]
1+x 2
27V2+5x+3x2

1430+/2 (1+x) | 22* EllipticF[ArcTan[+/x |, -]
1+Xx 2

94/2+5x+3x2
Result (type 4, 167 leaves):

+
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-2 (6928 + 26060 X + 32020 x> + 12825 X ) -

X

3.2 00 (2+5x+3x*) E1lipticF[i ArcSinh|

X ND 2

Problem 1077: Result unnecessarily involves imaginary or complex numbers.
(2-5x) x32 4
X
J(2+5x+3x2)5/2

Optimal (type 4, 187 leaves, 6 steps):

2\/?(74+95x) 145@&(2+3x) 2\/?(1831+2175x)
N _

9(2+5x+3x%)%%  9+/2:5x+3x2 94/2+5x+3x2

1459\/7(1+x) | 22X EllipticE[ArcTan[v/x |, - %]
1+x 2
9+/2+5x+3x?

5982 (1+x) [22* EllipticF[ArcTan[v/x |, -]

3vV2+5x+3x?
Result (type 4, 164 leaves):
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5800 + 21824 X + 26 830 x> + 10764 x> +

X

3.2 00 (2+5x+3x*) E1lipticF[i ArcSinh|

X ND 2

Problem 1078: Result unnecessarily involves imaginary or complex numbers.

dx
5/2

(2-5x) Vx
I

2+5x+3x2>
Optimal (type 4, 179leaves, 6 steps):
2+/x (30+37x)  198+/x (2+3x) 2+/x (250+297x)

+ +

3(2+5x+3x2)%%  \/2u5x+3x V2 +5x%x+3x2

1982 (1+x) [ 22* EllipticE[ArcTan[vx |, - 1]
V2+5x+3x2

2452 (1+x) /% EllipticF[ArcTan[v/x |, —i]

V2+5x%x+3x?
Result (type 4, 165leaves):

1981 [2+2 [3+2 xEllipticE[iArcSinh|[=-], 2]
2 (1188 + 4470 X + 5494 x2 + 2205 x3) x x Vx 2

win

3\/;(2+5x+3x2)3/2 N215%x+3x%2

47].1F\/?XEllipticF[JiAr‘cSinhPE], 2]
X X Vx 2

V2+5x+3x?

| 107
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Problem 1079: Result unnecessarily involves imaginary or complex numbers.
2-5x

J\/? (2+5x+3x2)5/2

dx

Optimal (type 4, 185leaves, 6 steps):
2+/x (38+45x)  715+/x (2+3x) 5+/x (361+429x)
3(2+5x+3x2)%% 34/245x+3%2 3V/2+5x+3x2

715/2 (1+x) | % EllipticE[ArcTan[v/x |, —f]
3/2+5x+3x2
2952 (1+x) | % EllipticF[ArcTan[v/x |, —i]

V2+5x%x+3x?
Result (type 4, 167 leaves):

2 (1430 + 5383 x + 6615 x* + 2655 x> ) +

2
2 2 2,03 2

i 3/2 2 s : . . .
7151 [2+ = [3+ = x¥?(2+5x+3x?) E1lipticE i ArcSinh] |, =] +1701 |2+~
X X N 2 X

2
3
3.2 0 (2+5x+3x2) E1lipticF[i ArcSinh| 1, 2] /(3\/? (2+5%+3x2)°2)
X N 2

Problem 1080: Result unnecessarily involves imaginary or complex numbers.

2-5x
J dx
x3/2 (2 +5x+3 XZ)S/Z

Optimal (type 4, 208 leaves, 7 steps):
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2 (38 +45x) 838/x (2+3x) 1717 + 2085 x

- +
3&(2+5x+3x2)3/2 3vV2+5x+3x2  34/x V/2+5x+3x2

838+/2 (1+x) [ 22* EllipticE[ArcTan[+/x |, -]
838 V215X 137 ’
X

3% 3V2+5x+3x?
695 (1+x) [ 22* EllipticF[ArcTan[vx |, - 7]
\/?\/2+5X+3X2

Result (type 4, 167 leaves):

-2 (3358 +12665Xx + 15576 X* + 6255 x> ) -

X

3.2 %32 (24 5%+ 3x?) ELLipticF [i Arcsinh| 13 /(6\/? (2+5x+3x2)°7)

X N 2

Problem 1081: Result unnecessarily involves imaginary or complex numbers.

2-5x
j dx
x>/2 (2+5x+3x2)5/2
Optimal (type 4, 225leaves, 8 steps):

2 (38 +45x) 625/x (2+3Xx) 3 (181 +225x) 2652 +5x+3x2
+ - + -
3x72 (2+5x+3x%)%2 24/245x+3x7  x¥2y/245x+3% X3/

625 (1+x) | 23X EllipticE[ArcTan[+/x |, - %
6252 +5x + 3 x2 ( ) 1+x [ [ } 2}
2% V2 V2+5x+3x%2

795 (1+x) \/? EllipticF [ArcTan[v/x |, - ]

V2 V2+5x+3x2
Result (type 4, 169 leaves):

| 109
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-4+ 7590 X + 28806 X2 + 35550 x> + 14310 x* +

X

3.2 02 (2+5x+3x*) E1lipticF[i ArcSinh|

X ND 2

Problem 1082: Result unnecessarily involves imaginary or complex numbers.

2-5x
J dx
x7/2 (2+5x+3x2)5/2

Optimal (type 4, 256 leaves, 9 steps):

2 (38 +45x) 9521+x (2+3x) 1541 + 1965 x 12522+ 5x + 3 %2
- - N -
3x52 (245x+3x2)7% 30/2+5x+3x2  3x52/2+5x+3x2 5 x3/2

243 R 1
1733 Ex e ssmiziswoae ot (P RL e fanetan [V ], -
+ +

6 x3/2 30/x 1542 V2+5x+3%
1733 (1+x) | 22% EllipticF[ArcTan[v/x |, - 1]
2v/2 V/2+5x+3x2

Result (type 4, 177 leaves):
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-2 (12- 130 X + 39836 x? + 154195 x> + 192342 x* + 77985 x5) -

19042 i

X

3.2 502 (2+5x+3x*) E1lipticF[i ArcSinh|

X ND 2

Problem 1087: Result unnecessarily involves higher level functions.

dx

J(ex)"‘ (A +BX)

(a+bx+cx2>2

Optimal (type 5, 318leaves, 5steps):
(ex)¥™ (Ab?-abB-2aAc+ (Ab-2aB) cx)

a(b*-4ac)e (a+bx+cx2)
C [Ab [b+x/b2—4ac m-2a (bB—ZAc (1—m) +BA/b?-4acm )

(e x) " Hypergeometric2F1[1, 1+m, 2+m, - ] /

(a (b2—4ac>3/2 (b—x/b2—4ac

(c

2CX

b-+vb2-4ac

e (1+m)

2a (bB—ZAc <l—m)) ~Ab2m

(Ab-2aB)m+ (e x) "™ Hypergeometric2Fl|

VbZ-4ac
2CX
1,1+m,2+m,-]]/(a (b>-4ac) [b+«/b2_4ac e (1+m)
b+vb2-4ac

Result (type 6, 583 leaves):
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1
m _ 2 _ 2 _
3ax(ex) (b \/b-4ac +2cx| |[b+y/b*-4ac +2cx

4c(2+m) (a+x (b+cx))

5 2cx 2cX
A (2+m)?AppellF1[1+m, 2,2, 2+m, - s ] /
b+Vb2-4ac -b+vb%2-4ac
2Ccx 2cCX
[(1+m) a(2+m) AppellF1[1+m, 2, 2, 2+m, - s | -
b+vb2-4ac -b++b%2-4ac

2CX 2CcX
b+x/b2—4ac)AppellF1[2+m,2, 3,3+m, - s

b+Vb2-4ac -b+yb2-4ac

(bﬂ/b274ac ] AppellF1[2+m, 3, 2, 3+m,

d

2cx 2cx ]]
_ s _
b+vb2-4ac -b++b2-4ac
2cCcX 2CcX
B (3+m) xAppellF1[2+m, 2, 2, 3+m, - s ] /
b+Vb?-4ac -b+vb2-4ac
2cX 2CX
~a (3+m) AppellF1[2+m, 2, 2, 3+m, - s |+
b+vb?2-4ac -b+i/b%*-4ac
2CcXx 2CcXx

X AppellF1[3+m, 2, 3, 4+m, -

(b+«/b2—4ac s |+
b+vb2-4ac -b++b2-4ac

2cx 2cx
(b—«/b2—4ac)xAppe11F1[3+m, 3,2,4+m, - s ]])
b++Vb2-4ac -b++vb’>-4ac

Problem 1088: Result more than twice size of optimal antiderivative.

J(ex)"‘ (A+BX) (a+bx+cx2)5/2d1x

Optimal (type 6, 281 leaves, 5steps):

Lom 21572 5 5 2cx 2cx
A(ex)t" (a+bx+cx?) AppellFl[1+m, - =, - =, 2+m, - , -
2 2 b-+Vb%>-4ac b++Vb2-4ac
5/2 5/2
e (1+m) 1+2CXJ [1+2CX] ]+ B (ex)m (a+bx+cx2)5/2
b-+/b%>-4ac b+vb2-4ac
5 5 2cx 2cX
AppellF1[2+m, - =, - =, 3+m, - , - }]/
2 2 b-vVb2-4ac b+Vb2-4ac
2cx 5/2 2 ¢ x 5/2
e? (2+m) 1+J (1+] J
b-+b?2-4ac b++b%2-4ac

Result (type 6, 4573 leaves):
azA[b7\/b274ac) [b+«/b274ac] (2+4m) x (ex)"
(b+x/b2—4ac +2cCx

b-+/b>-4ac +2cx

(a+x (b+cx))2Appe11F1[1+m, —1, —1, 2+m,
2 2

+

1)/
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4 c? (1+m) (a+bx+cx2)5/2

2cX 2cX }J/
- 3
b+Vb2-4ac -b+yb2-4ac

1 1 2cx 2cx
4a (2+m) AppellF1[l+m, - =, - =, 2+m, - s |+
2 2 b+Vb2-4ac -b++b?>-4ac
1 1 2CcXx 2cCcX
(b+x/b274ac X AppellF1[2+m, - =, =, 3+m, - s |+
2 2 b+vb2-4ac -b+vVb2-4ac
1 1 2Ccx 2cCX
(b—x/b2—4ac X AppellF1[2+m, =, - =, 3+m, - s ]J]+
22 b+vVb2-4ac -b++vb2-4ac

b-+/b?-4ac +2cx

(a+x (b+cx))®AppellF1[2 +m, 71, 71, 3+m,
2 2

aAb (b—w/b2—4ac] [b+x/b2—4ac) (3+m) x* (ex)"
[b+x/b274ac +2cCX

2c¢® (2+m) (a+bx+cx2)5/2

2cX 2cX }J/
- 3
b+Vb2-4ac -b+yb2-4ac

1 1 2cx 2cXx
4a (3+m)AppellF1[2+m, - =, - =, 3+m, - s |+
2 2 b+vVb>-4ac -b++b?>-4ac
1 1 2cX 2cx
(b+x/b2—4ac X AppellF1[3+m, - =, =, 4+m, - B +
2 2 b+vb?2-4ac -b++/b%*-4ac
1 1 2cX 2cx
(bfx/b274ac X AppellF1[3+m, =, - =, 4+m, - s J]Jr
22 b+vb2-4ac -b++vb2-4ac

b-+/b?-4ac +2cx

(a+x (b+cx))*AppellF1[2 +m, 71, 71, 3+m,
2 2

a’B (b—xlb2—4ac] (b+xlb2—4ac) (3+m) x* (ex)"
(b+x/b2—4ac +2cX

2CX 2CcX
_ s }J/ 4c*(2+m) (a+bx+cx2)5/2
b++vb?2-4ac -b++vb?2-4ac
1 1 2CX 2CcX
4a (3+m)AppellF1[2+m, - =, - =, 3+m, - s |+
22 b+vb2-4ac -b++vb2-4ac
1 1 2cX 2CcX
[b+«/b274ac X AppellF1[3+m, - =, =, 4+m, - s ]+
2 2 b+Vb2-4ac -b+vb%2-4ac
1 1 2CcXx 2cCcX
(b—x/b2—4ac X AppellF1[3+m, =, - =, 4+m, - s UJr
2 2 b+vVb2-4ac -b++b2-4ac

b-+/b?-4ac +2cx

(a+x (b+cx))2Appe11F1[3+m, —1, —1, 4+m,
2 2

A b? (bfx/b274ac] (b+x/b274ac) (4+m) x> (ex)"
(b+«/b2—4ac +2CX

2cCX 2cX ) 2\ 5/2
- , } / 4c (3+m) (a+bx+cx)
b+vb2-4ac -b++/b%?-4ac
1 1 2cCX 2CcX
4a (4+m) AppellF1[3+m, - =, - =, 4+m, - s |+

22 b+vb2-4ac -b++vb2-4ac
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1 1 2cCX 2CX
(b+m x AppellF1[4+m, - =, =, 5+m, - s |+
2" 2 biVb?_dac  -b+bI_dac
1 1 2cX 2CX
(b—\/m xAppe11F1[4+m, - -—, 5+m, - s J}Jr
2 2 b+vVb2-4ac -b+Vb2-4ac

b-+/b>-4ac +2cx

(a+x (b+cx))2Appe11F1[3+m, —l, —1, 4+m,
2 2

(abB (b—x/b2—4ac] [b+x/b274ac) (4+m) x3 (ex)"
(b+x/b2—4ac +2cCx

2¢c? (3+m) (a+bx+cx2)5/2

2cx 2cx }]/
b+vb2-4ac -b++/b%2-4ac

1 1 2cCcX 2cXx
4a (4+m) AppellF1[3+m, - =, - =, 4+m, - s ]+
2 2 b+Vb2-4ac -b+yb2-4ac
1 1 2cx 2cx
(b+x/b2—4ac X AppellF1l[4+m, - =, =, 5+m, - s |+
2 2 b++vVb2-4ac -b++b?>-4ac
1 1 2cx 2cx
(b—x/b2—4ac X AppellF1l[4+m, =, - =, 5+m, - s ]}+
22 b++Vb2-4ac -b++b’>-4ac

aA(b—x/b2—4ac) [b+x/b2—4ac) (4+m) x> (ex)" |[b-+/b2-4ac +2cx

1 1
(b+x/b2—4ac +2CX (a+x(b+cx))2Appe11F1[3+m,——,——,4+m,
2 2
2CX 2CcXx
- 5 }J/ 2c(3+m) <a+bx+cx2>5/2
b+vb2-4ac -b++b%2-4ac
1 1 2CX 2CX
4a (4+m) AppellF1[3+m, - =, - =, 4+m, - s |+
2 2 b+vVb2-4ac -b++vb2-4ac
1 1 2CcXx 2cCX
(b+x/b2—4ac X AppellF1[4+m, - =, =, 5+m, - s |+
2 2 b+rvVb2-4ac -b+vb>-4ac
1 1 2cx 2cx
(b—x/b2—4ac x AppellF1[4+m, =, - =, 5+m, - s ]]]+
2 2 b++vVb2-4ac -b++b?>-4ac

b-+/b’-4ac +2cx

(a+x (b+cx))2Appe11F1[4+m, —1, —l, 5+m,

b2 B (b—x/b2—4ac] (b+x/b2—4ac) (5+m) x* (ex)"
(b+x/b2—4ac +2CX

2 2
2cx 2cx
- s }J/ 4c% (4+m) (a+bx+cx2)5/2
b+vb2-4ac -b++/b?>-4ac
1 1 2cx 2cx
4a(5+m)AppellF1[4+m,—f,—f,5+m,— R }+
2 2 b+vVb-4ac -b++b2-4ac
1 1 2cX 2cx
(b+x/b2—4ac X AppellF1[5+m, - =, =, 6+m, - s |+
2 2 b+vb2-4ac -b+vb2-4ac
1 1 2cx 2cx
(b—x/b2—4ac X AppellF1[5+m, =, - =, 6+m, - s ]J]+
2 2 b+vVb2-4ac -b++b?>-4ac
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b-+/b?-4ac +2cx

Ab (bfx/b274ac) [b+«/b274ac) (5+m) x* (ex)"

1 1
(b+«/b2—4ac +2CX <a+x(b+cx))2Appe11F1[4+m,—f,—f,5+m,
2 2
2cx 2cx
_ s }J/ 2¢c (4+m) (a+bx+cx2>5/2
b++vb?2-4ac -b++Vb?2-4ac
1 1 2cx 2cx
4a (5+m) AppellF1[4+m, - =, - =, 5+m, - s |+
22 b+vb2-4ac -b++vb2-4ac
1 1 2cx 2cx
(b+«/b2—4ac X AppellF1[5+m, - =, =, 6+m, - , |+
272 b+vVb2-4ac -b++/b2-4ac
1 1 2cx 2cx
[b—x/b2—4ac X AppellF1[5+m, =, - =, 6+m, - s ]J]Jr
2 2 b+vb?2-4ac -b++/b%*-4ac

b-+/b>-4ac +2cx

(a+x (b+cx))2Appe11F1[4+m, —1, —1, 5+m,

(aB (b—xlb2—4ac) [b+x/b2—4ac) (5+m) x* (ex)"
(b+«/b274ac +2cCX

2 2
2cx 2cx
- s }J/ 2¢c (4+m) (a+bx+cx2>5/2
b+vVb2-4ac -b++b?>-4ac
1 1 2cx 2cx
4a (5+m) AppellF1[4+m, - =, - =, 5+m, - s |+
22 b+vb2-4ac -b++vb2-4ac
1 1 2cx 2cx
(b+x/b2—4ac X AppellF1[5+m, - =, =, 6+m, - s |+
2 2 b+vb?-4ac -b++b2-4ac
1 1 2cX 2CX
(bf\/b274ac X AppellF1[5+m, =, - =, 6+m, - s ]J]Jr
2 2 b+vb?2-4ac -b+i/b%*-4ac

b-+/b?’-4ac +2cx

(a+x (b+cx))2AppellF1[5+m, —1, —1, 6+m,
2 2

A[b—x/b2—4ac) [b+x/b2—4ac) (6+m) x> (ex)"
(b+\/b2—4ac +2CX

4 (5+m) (a+bx+cx2)5/2

2cx 2cx }]/
B
b+vVb>-4ac -b++/b?>-4ac
1 1 2cx 2cx
4a (6+m) AppellF1[5+m, - =, - =, 6+m, - |+

3
22 b+vVb2-4ac -b++b2-4ac
1 1 2cx 2cx
(b+x/b2—4ac X AppellF1[6+m, - —, =, 7+m, - s |+
2 2 b++Vb2-4ac -b++b’>-4ac
1 1 2cx 2cx
(b—x/b2—4ac x AppellFl[6+m, =, - =, 7+m, - s ]J]+
2 2 b+vb?2-4ac -b+i/b%*-4ac

b-+/b>-4ac +2cx

(a+x (b+cx))2Appe11F1[5+m, —l, —1, 6+m,
2 2

(bB (b—x/b2—4ac) [b+x/b2—4ac) (6+m) x5 (ex)"
(b+x/b2—4ac +2CX
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2cX 2cX 215/2
- s }/2c(5+m) (a+bx+cx?)
b+vb2-4ac -b++/b%*-4ac
1 1 2cx 2cx
4a (6+m) AppellF1[5+m, - =, - =, 6+m, - s |+
2 2 b+Vb2-4ac -b++b?>-4ac
1 1 2cXx 2cXx
[b+x/b274ac X AppellF1[6+m, - =, =, 7+m, - s
2 2 b+vb2-4ac -b+vVb2-4ac
1 1 2cx 2cx
(b—x/b2—4ac X AppellF1[6+m, =, - =, 7+m, - s
22 b+vb2-4ac -b+vb2-4ac

b-+/b?>-4ac +2cx

(a+x (b+cx))*AppellF1[6 +m, 71, 71, 7+m,
2

(B [b—x/b2—4ac) [b+«/b2—4acJ (7+m) x5 (ex)™
[b+x/b274ac +2CX

2
2CcX 2CX
- s }J/ 4 (6+m) (a+bx+cx2)5/2
b+vb2-4ac -b+/b?>-4ac
1 1 2cx 2cx
4a (7+m) AppellF1[6+m, - =, - =, 7+m, - s |+
2 2 b+vVb>-4ac -b++b?>-4ac
1 1 2cX 2cx
[b+\/b2—4ac X AppellF1[7 +m, - =, =, 8+m, - B
2 2 b+vVb2-4ac -b++b2-4ac
1 1 2cx 2cx
[bfx/b274ac X AppellF1[7 +m, =, - =, 8+m, - s
22 b+vb2-4ac -b++vb2-4ac

Problem 1089: Result more than twice size of optimal antiderivative.

J(ex)m (A+BX) (a+bx+cx2)3/2dlx

Optimal (type 6, 281 leaves, 5steps):

] +

I

+

)

1 2\ 3/2 3 3 2cx 2cx
A(ex)™™ (a+bx+cx?)** AppellF1[1+m, - =, - =, 2+m, - , -
2 2 b-+/b?>-4ac b++b%2-4ac
2cCx 3/2 2 cx 3/2
e (1+m) 1+—] 1+—] ]+ B (ex)2m (a+bx+cx2)3/2
b-+b?2-4ac b++b%2-4ac
3 3 2cx 2cx
Appe11F1[2+m,——,——,3+m;— e }/
2 2 b-+Vb%>-4ac b++Vb2-4ac
2¢cx 3/2 2 ¢ X 3/2
e2 (2+m) 1+—J (1+—J J
b-+b%2-4ac b++b%2-4ac

Result (type 6, 2211 leaves):

aA(b—x/b2—4ac) (b+x/b2—4ac] (2+m) x (ex)™ |b-+/b*>-4ac +2cXx

2CcX 2CcX

(b+\/b2—4ac +2CX

1 1
Appe11F1[1+m, ——y == 24+m, -
2

3
2 brvb2-4ac -b+vb2-4ac

1)/

1)/



Mathematica 11.3 Integration Test Results for 1.2.1.3 (d+e x)~m (f+g x) (a+b x+c x~2)~p.nb | 117

4 c? (1+m) a+Xx (b+cx)

1 1 2cx 2cXx
4a (2+m) AppellF1[1+m, - =, - =, 2+m, - s |+
2 2 b+vb2-4ac -b++b?>-4ac
1 1 2cX 2cx
(b+x/b2—4ac X AppellF1[2+m, - =, =, 3+m, - s ]+
2 2 b+vb?2-4ac -b++/b*-4ac
1 1 2cX 2cXx
(bfx/b274ac X AppellF1[2+m, =, - =, 3+m, - s ]J]Jr
22 b+vb2-4ac -b++vb2-4ac

Ab(bf b274ac) [b+«/b274ac) (3+m) x* (ex)" |b-+/b*-4ac +2cx

1 1 2cx 2cx
(b+x/b2—4ac +2cx| AppellF1[2+m, - =, - =, 3+m, - s ] /
2 2 b+vVb2-4ac -b++b?>-4ac

4c? (2+m) a+x (b+cx)

1 1 2cx 2cx
4a (3+m)AppellF1[2+m, - =, - =, 3+m, - s ]+
2 2 b++vb?2-4ac -b++vb?2-4ac
1 1 2cX 2cx
(b+x/b2—4ac XAppellF1[3+m, - =, =, 4+m, - s |+
2 2 b+vVb2-4ac -b++b?>-4ac
1 1 2cX 2cx
(b—x/b2—4ac X AppellF1[3+m, —, - =, 4+m, - , ]]]+
22 b++vVb2-4ac -b++b?>-4ac

(aB(b—x1b2—4ac) [b+x/b2—4ac) (3+m) x* (ex)" |b-+/b?-4ac +2cx

1 1 2cX 2cCcXx
(b+x/b2—4ac +2cx| AppellF1[2+m, - =, - =, 3+m, - s ] /
2 2 b+Vb2-4ac -b+vb2-4ac

4 c? (2+m) a+Xx (b+cx)

1 1 2cx 2cx
4a (3+m)AppellF1[2+m, - =, - =, 3+m, - s |+
22 b+vb2-4ac -b++yb2-4ac
1 1 2cX 2CX
(b+«/b2—4ac X AppellF1[3+m, - =, =, 4+m, - s |+
2 2 b+vb?2-4ac -b+i/b%*-4ac
1 1 2cX 2cCcXx
(b—x/b2—4ac X AppellF1[3+m, =, - =, 4+m, - s ]J]Jr
2 2 b+vb?2-4ac -b++/b*-4ac

(bB(b b2—4ac) [b+x/b2—4ac) (4+m) x> (ex)" |b-+/b?>-4ac +2cx

1 1 2cX 2cx
(b+x/b2—4ac +2cx| AppellF1(3+m, - =, - =, 4+m, - s ] /
22 b+vb2-4ac -b+yb2-4ac

4 c? (3+m) a+x (b+cx)

1 1 2cx 2cx
4a(4+m)AppellF1[3+m,—f,—f,4+m,— s }+
2 2 b+vVbZ-4ac -b+Vb2-4ac
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1 1 2cCX 2CX
(b+\/m x AppellF1[4+m, - =, =, 5+m, - s |+
2" 2 biVb?_dac  -b+bI_dac
1 1 2cX 2CX
[b—m xAppe11F1[4+m, - -—, 5+m, - s ]]Jr
2 2 b+vVb2-4ac -b+Vb2-4ac

A[b7\/b2—4ac) (b+«/b274acJ (4+m) x> (ex)"
[b+x/b2—4ac +2CX

4c (3+m) a+x(b+cx)

b-+/b>-4ac +2cx

1 1 2cX 2cx
AppellF1[3+m, - =, - =, 4+m, - ]]/
2

3
b+Vb2-4ac -b+vb2-4ac

N

1 1 2cx 2cx
4a (4+m) AppellF1[3+m, - =, - =, 4+m, - , |+
2 2 b+vVb>-4ac -b++b?>-4ac
1 1 2cx 2cx
[b+x/b2—4ac X AppellFl[4+m, - =, =, 5+m, - s |+
2 2 b++vb2-4ac -b++yb2-4ac
1 1 2cx 2cx
[bfx/b274ac xAppellFl[4+m, =, - =, 5+m, - s ]J]+
22 b+vb2-4ac -b++vb2-4ac

(B [b—x/b2—4ac) [b+x/b2—4ac] (5+m) x* (ex)" [b-~/b?>-4ac +2cx

1 1 2cx 2cx
(b+x/b2—4ac +2cx| AppellF1[4+m, - =, - =, 5+m, - s ] /
2 2 b+Vb2-4ac -b++vb?>-4ac

4c(4+m)Ja+x (b+cx)

1 1 2cCcX 2cCcX
4a (5+m) AppellF1[4+m, - =, - =, 5+m, - s ]+
2 2 b+vVb2-4ac -b++b2-4ac
1 1 2cx 2cx
(b+x/b2—4ac X AppellF1[5+m, - =, =, 6+m, - s |+
2 2 b++vVb2-4ac -b++b?>-4ac
1 1 2cx 2cx
(b—x/b2—4ac X AppellF1[5+m, =, - =, 6+m, - s ]]
2 2 b+Vb2-4ac -b++b’>-4ac

Problem 1090: Result more than twice size of optimal antiderivative.
J(ex)’“ (A+Bx)/a+bx+cx? dx

Optimal (type 6, 281 leaves, 5steps):
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Lom B 1 1 2cx 2cXx
A(ex)V™\[a+bx+cx? AppellF1l[1+m, - =, - =, 2+m, - - ]
2

B
2 b-+vb2-4ac b+vb2-4ac
2CX 2CcXx
e(1+m) 1+ —mM (14— | +
b-+/b2-4ac b+vb2-4ac
) > 1 1 2CX 2cCX
B (ex)>™+/a+bx+cx? AppellF1[2+m, - =, - =, 3+m, - , - }/
2 2 b-+vb%2-4ac b+vb2-4ac
2Ccx 2Ccx
e2(2+m) 1+ —MmMM 14— ——=
b-+b%*-4ac b+Vb?-4ac

Result (type 6, 644 leaves):
1

4c? (2+m) a+x (b+cx)

(bfx/b274ac) [b+x/b274ac x(ex)"|b-+/b>-4ac +2cx| |[b+/b*-4ac +2cx
5 1 1 2cx 2cX
A (2+m)?AppellF1[1+m, - =, - =, 2+m, - s ]/
2 2 b+Vb2-4ac -b++b’>-4ac
1 1 2cXx 2cx
(1+m) [4a (2+m) AppellF1[1+m, - =, - =, 2+m, - s |+
22 b+vb2-4ac -b++vb2-4ac
1 1 2CcX 2CX
(b+w/b2—4ac X AppellF1[2+m, - =, =, 3+m, - , +
2 2 b+vb>-4ac -b++b2-4ac
(b—x/b2—4ac X
1 1 2cX 2cCcX
Appe11F1[2+m, —s — 7, 3+m, - ) ]J]*
2 2 b+vb?2-4ac -b++/b*-4ac
1 1 2cx 2cx
B (3+m) xAppellF1[2+m, - =, - =, 3+m, - s }/
2 2 b+Vb2-4ac -b++b?>-4ac
1 1 2cx 2cX
4a (3+m) AppellF1[2+m, - =, - =, 3+m, - s |+
22 b+vb2-4ac -b++vb2-4ac
1 1 2cx 2cx
(b+x/b2—4ac)xAppe11F1[3+m,—f, =, 4+m, - , |+
2 2 b+vVb2-4ac -b+Vb2-4ac
1 1 2CcX 2cCcX
(b—x/b2—4ac)xAppe11F1[3+m, =, -, 4+m, - B })]
2 2 b+vVb2-4ac -b++vb2-4ac

Problem 1091: Result more than twice size of optimal antiderivative.
J(ex)"‘ (A +BX)
va+bx+cx?

dx

Optimal (type 6, 281 leaves, 5steps):
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Tom 2CX 2CX
Aex)tm |1, —"—2 1, — "%
b-+vb?-4ac b+vb2-4ac
1 1 2CcXx 2cCX
AppellFl[1+m, =, =, 2+m, - , - ]/
2 2 b-+/b2-4ac b+Vb2-4ac

2 2em 2cx 2Ccx
e(1+m)yJasbx+cx* |+ B (ex) 1+ 1+ AppellF1|
b-+vb2-4ac b+vb2-4ac
1 1 2cCX 2CX ) >
2+m, —, —, 3+m, - ) ] / e <2+m)wa+bx+cx
2 2 b-+vb2-4ac b+vb2-4ac

Result (type 6, 614 leaves):

1
ax (ex)" (b—w/b2—4ac +2CX

c(2+m) (a+x (b+cx>)3/2

b++b?-4ac +2cx

5 1 1 2cXx 2cXx
~||A(2+m)*AppellF1[1+m, =, =, 2+m, - s }/
2 2 b+vVb2-4ac -b++b2-4ac
1 1 2cx 2cx
(1+m) [-4a (2+m) AppellF1[1+m, =, —, 2+m, - B ]+
2 2 b++Vb2-4ac -b++vb%>-4ac
1 3 2cx 2cx
[b+x/b274ac x AppellF1[2+m, —, =, 3+m, - s |+
2 2 b+vb2-4ac -b++vb2-4ac
3 1
[b—\/b274ac x AppellF1[2+m, =, =,
2 2
2cx 2cxX J])
3+m, - B } -
b+vb?2-4ac -b++Vb?-4ac
1 1 2cXx 2cXx
B (3+m) xAppellF1[2+m, =, =, 3+m, - s }]/
2 2 b+vb2-4ac -b++vb2-4ac
1 1 2cx 2cx
~4a (3+m) AppellF1[2+m, —, —, 3+m, - s |+
2 2 b+vVb2-4ac -b++b?>-4ac
1 3 2cX 2cx
(b+«/b2—4ac X AppellF1[3+m, =, =, 4+m, - s |+
2 2 b+vb2-4ac -b+vb2-4ac
3 1 2cX 2cx
(b—x/b2—4ac)xAppe11F1[3+m, =, =, 4+m, - s ]]]
2 2 b+vb2-4ac -b++vb2-4ac

Problem 1092: Result more than twice size of optimal antiderivative.

J (ex)™ (A+Bx)
(

a+bx+cx2)3/2

Optimal (type 6, 281 leaves, 5 steps):
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1 2cCX 3/2 2cX 3/2 3
Aex)tm|1y — -2 1+————————| AppellFil[l+m, =,
b-+Vb%2-4ac b+Vb2-4ac 2
3 2CcX 2CcXx
—,2+m, - y - }]/(e (1+m> (a+bx+cx2>3/z .
2 b-+Vb%2-4ac b+vVb2-4ac
5 2cx 3/2 2cx 372 3 3
B(ex)*" |1+ —— 1y ——m——— AppellF1[2+m, =,
b-+b2-4ac b+vb2-4ac 2 2

)
b-+vVb%2-4ac b+vVb2-4ac

2cx 2cx ] /(e2 (2+m) (a+bx+cx2)3/2)

3+m, -

Result (type 6, 616 leaves):

1 [
m _ 2
zax(ex) (b b 4ac +2cX

c(2+m) (a+x (b+cx>)5/

b++b?-4ac +2cx

2 3 3 2cX 2cx
A (2+m)?AppellF1[1+m, =, =, 2+m, - s ] /
2 2 b+vVb2-4ac -b++b2-4ac
3 3 2cx 2cx
(1+m) [4a (2+m) AppellF1[1+m, =, =, 2+m, - s -
2 2 b+vVb2-4ac -b++b?>-4ac
3 5 2cx 2cx
3x b+«/b274ac)AppellF1[2+m, =, >, 3+m, - s |+
2 2 b+vb2-4ac -b++vb2-4ac

5 3
(b—xlb2—4ac ] AppellF1[2+m, =, =, 3+m,
2 2

e )

- Bl
b+vVb2-4ac -b++/b2-4ac

3 3 2cx 2cx
B (3+m) xAppellF1[2+m, =, =, 3+m, - s }J/
2 2 b+Vb2-4ac -b++Vb%2-4ac

2Ccx 2cCX

3 3
4a (3+m) AppellF1[2+m, =, =, 3+m, - s
2 2 b+vb2-4ac -b++vb2-4ac

3 2cCX 2CcXx

3x b+\/b2—4ac)Appe11F1[3+m, =, S, 44+m, - s ]+
2 2 b+vb?2-4ac -b+ib%*-4ac

2cx 2cx }J]J

5 3
(b—x/b2—4ac]AppellF1[3+m, =, >, 44+m, - s
2 2 b+vb2-4ac -b++yb2-4ac

Problem 1093: Result more than twice size of optimal antiderivative.

J((ex) (A +BX) dx

a+bx+cx2)5/2

Optimal (type 6, 281 leaves, 5 steps):
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1 2cCX 5/2 2cX >/2 5
Aex)tm|1y — -2 1+————————| AppellFil[l+m, =,
b-+Vb%2-4ac b+Vb2-4ac 2
5 2CcX 2CcXx
=, 2+m, - > - }]/(e (1+m) (a+bx+cx2)5/2 +
2 b-+Vb%2-4ac b+vVb2-4ac
5 2cx 5/2 2cx >/2 5 5
B(ex)*" |1+ —— 1y ——m——— AppellF1[2+m, =,
b-+b2-4ac b+vb2-4ac 2 2
2cCcX 2CcXx }

/(e2 (2+m) (a+bx+cx2)5/2)

3+m, - -

b-+vb%*-4ac ’ b++vb2-4ac
Result (type 6, 576 leaves):

1
(2+m) (a+x(b+cx))5/2
n 2 5 5 2cx 2cx
4ax (ex) A(2+m) AppellF1[1+m, =, =, 2+m, - B ]/
2 2 b+vVb2-4ac -b++b2-4ac
5 5 2cx 2cx
(1+m) [4a (2+m) AppellF1[1+m, =, =, 2+m, - s -
2 b++vb?2-4ac -b++vb?2-4ac
5 7 2 2
5 X b+«/b274ac)AppellF1[2+m, =, =, 3+m, - €x s €x |+
2 2 b+vb2-4ac -b++vb2-4ac

7 5
(bfx/b274ac ] AppellF1[2+m, —, =, 3+m,
2 2

2cx 2cx ]]J]
_ s +
b+vVb%2-4ac -b++vVb%-4ac

5 5 2cx 2cx

B (3+m) xAppellF1[2+m, =, =, 3+m, - s ] /
2 2 b+Vb2-4ac -b++vb%>-4ac
5 5 2Ccx 2cCX

4a (3+m) AppellF1[2+m, =, =, 3+m, - s -
2 2 b+vb2-4ac -b++vb2-4ac

2cCX 2cX
]+

5 x

5 7
b+\/b2—4ac)AppellF1[3+m, =, =, 4+m, - s
2 2 b+vb?2-4ac -b+i/b%*-4ac

7 5 2cx 2cx
(b—«/b2—4ac]AppellF1[3+m, —, =, 4+m, - s }J]]
2 2 b+vb2-4ac -b++vb2-4ac

Problem 1094: Result more than twice size of optimal antiderivative.

J(ex)"‘ (A+Bx) (a+bx+cx?)Pdx

Optimal (type 6, 277 leaves, 5 steps):
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1

s 2cx P 2cx P
— At 1 ———— | 1. —
e(1+m) b-+/b2-4ac b++b2-4ac
21 p 2CX 2cx
(a+bx+cx?)? AppellF1[1+m, -p, -p, 2+m, - y - |+
b-+vb%-4ac b+vb2-4ac
1 2cCx P 2cx P
———— B (ex)?" (1+ 1+] (a+bx+cx?)P
e? (2+m) b-+b%2-4ac b++vb2-4ac
2cCX 2Ccx
AppellF1[2+m, -p, -p, 3+m, - - }

3
b-+Vb%2-4ac b+Vb2-4ac

Result (type 6, 725leaves):
1

2’1’pc(b+xlb2—4ac X (ex)™
(—b+\/b2—4ac) (2 +m) (b+\/b2—4ac +2cx)
VY P lp_+p2_ L+p 2
] [b L2 20X o (oo aac | x| faux oo ex)) e
2c C
5 2cx 2cx
-||A(2+m)*AppellF1[1+m, -p, —-p, 2+m, - s ]/
b+vb>-4ac -b++b2-4ac
2cXx 2cCcXx
((1+m) 2a (2+m) AppellF1[1+m, -p, -p, 2+m, - +

3
b+Vb2-4ac -b+vb2-4ac

2cx
p X b—x/b2—4ac)Appe11F1[2+m,1—p,—p,3+m,——,
b++vb2-4ac
2cx
]+(b+xlb274ac]Appe11F1[2+m,7p,
-b++vb2-4ac
2cx 2cX
1-p,3+m, - s ]]JJ]+
b++Vb2-4ac -b++b’>-4ac
2cx 2cx
B(3+m)xAppellF1[2+m, -p, -p, 3+m, - s ]/
b+vb?2-4ac -b+i/b*-4ac
2cx 2cx
(—2a(3+m)AppellF1[2+m,—p,—p,3+m,— |+

3
b+vb2-4ac -b++b%2-4ac

—b+m] AppellF1[3+m, 1-p, -p, 4+m,

p X

2CcX 2CcXx
s ]7(b+\/b2—4ac)
b+vVb2-4ac -b++/b2-4ac
2cCcx 2CcXx
AppellF1[3+m,fp,l—p,4+m,* > ]])J
b+vVb -4ac -b+vVb2-4ac

Problem 1095: Result unnecessarily involves higher level functions.

ng' (A+Bx) (a+bx+cx*)Pdx

Optimal (type 5, 442 leaves, 4 steps):
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(bB (4+p) -Ac (5+2p)) x? <a+bx+cx2)1*"
- +

2c? (2+p) (5+2p)

B x3 (a+bx+cx2)1+ID

< (5+2p) +((2ac(3+2p) (bB (4+p) -Ac (5+2p)) +

b(2+p) (6aBc (2+p)-b*B (12+7p+p?) +Abc (15+11p+2p?)) -
2¢(1+p) (6aBc (2+p) -b2B (12+7p+p?) +Abc (15+11p+2p?)) x) (a+bx+cx?)*?) /

(4c* (1+p) (2+p) (3+2p) (5+2p)) - |27*P (12a®°Bc®*-12ab’Bc (3+p) +

“1-p
b-+vb%2-4 2
6aAbc? (5+2p) +b*B (12+7p+p?) ~Ab’c (15+11p+2p?)) [- ac rocx
Vb?2-4ac
b++vVb?2-4ac +2c
(a+bx+cxz)l*pHypergeometr‘icZFl[—p,1+p,2+p, : : X}J/
2+/b%2-4ac

(c4x/b2—4ac (1+p) (3+2p) (5+2p)]
Result (type 6, 588 leaves):

1
- (b+x/b2—4ac ) x*|b-+/b>-4ac +2cx

(a+x<b+cx))’1*"

2a+(b— b2—4ac)x

80 c
2cx 2cx
(—( 25AAppellFi|4, -p, -p, 5, - s ] /
b++Vb2-4ac -b++b?>-4ac
2CcXx 2cx
10 a AppellFi(4, -p, -p, 5, - s ] +px
b+vVb?2-4ac -b+vb%2-4ac

2cx 2cX
[(b—«/b2—4acJAppellFl[S,l—p,—p,6,— , ]+(b+

b+vb2-4ac -b+i/b%*-4ac

> 2Ccx 2CcXx
b -4dac ) AppellF1[5, -p, 1-p, 6, - s ] +
b+vb2-4ac -b++vb2-4ac

2cx 2cx
24 B x AppellF1[5, -p, -p, 6, - s ] /
b+vVb*-4ac -b++Vb2-4ac
2cx 2cXx
-12 aAppellFi[5, -p, -p, 6, - s ] +
b+Vb2-4ac -b++b?>-4ac

p X

2cx 2cx
—b+x/b2—4ac)AppellF1[6,1—p, -p, 7, - |-

3
b+Vb%2-4ac -b+vb%-4ac

2CX 2CcX
bofeasc | mppellrafs, 5,177, 7, - , 1))

b+rvb2-4ac -b+yb’-4ac

Problem 1096: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

sz (A+Bx) (a+bx+cx*)Pdx
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Optimal (type 5, 287 leaves, 3 steps):
B x2 (a+bx+cx2)1+p

2c (2+p)
((2ch (3+2p) +b (2+p) (2Ac (2+p) -bB(3+p))-2c (1+p) (2Ac (2+p) -bB (3+p))x)

(asbx+cx?)*| /(4c* (14p) (24p) (3+2p)) -

“1-p

b-+vVb2-4ac +2cx
Vb2-4ac

b+\/m+2cx} /
2+/b*-4ac J

{2-1+P (6abBc-4aAc®+2Ab*c (2+p)-b>B (3+p)) |-

(a+bx+cx?) 1P Hypergeometric2Fil [-p, 1+p, 2+p,

(c3x/b274ac (1+p) (3+2p)]
Result (type 6, 587 leaves):

1
7—(b+xlb274ac b-+/b%’-4ac +2cx)

48 ¢

3

X X

(a+x<b+cx))’1*p

2a+(b—xlb2—4ac

2cCcX 2CcX
~ | |16 AAppellF1[3, -p, -p, 4, - , ]/
b+Vb2-4ac -b++b?>-4ac
2Ccx 2CX
8 aAppellFi[3, -p, -p, 4, - s ] +px
b+vb2-4ac -b++b%2-4ac
2CcX 2cCcX
[[b«/b24ac]AppellFl[4,1p,p, 5, - ) ]*(b+
b+vVb2-4ac -b+Vb2-4ac
5 2cX 2cx
A/ b —4ac)Appe11F1[4,—p,1—p, 5, - s ] -
b+Vb?-4ac -b++vb2-4ac
2cCcX 2Ccx
15B x AppellF1[4, -p, -p, 5, - s ] /
b+vb2-4ac -b+b2-4dac
2CX 2cCcX
10 a AppellFi|4, -p, -p, 5, - ) J +
b+vb2-4ac -b++b%2-4ac
2cCcX
]+

2cx
b—w/b2—4ac]AppellF1[5,1—p,—p, 6, - s
b+vVb?-4ac -b+vb2-4ac

p X

2CX 2CcX
bo i | appel1Fa[s, -p,1-p, 6, - , 1))
b+vVb2-4ac -b+Vb2-4ac

Problem 1097: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Jx (A+Bx) (a+bx+cx?)?dx

Optimal (type 5, 211 leaves, 2 steps):
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(bB (2+p) -Ac (3+2p)-2Bc (1+p) x) (a+bX+CX2)1+D+
2c? (1+p) (3+2p>

“1-p
(a+bx+cx2

/(c2\/b274ac (1+p) (3+2p)

b-+vVb%?-4ac +2cx
Vvb2-4ac
b+vVb2-4ac +2cx]

Hypergeometric2F1 [—p, 1+p,2+p,
2/b2-4ac

)1+p

{zp (2aBc-b*B (2+p) +Abc (3+2p))

Result (type 6, 588 leaves):

1
77(b+ﬂb274ac)x2 b-+/b>-4ac +2cx) 2a+(b—x/b274ac)x
24 c
2cCX 2CX
9 AAppellF1[2, -p, -p, 3, - s ]/
b+vb2-4ac -b+ib%2-4ac

(a+x (b+cx)) P

2CcXx 2cCcX

6 a AppellF1[2, -p, -p, 3, - B | +px
b+vb2-4ac -b++/b%*-4ac
2cx 2cx
{(b—x/b2_4acJAppellFl[B,l—p,—p,4,— , ]+(b+
b+vVbi-4ac -b++Vb2-4ac
2cx 2cx ]])]
4

m) AppellFl[B, -p,1-p, 4, - >
biVb? dac  beb dac

2CcXx 2CcX
8B x AppellF1[3, -p, -p, 4, - s /
b+vb?2-4ac -b+i/b%*-4ac
2CX 2CcX
-8aAppellF1|3, -p, -p, 4, - s ] +
b+vb2-4ac -b++vb2-4ac
2cCcX 2cCcx
p X —b+x/b2—4ac)AppellF1[4,1—p, -p, 5, - s }f
b+Vb2-4ac -b+yb2-4ac
2cx 2cx })]]

[b+w/b2—4ac ) AppellF1[4, -p, 1-p, 5, - B
b+Vb2-4ac -b++vb%2-4ac

Problem 1098: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(A+Bx) (a+bx+cx?)Pdx

Optimal (type 5, 158 leaves, 2 steps):

B b 2\ 1+p B 2 -1-p
(a+bx+cx?) |2 pB-2a¢) b-+Vb’-4ac +2cx (asbxe )t
2¢c (1+p) Vb?-4ac
b+Vb2-4ac +2cx]

/(cm(1+p>J

Hypergeometric2F1 {—p, 1+p, 2+p,
2vb?-4ac

Result (type 6, 476 leaves):
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[b—x/b2—4ac +2CX (a+x(b+cx>)p
3B[b+x/b2—4ac 2a+(b—x/b2—4ac)x
_ 2¢x s 2cx }J/([—b+x/b2—4ac](b+x/b2—4ac +2CX

b+vb2-4ac -b++/b%2-4ac

(a+x (b+cx))

1
4

2
x2 AppellFi[2, -p, -p, 3,

2cCcX 2cCcx

) } +
b+vb2-4ac -b++vb2-4ac
2cx 2cx
—b+x/b2—4ac)AppellF1[3, 1-p, -p, 4, - s |-

b+vb2-4ac -b++/b%?-4ac

2 2
[b+m)AppellF1[3,—p,l—P:4:* e - })]]+

b+vb2-4ac -b+vb2-4ac
1 21+pA[b+\/b24ac +2cx

Vb%2-4ac
b cX ]

—6aAppe11F1[2, -p, -p, 3, -

p X

P
Hypergeometric2F1[-p, 1+p, 2+p,

c+cp

1
2

2vb2-4ac +/b*-4ac

Problem 1100: Result more than twice size of optimal antiderivative.

(A+Bx) (a+bx+cx?)P
J dx

XZ

Optimal (type 6, 315leaves, 5steps):

-P

A b 2\ 1+p
i <a+ x+CX> +i2—1+2p<aB+Abp)
ax ap

b-+vb2-4ac +2cx]p [b+\/b24ac +2CX

cX

cX

b-+vb2-4ac b+vb2-4ac
B

(a+bx+cx?)?AppellF1[-2p, -p, -p, 1-2p, -

2cXx 2cx
-1-p

b--/b2-4 2

{Zl*pAc(lJer) - ac rocx (a+bx+cx2)1+ID
Vb%2-4ac

b++vVb2-4ac +2cx

Hypergeometric2F1[-p, 1+p, 2+p, - ’ ] /(a«/b2_4ac (1+p))
2vb?-4ac

Result (type 6, 733 leaves):
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o
4(-1+2p)

(b+x/b274ac +2CX

(a+x (b+cx)) P AppellF1|

4A (-1+p) (7b+«/b274ac -2cx
b+vb2-4ac -b++/b%>-4ac }]/

1—2p)—|9;—|9:2—2p:— ]
2cx 2cx

b+vVb2-4ac -b+vb%2-4ac

-4c (-1+p) xAppellF1[1-2p, -p, -p, 2-2p, - X A
cx cx

(b+x/b2—4ac ) pAppellF1[2-2p, 1-p, -p, 3-2p,
b+vVb2-4ac -b+vb2-4ac
i i }+(b—x/b2—4ac]p

2cCX ’ 2CX

]+

AppellF1[2-2p, -p, 1-p, 3-2p, - 5

b+vb2-4ac -b+vb2-4ac }J

2CX 2CX
b+Vb*-4
B(1-2p)2x [b-+/b>-4ac +2cx AppellFl[ZP’p’p’lzp’+z—ﬁ’
CcCX
b b2-4
+\/7ac}/{p{(bJr\/m]pAppellFl[l—Zp,l—p:
2CX

b+\Vb2-4 “b+Vb*-4 ———
+ ac) + ac}+[bf b2—4ac)p

*P)Z*ZPJ*
2cCcX 2Ccx
b+vVb?2-4ac -b+vVb%2-4ac
AppellF1[1-2p, -p, 1-p, 2-2p, - — , — |+
2cCcX 2Ccx
b+Vb?-4ac -b++yb%2-4ac

2c (1-2p) xAppellFi[-2p, -p, -p, 1-2p, - - s . }J

2CX 2CcXx

Problem 1127: Result more than twice size of optimal antiderivative.

J(A+Bx) (d+ex)” (bx+cx2)3d1x

Optimal (type 3, 484 leaves, 2 steps):
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d3 (Bd—Ae) (cd—be)3 (d+ex)1*m

e (1+m)
d> (cd-be)? (Bd (7cd-4be) -3Ae (2cd-be)) (d+ex)*" 1
.
e® (2+m) e® (3+m)
3d (cd be) (Ae (5c?d? sbcde+be?) Bd (7c2d® 8bcdes2b2e?)) (drex) ™y —
e® (4+m)

(Bd (35c3d3—60bc2d2e+30b2cde2—4b3e3) -Ae (20c3d3—30bc2d2e+12b2cde2—b3e3))

(d+ex>4+m+ !

e® (5+m)
(3Ace (5c*d*-5bcde+b*e?) -B (35c>d>-45bc*d*e+15b>cde’-b’e?)) (d+ex)5*"‘7

3c(Ace(2cd-be)-B(7c?d>-6bcde+b?e?)) (d+ex)6”"

e® (6+m)

c? (7Bcd-3bBe-Ace) (d+ex)7”" Bc3 (d+ex)8”"

e (7+m) T et (8em)

Result (type 3, 1043 leaves):
1
e (1+m) (2+m) (3+m) (4+m) (5+m) (6+m) (7+m) (8+m)
(d+ex)" (-6d* (Ae (8+m) (-120c*>d*+60bc*d*e (7+m) -12b*cde® (42+13m+m?) +
b*e* (210 +107m+18m* +m*) ) +4Bd (218c>d>-90bc*d*e (8 +m) +
15b*cde” (56 +15m+m?) -b’>e® (336 +146m+21m>+m’) ) ) +
6d’em (Ae (8+m) (-120c>d>+66bc*d’e (7+m) -12b*>cde? (42+13m+m?) +
b*e® (210 +107m+18m*> +m*) ) +4Bd (216 c>d*-98bc*d’e (8+m) +
15b*cde” (56 +15m+m?) -b’>e’ (336 +146m+21m>+m’))) x -
3d°e’m (1+m) (Ae (8+m) (-120c>d*>+6@bc*>d’e (7+m) -12b>cde” (42+13m+m?) +
b*e® (210 +107m+18m*> +m*) ) +4Bd (216 c>d*-98bc*d’e (8+m) +
15b*cde” (56 +15m+m?) -b’>e’ (336 +146m+21m> +m’))) x> +
de’m(1+m) (2+m) (Ae (8+m) (-120c>d>+60bc*d*e (7+m) -12b*cde?® (42+13m+m*) +
b*>e® (210 +107m+18m*> +m*) ) +4Bd (216 c>d*-98bc*d’e (8+m) +
15b*cde? (56 +15m+m?) -b’>e’ (336 +146m+21m> +m’))) X +
e* (1+m) (2+m) (3+m) (Ae (8+m) (36c>d’m-15bc*>d>em (7+m) +
3b’cde’m (42+13m+m?) +b’>e’ (216 +107m+18m*+m’)) +Bdm (-210 > d’® +
90bc?d*e (8+m) -15b*cde® (56 +15m+m?) +b> e’ (336 + 146m+21m* +m’) ) ) x* +
e (1+m) (2+m) (3+m) (4+m) (b>Be’ (336+146m+21m>+m’) +
3b’ce’ (56+15m+m?) (Bdm+Ae (6+m)) +
3bc*dem (8+m) (-6Bd+Ae (7+m)) -6cd’m (-7Bd+Ae (8+m))) x>+
ce® (1+m) (2+m) (3+m) (4+m) (5+m) (3b’Be® (56+15m+m?) +
3bce (8+m) (Bdm+Ae (7+m)) +c>dm (-7Bd+Ae (8+m))) x°+
c*e’ (1+m) (2+m) (3+m) (4+m) (5+m) (6+m) (Bcdm+3bBe (8+m) +Ace (8+m))x"+
Bc®e® (1+m) (2+m) (3+m) (4+m) (5+m) (6+m) (7+m) x®)
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Problem 1255: Result unnecessarily involves imaginary or complex numbers.
J(A+Bx) Vd+rex \/bx+cx? dx

Optimal (type 4, 433 leaves, 9 steps):

12 22\/d+ex (7Ace(cd+be)—B(4c2d2—2bcde+4b2e2)+3ce(Bcd—4bBe+7Ace) X)
105 cc e

2B/d+ex (bx+cx2)3/2
\Jbx+cx? + +

7c

(2\/b (5c(3bB-7Ac)de(2cd-be)+ (Bcd-4bBe+7Ace) (8c*d’-3bcde-2b%e?)) VX

Ve o b
1+ % Vdvex EllipticE [ArcSin| € VX B i] /[105c5/2e3 1+ 2% Jbxscx?
Vb S5 cd d

{2\/—b d (cd—be) (7Ace <2cd—be) -B <8c2d2—bcde—4b2e2)) X 14 X

b
1+ 8% EllipticF[Ar‘cSin[\EW], bj} /(105c5/2e3\/d+ex A/ bx+cx?

d /~b cd
Result (type 4, 461 leaves):

+

2 |bex (b+cx) (d+ex)

1
105bc2e3«/x(b+cx) Vd+ex

(-7Ace (be+c(d+3ex))+B (4b’e®’-bce (2d+3ex) +c® (4d*-3dex-15e*x*))) +

b (14Ace (c*d*-bcde+b’e®) +B (-8cd>+5bc?d’e+5b°cde’-8b’e’))
\[ ¢ \/

<b+cx) <d+ex) +
ibe (14Ace (czdz—bcde+b2e2> +B (—8c3d3+5bc2d2e+5b2cde2—8b3e3))

N |oT

b

b d sy . © g cd
1+— |1+ — x¥?EllipticE[iArcSinh[—], —] -
cx ex Vx o be

ibe (cd—be) (7Ace (cd—zbe) -B (4c2d2+bcde—8b2e2))

b

b d 5, ipti i i i cd
14 — 1+ — x¥ E111pt1cF[1 Ar‘cSmh[i] s 7]
C X ex & be
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Problem 1256: Result unnecessarily involves imaginary or complex numbers.

J(A+Bx) Vb x+cx?
Vd+ex

Optimal (type 4, 318 leaves, 8steps):
2v/d+ex (4Bcd-bBe-5Ace-3Bcex) Vbx+cx?

15 c e?

(2x/b (5Ace (2cd-be) -B(8c*d*-3bcde-2b%e?)) /x /1+% \d+ex
M], / 15 c3/2 3 1+e—X\/bx+cx2
Vb cd d

{2\/—b d(cd—be) (8Bcd+bBe-10Ace) W\/1+CTX J1+ed—X

/(15c3/2e3\/d+ex \/bX+CX2)

dx

be
EllipticE[ArcSin| —

]

Ve ey, bey
Vo cd

Result (type 4, 344 leaves):

EllipticF[ArcSin|

—bex<b+cx) <d+ex) (5Ace+B (—4cd+be+3cex)) -

1
- 2
15bce3«/x(b+cx) Vd+ex

b (5Ace(-2cd+be) +B (8c*d*-3bcde-2b*e?)) (b+cx) (d+ex) -
\[ ¢ \/

jbe(SAce(chbe)+B(8c2d2+3bcde+2b2e2))\/1+b \/1+d x3/2

cx ex
b
¢ cd

E1lipticE[iArcSinh[—], —] +ibe (cd-be) (5Ace-2B (2cd+be))

Jx = be

f
\/hi Jhi x>2 E1lipticF[i ArcSinh| : ]s ﬂ]

ex VX be

N |oT
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Problem 1257: Result unnecessarily involves imaginary or complex numbers.
J(A+Bx) Vb x+cx?

)3/2

dx
(d+ex

Optimal (type 4, 283 leaves, 8 steps):
2(4Bd-3Ae+Bex) Vbx+cx?
3e?2+/d+ex

{2\/—b (8Bcd—bBe—6Ace)\/; /1+C?X Vd+ex EllipticE[ArcSin|
[3\/?e3 1+ed—x A/ bx+cx?

cx ex
{2\/—b (Bd(scd-sbe>-3Ae(2cd-be))\/T\/1+T\/1+7

/( Ve evVdrex \bx+cx

WW] be

5 ed

/

+

Ve ), be
Jo o cd

Result (type 4, 269 leaves):

b /b
2 bex(b+cx) (4Bd—3Ae+Bex)+ - - (—8Bcd+bBe+6Ace) (b+cx) (d+ex)—
C C

. b 3/2 . . . .
ibe (8Bcd-bBe-6Ace) [1+— [1+—— x*2EllipticE[iArcSinh|
cX

EllipticF [Ar‘cSin [

s =1+

ex VX be

b d
J‘lbe(4BcdbBe3Ace>\/1+—\/1+—x3/2
CX ex

EllipticF[i ArcSinh]|

ﬁ], Ly /(30 [x(brcx] Varex|

Jx = be

Problem 1258: Result unnecessarily involves imaginary or complex numbers.
J(A+Bx) Vb x+cx?

)5/2

dx
(d+ex

Optimal (type 4, 346 leaves, 8 steps):
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/

—([2 (d* (4Bcd-3bBe-Ace)+e (Bd (5cd-4be)-Ae(2cd-be)) x) \/bx+cx?

(Bde2 (cd-be) (d+ex)3/2>

(Zx/ib\E(Bd(Scd7be)Ae(chbe))W /1+% Jd+ex

3ded (cdfbe> 1+ed_x A/bx+cx?

+

Ve Vx, be
Nary ]’J}J/

EllipticE [ArcSin|

YA, b
2+/-b (8Bcd-3bBe-2Ace)/x 1+ % 1+e—XEllipticF[Ar‘cSin[ ¢ X},—e] /
b d Vb cd
[3\/c e3\/d+ex \/bx+cx?

Result (type 4, 346 leaves):
1

3 /%de3 (cd-be) +/x (b+cx) <d+ex)3/2

2 \/?ex (b+cx) (Ae(-be*x+cd(d+2ex))+Bd (be(3d+4ex)-cd(4d+5ex))) +

n | o

(d+ex) \/7(Bd(8cd—7be>+Ae(—2cd+be))(b+cx) (d+ex) -ibe (Ae(2cd-be) +
b

b
d L. , . ¢ cd
Bd(—8cd+7be))\/1+—\/1+—x3/2E111pt1cE{1Ar‘c51nh[ 1, —]-

cX e x Vx "be

ibe (4Bd-Ae) (cd—be)\/1+i Jui x*/2 E1lipticF i ArcSinh|

cX ex Vx "be

Problem 1259: Result unnecessarily involves imaginary or complex numbers.
j(A+Bx) Vb x+cx?

)7/2

dx
(d+ex

Optimal (type 4, 494 leaves, 9 steps):
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[2 (2Ae (czdz—bcde+b2e2) +Bd (8c2d2—13bcde+3b2e2)) A/ bx+cx?
(15d2e2 (cd—be)zx/dJrex)—

/

(2 (d (Bd (4cd-3be) +Ae (cd-2be))+e (Bd(7cd-6be)-Ae (2cd-be)) x) \/bx+cx’

(15de? (cd-be) (d+ex)*?) -

/

{2\/—b Ve (2Ae (c?d?’-bcde+b?e?) +Bd (8c2d?’-13bcde+3b%e?)) /x 1+%

b
Vd+ex Ellip‘cicE[Ar‘cSin[\/?\/7 2e

, 15d%e3 (cd-be)? |1 ﬂ«/bx ¢ x?
N cd] /[ < ) : d :

C X ex
{Zx/b Vc (Bd(8cd-9be) +Ae (2cd-be)) Vx \/1+b 1+

+

d
EllipticF[Ar‘cSin[\Eﬂ], b—Z}]/ (15de3 (cd-be)Vd+ex \/bx+cx?
~b c

Result (type 4, 491 leaves):
1

15b d2 e3 (cd—be)2 x (b+cx) (d+ex)5/2

2 |bex (b+cx) (3d2 (Bd-Ae) (cd-be)®’-d(cd-be) (Bd (7cd-6be) +Ae (-2cd+be))

(d+ex) + (2Ae (czdszcde+b2e2) +Bd (8c2d2713bcde+3b2e2>) (d+ex)2) -

b c(d+ex)2 b <2Ae(c2d27bcde+b2e2)+Bd (8c2d2713bcde+3b2e2))
\| ¢ \/c

(b+cx) (d+ex) +ibe (2Ae (czdz—bcde+b2e2) +Bd (8c2d2—13bcde+3b2e2)>

b
b d ¢ cd
1+— |1+ — x*2EllipticE[i ArcSinh| 1, —] -
c X ex X be

ibe(cd-be) (Bd(4cd-3be)+Ae(cd-2be)) /ui
cX

b
JI x*/2 E1lipticF [i ArcSinh | c 15 ﬂ}
ex X be
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Problem 1260: Result unnecessarily involves imaginary or complex numbers.

J<A+BX> (bx+cx?)??

dx
\Vd+ex
Optimal (type 4, 574 leaves, 9 steps):
_r
315 c? e*

2v/d+ex (9Ace (8c*d*-11bcde+b’e?) -2B (32c*d’-42bc*d’e+3b*cde?+2b’e?) -

3ce (9Ace (2cd—be> -B (16c2d2—7bcde—4b2e2)) x) A bx+cx® -

2+/d+ex (8Bcd-3bBe-9Ace-7BceXx) (bx+cx2)3/2

63 c e2

(2\/—b (5bcde (2cd-be) (85cd-3bBe-9Ace) +

(8c2d2—3bcde—2b2e2) (9Ace (2cd—be> -B (16c2d2—7bcde—4b2e2)>)

&ﬁmEllipticE[ArcSin[M} b—e] /

A —b ’ cd
ex
[315c5/2e5 1+— +/bx+cx?
d

2+/-b d(cd-be)
(9Ace (16c?d?-16bcde-b?e?) -B (128c*d>-120bc*d?e-9b*cde? -4b%e?)) /x

c X e X Ve VX be
J1+— 1+— EllipticF[ArcSin[—], —] / 315c%2e°+/d+ex /bx+cx?
b d V5 cd

Result (type 4, 630leaves):

+
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1

315 b 2 e5 x2 (b+cx)2x/d+ex

2 (x (b+cx>)3/2

bex (b+cx) (d+ex) (—9Ace (b2e2+bce (—11d+8ex) +c? <8d2—6dex+5e2x2)) +

B (4b3e3—3b2ce2 (—2d+ex) +bce (—84d2+61dex—50e2x2) +
¢’ (64d>-48d°ex+40de’x*-35e’x%) ) ) +

b
— (18Ace (8c?d’-12bc?d’e+2b’cde®+be?) -
c C

B (128c4d4—184bc3d3e+27b2c2d2e2+11b3cde3+8b4e4)) (b+cx) (d+ex) +
ibe (18Ace (8c3d3—12bc2d2e+2b2cde2+b3e3) -
B (128c*d*-184bc*d’e+27b*c*d*e’+11b>cde’ +8b%e?))

b

b d <, cd
1+— [1+— x*?EllipticE[iArcSinh|—], —

CX e x VX be
(9Ace (8c*d*-5bcde-2b’e®) +B (-64c>d*+36bc*d’e+15b*cde’+8b’e?))
b
b d 5, L . . ¢ cd
1+— |1+ — x¥2?EllipticF|i ArcSinh]
CX ex Vx be

|-ibe(cd-be)

Problem 1261: Result unnecessarily involves imaginary or complex numbers.

J(A+Bx) <bx+cx2)3/2 5
X

(d+ex)3/2

Optimal (type 4, 449leaves, 9 steps):
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1

735ce4
2+/d+ex (7Ace (8cd—7be) -B (64c2d2-69bcde+b2e2) +3ce (163cd—bBe—14Ace) x)

3/2

_ 2
erZ(SBd 7Ae+Bex) (bX+CX> .

7er+/d+ex

{2\/—b (5bce(88d—7Ae) (2cd—be)—(16Bcd—bBe—14Ace) (8c2d2—3bcde—2b2e2>)

C X Ve VX be
Vx 1+ +/d+ex EllipticE[ArcSin[——|, —] /
b b cd
ex
[35c3/2e5 1+— /bx+cx?
d

(2x/b d(cd-be) (56Ace (2cd-be) -B (128c?d?’-72bcde-b?e?)) Vx 1+?

b
\/hie—XEllipticF[Ar‘cSin[M], _e} /(35c3/2e5 Vd+ex /bx+cx?
d —b cd

Result (type 4, 514 leaves):
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1

35 b c e’ x2 (b+cx)2\/d+ex

2 (x (b+cx))3/2 bex (b+cx)

35cd (Bd-Ae) (cd-be) + (7Ace (-3cd+2be) +B (29c“d“-25bcde+b°e
2 42 2 52

(d+ex) +ce (—13Bcd+8bBe+7Ace) X (d+ex) +5Bc?e?x? (d+ex>) + b
\/c

(7Ace (16c2d2-16bcde+b2e2) -B (128c3d3-136bc2d2e+11b2cde2+2b3e3))

n |oT

(b+cx) (d+ex> +
ibe (7Ace (16 c*d*-16bcde+b*e?) -B (128 c*d’*-136bc*d’e+11b*cde*+2b%e?))

JT
\/1+L \/1+i x*/2 E1lipticE i ArcSinh| i ] ﬂ] -

cX ex NS be

ibe (cd—be) (7Ace (8cd—be) +2B (—32c2d2+6bcde+b2e2))

b

b d 5, R . ; ‘ cd
14 — 14— x3 E111pt1cF[1 Ar‘cSmh[*] ’ ]
cx ex Vx o be

Problem 1262: Result unnecessarily involves imaginary or complex numbers.

dx

J(A+Bx) (bx+cx?)??

(d+ex)5/2

Optimal (type 4, 413 leaves, 9steps):
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1

15e4+/d+ex
2 (4Bd (16cd-9be) -5Ae (8cd-3be) +e(168cd—3bBe—10Ace) X) \/bx+cx? +

2 (8Bd-5Ae+3Bex) (bx+cx2)3/2

15 e2 (d+ex)3/2

Ve Vx be]

(2x/b (40Ace(2cd—be)—B(128c2d2—88bcde+3b2e2))\/7 1+?
e X
, 15/ ¢ e® — +/bx+cx?
ﬂ} > / = bxeen |
(Zx/b (5Ae (16c?d*-16bcde+3b*e?) -Bd (128c?d*-152bcde+39b%e?)) +/x

/(15\Ee5\/d+ex A/ bx+cx?

Vd+ex EllipticE[ArcSin|

JlJr SR P EllipticF[Ar‘cSin[\EW ]» bi]
b d V-b  cd

Result (type 4, 436 leaves):
1

15 e° x2 (b+cx>2\/d+ex

1(40Ace (—2cd+be) +B (128c2d2—88bcde+3b2e2)) (b+cx) (d+ex) +

2(x<b+cx)>3/2 ;

X (b+cx) (SAe (—be (3d+4ex) +C (8d2+16dex+e2x2>) +

d+ex
(36d*+47dex+6e’x?) -c (64d>+80d°ex+8de*x*-3e>x?))) -

/ b
(46Ace (2cd-be) +B (-128c*d’*+8bcde-3b%e?)) [1+—
CcX

| b
¢ cd
\/7 32 EllipticE[i ArcSinh|[ ——], —] +
Vx = be

(5Ace (8cd-5be) +B (-64c*d*+52bcde-3b%*e?))
[ b
\/ b \/1+ L x>/2 E1lipticF [i ArcSinh| i B ﬂ]

1+ —
ex VX be

cX
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Problem 1263: Result unnecessarily involves imaginary or complex numbers.

3/2

J<A+BX> (bx+cx?) .
X

(d+ex)7/2
Optimal (type 4, 516 leaves, 9steps):
-([2 (d (3Ace (8cd-7be) -B (64c*d*-76bcde+15b*e*)) -ce
(Bd (16cd—13be) ~3Ae (ch—be)) x) A/bx+cx? /(15de4 (cd—be) \/d+ex)

(2 (d* (8Bcd-5bBe-3Ace) +e (Bd (11cd-8be) -3Ae (2cd-be)) x) (bX+CX2>3/2)/
(15de2 (cd-be) (d+ex>5/2) .

{zv—b Ve (3Ae (16c?d*-16bcde+b?e?) -Bd (128c?d*-168bcde+43b%e?)) x 1. %
\/?\/7 b_e

b
ex
15de’ (cd-be 1+— /bx+cx?
v -b " cd / ( ) : d :

(2\/-19 (24Ace (2cd-be) -B (128c*d?-1@4bcde+15b%e?)) V/x [1+—

e o b
[1, 8% EllipticF [ArcSin| < x]’ie} /(15\/c e’*d+ex \/bx+cx?
d /~b cd

Result (type 4, 530leaves):

V/d+ex EllipticE[ArcSin| ]
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1 2(x<b+cx))3/2 Eex(b+cx)
\| ¢
15 |2 des (cd-be) x? (b+<:x)2 (d+ex)5/2
C

(3d2 (Bd-Ae) (cd—be)z—d (cd-be) (Bd (17cd-11be) +6Ae (-2cd+be)) (d+ex) +
(-3Ae (11c*d®-11bcde+b?e?) +Bd (73c*d?-93bcde+23b%e?)) (d+ex)®+
5Bcd (cd-be) (d+ex)3’)+<d+ex)2

n |oT

(Bd (-128c*d*+168bcde-43b’e?) +3Ae (16c*d*-16bcde+b*e’)) (b+cx)

(d+ex) +ibe (Bd (—128c2d2+168bcde—43b2e2) +3Ae <16c2d2—16bcde+b2e2))

g
\ C
\/1+L \/1+i x*/2 E1lipticE [i ArcSinh|[—], ﬂ] +
e x

CcX VX be

b
ibe(cd-be) (4Bd<16cd—7be)+3Ae<—8cd+be))\/:
cx
b
1.4 e EllipticF[i ArcSinh| i ] ﬂ}
ex Vx be

Problem 1264: Result unnecessarily involves imaginary or complex numbers.

J(A+Bx) <d+ex)5/2 :
X

Vb x+cx?
Optimal (type 4, 460 leaves, 10 steps):
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32 (28Ace (2cd—be) +B (15c2d2—43bcde+24b2e2)) Vd+ex \/bx+cx® +
105 ¢
2(5Bcd-6bBe+7Ace) (d+ex)3’/2\/bx+cx2 2B (d+ex)5/2\/bx+cx2

+ +

35¢? 7c

(zv-b (7Ace (23c?d*-23bcde+8b%e?) +B (15c>d’-183bc*d* e+ 128 b’ cde? - 48b’ &%)

WH\/dJrex EllipticE[Arcsin[%W}, b—e] /

—b cd
e x
105¢’2e [1+— +/bx+cx?
d

(Zx/bd(cdbe) (28Ace (2cd-be) +B (15c*d*-43bcde+24b%e?)) V/x 1+T
l1+ed—x EllipticF[Ar‘cSin[\/?\/;], b—Z} /(105c7/2e\/d+ex A/ b x+ ¢ x?
/-b C

Result (type 4, 479 leaves):

1
2
105 c3 ./ x (b+cx) Vd+ex

Vx

(7Ace (23c*d*-23bcde+8b’e®) +B (15> d’-103bc*d* e+ 128b* cde® - 48b>e?) )

cex

(b+cx) <d+ex)+\/?(b+cx) (d+ex) (7Ace(11cd—4be+3cex)+
B(24b2e2—bce(61d+18ex)+15c2 <3d2+3dex+e2x2>))+

i (7Ace (23c*d*-23bcde+8b’e®) +B (15> d’-103bc*d* e+ 128b* cde® - 48b>e?) )

E .

b d
1+— |1+ — xEllipticE[iArcSinh| e
c X e x N be b

n |oT

(-cd+be) (-105Ac3d2+48b3Be2—8b2ce (138d+7Ae) +bc?d (6eBd+133Ae))

,ﬁ_
T

b
b d s s . : \/j cd
\/1+ \/1+ XE111pt1cF[1Ar‘c51nh[7], 7}

c X ex VX be
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Problem 1265: Result unnecessarily involves imaginary or complex numbers.

J(A+Bx) <d+ex)3/2 4
X

Vb x+cx?

Optimal (type 4, 339 leaves, 9steps):
2(3Bcd-4bBe+5Ace)/d+ex vbx+cx2 2B (d+ex)3/2\/bx+cx2

+ +

15 c? 5c

cX

{2\/—b (10Ace(2cd—be)+B(3c2d2—13bcde+8b2e2))\/? 1+T
VT\/T} be
El

e x
/ 15¢c°2e |1+ — +/bx+cx?
-b cd d

{2\/—b d(cd-be) (3Bcd—4bBe+5Ace)\/?J1+cbX 1+ed—x

V/d+ex EllipticE[ArcSin| ]

EllipticF[ArcSin[@], b:})/ (15 c>?er/d+ex \/bx+cx?
Jo o «c

Result (type 4, 356 leaves):
1

15 c2 ./ x (b+cx) Vd+ex

2+/x

(10Ace (ch—be) +B (3c2d2—13bcde+8b2e2)> (b+cx) <d+ex) +

ceVx

%

(b+cx) (d+ex) (5Ace+B (6cd—4be+3cex)> +

i (10Ace(ch—be)+B(3c2d2—13bcde+8b2e2))

b
b d N LV ocdy 1
\/1+\/1+XE111pt1cE[1Ar'c51nh[ ];7}*3

cXx e x Vx be

<—cd+be) (15Ac2d+8b2Be—bc (9Bd+10Ae)) 1+L
CcCX

#_
e

d
1+ — xEllipticF[iArcSinh|[——], —]

Jx = be

(0]
X
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Problem 1266: Result unnecessarily involves imaginary or complex numbers.

J(A+Bx) \Vd+ex q
X
Vb x+cx?

Optimal (type 4, 254 leaves, 8steps):

2B/d+ex Vbx+cx?
3c

+

b
24/~b (Bcd-2bBe+3Ace) VX |1+ ydiex EllipticE[ArcSin[WW],e}/
b /—b cd
[3c3/2e 1+exx/bx+cx2)
d
Ve Vx be

]

/

2+/-b Bd (cd-be) Vx 1+ % [1+ %% EllipticF[ArcSin| |
b d b cd
(3c3/2e\/d+ex A bx+cx?

Result (type 4, 263 leaves):

Bcd-2bB 3A b d
2 X B(b+cx) (d+ex)+< c e+ ce)( +cx)( Jrex)Jr
cex

f
i |2 (Bcd-2bBe+3Ace) LI PR V/x EllipticE[i ArcSinh| i |, ﬂ]+
o C X e x VX be

11‘1 /E (2bB-3AC) (-cd+be)\/1+L Jui VX
b C cX ex

EllipticF[jArcSinh[—c}, ﬂ] /(3c4/x (b+cx) Vd+ex
e

VX b

Problem 1267: Result unnecessarily involves imaginary or complex numbers.

A+BX
J dx
Vd+ex Vbx+cx?

Optimal (type 4, 204 leaves, 7 steps):
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27/-b B/x [1+<* \/d+ex EllipticE[ArcSin[Yslx], be]
b -b cd

Vee |10 Vhxicx
L)/

2+/-b (Bd-Ae)Vx 1+ % 1,8 EllipticF [ArcSin|
b d Nary cd
(\Ee\/dJrex A/bx+cx?

Result (type 4, 209 leaves):

2bB (b+cx) (d+ex)
.

E
\ C
21bB /E e\/1+L \/1+i x>/ E1lipticE [i ArcSinh]| },ﬂ]—Zi b (bB-AC)
C e x Vx be d

b

e\/ b \/1+i x*/2 E1lipticF i ArcSinh| ‘ ] ;—d} /(beﬂlx(b+cx) Jd+ex
e

ex \/7

Problem 1268: Result unnecessarily involves imaginary or complex numbers.

J A+BX ix
(d+ex)*2/bx+cx?
Optimal (type 4, 262 leaves, 8 steps):
2 (Bd-Ae) Vbx+cx?
d(cd-be)d+rex
Ve vy, bey

2+/-b ¢ (Bd-Ae) VX 1+ % Jdiex EllipticE [ArcSin|
b b cd

de(cd—be) 1+ed—x A/ b X+ x>
22 ]

cx ex . . . C X
2+/-b BW\/M A J1+ b ElllpthF[APCSln[-\LCﬁ ], 2

Ve evdiex Vbx+cx?

/

+

Result (type 4, 226 leaves):
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—2\/?d (Bd—Ae) (b+cx) +

( ) / E
d e ptlc 1 CSlnh

cX

f
21Ae(cd—be)\/1+b\/1+d x>/2 E1lipticF [i ArcSinh| i ],ﬂ]/

c X ex Vx be

\/?de(cdbe)ﬂlx(bJrcx) Vd+ex

Problem 1269: Result unnecessarily involves imaginary or complex numbers.

J A+BX q
X
(d+ex)5/2\/bx+cx2

Optimal (type 4, 369 leaves, 9steps):
2 (Bd-Ae) Vbx+cx? 2 (2Ae (2cd-be)-Bd (cd+be)) Vbx+cx?

- +

3d (cd-be) (d+ex)?? 3d2 (cd-be)?/drex

Zﬁx/?(ZAe(ZCd—be)—Bd(cd+be))\/; /1+C?X d+ex

EllipticE[Ar‘cSin[@ s bie} /{dee (cd-be)? 1+ 2% x/bx+cx2J+
\-b cd d
{2\/b \E(BdAe)\/;J1+CX 1. 2% EllipticF[Ar‘cSin[@], b—e} /
b d J 5  cd

(3de (cd-be)/d+ex \/bx+cx?

Result (type 4, 347 leaves):
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1

3bd2e (cd—be)2 x (b+cx) (d+ex)3/2

2 |bex (b+cx) (Bd(be’x+cd(2d+ex)) +Ae(be (3d+2ex)-cd (5d+4ex))) -

\/Ec<d+ex) \/7(2Ae(—2cd+be)+Bd(cd+be))(b+cx) (d+ex) +

ibe(ZAe(—2cd+be)+Bd(cd+be)) \/1+L \/1+i x3/2

c X ex
b
C

n|o

cd
EllipticE[iArcSinh|[—], —]-ie(cd-be) (3Acd-b (Bd+2Ae))
Jx = be
b
1.2 1L e EllipticF[jArcSinh[—c], ﬂ]
c X ex X be

Problem 1270: Result unnecessarily involves imaginary or complex numbers.

J* A+BX dx
(d+ex)7/2\/bx+cx2
Optimal (type 4, 510leaves, 10 steps):
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2 (Bd—Ae) Vb x+cx? 2 (4Ae (2cd—be) -Bd <3cd+be)) Vb x+cx?

- +

5d(cd-be) (d+ex)®? 15d? (cd-be)? (d+ex)>?

(2 (Bd (3c*d*+7bcde-2b%e?) -Ae (23c*d*-23bcde+8b*e?)) \/bx+cX?
(15d* (cd-be)’Vd+ex | -

/

{2\/—b Ve (Bd(3c?d?+7bcde-2b%e?) -Ae (23c*d*-23bcde+8b%e?)) /x 1+?
\EW} be,
)

/15d3 e(cd- be 1+—xlbx+cx
N cd

(2ﬁr(4Ae(2cd be)-Bd (3cd+be) WJM 1+ed—x

\Vd+ex EllipticE [Ar‘csin [

EllipticF[ArcSin[E&], b—:}]/ (15d2e (cd-be)?+/d+ex \/bx+cx?
V-b C

Result (type 4, 506 leaves):
1

15bd3e(cd—be)3 x (b+cx) (d+ex)5/2
2 bex(b+cx) (Bd2 (Bd—Ae) (cd—be)2+d(cd—be) (4Ae<—2cd+be>+Bd(3cd+be))
(d+ex)+(Ae(—23c2d2+23bcde—8b2e2>+Bd(3c2d2+7bcde—2b2e2)> (d+ex>2)—

e C (d+ex)2 b <Ae (—23c2d2+23bcde—8b2e2) +Bd (3c2d2+7bcde—2b2e2)) (b+
\| ¢ \/c

cx) (d+ex)-ibe (Bd (-3c*>d*-7bcde+2b*e?) +Ae (23c*d*-23bcde+8b%*e?))

f
Jhb Jhd x*/2 EllipticE[i ArcSinh| i B ﬂ] -
eXx

cX

ie (cd—be) (15Ac2d2+2b2e (Bd+4Ae) -bc

b d e T )
1+— |1+ — x¥2EllipticF[i ArcSinh]| 1, —]
cXx ex /X be
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Problem 1271: Result unnecessarily involves imaginary or complex numbers.

dx

J(A+Bx) (d+ex)7/2

(bx+cx2)3/2

Optimal (type 4, 527 leaves, 10 steps):

2(d+ex>5/2(Abcd+(2Ac2d+bZBe—bc(Bd+Ae))x) 1
- +
b2cvVbx+cx? 15 b2 ¢3

2e (30Ac3d2—24b3Be2—15bc2d (Bd+2Ae) +b?ce <4BBd+20Ae>) vd+ex \/bx+cx® +
2e (106Ac2d+6b2Be-5bc (Bd+Ae)) (d+ex)3/2\/bx+cx2
5 b2 ¢?

+

(2 (30Ac4d3+48b4Be3—15bc3d2 (Bd+3Ae) -
8b%ce? (16Bd+5Ae) +b2c?de (103Bd+95Ae)) VX |1+ — /drex
b

EllipticE[Ar‘cSin[M], b—e} / 15 (-b)*2 72 |1+ X Joxscx
\-b cd d
C X

(Zd (cd-be) (36Ac*d*-24b°Be?-15bc’d (Bd+2Ae) +b’ce (43Bd+20Ae)) Vx o1 —=

b
1+ ed_x EllipticF[Ar‘cSin[—\/?\/;], b—:} /(15 (-b)>2 C7/2mm
\ V-b c

Result (type 4, 493 leaves):
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1

15b3c3\/x (b+cx) d+ex

2 b (d+ex) (15 (bB-Ac) (cd-be)’x-15Ac*d® (b+cx) +b?e? (16Bcd-9bBe+5Ace)

X (b+cx) +3b%Bce?x? (b+cx)) +

b
— (30Ac*d®>+48b*Be’-15bc’d? (Bd+3Ae) -8b>ce? (16Bd+5Ae) +
C c

b*>c*de (103Bd+95Ae)) (b+cx) (d+ex) +
ibe (30Ac*d®+48b*Be*-15bc*d* (Bd+3Ae) -8b’>ce’ (16Bd+5Ae) +

b d
b’cde (163Bd+95Ae)) [1+— [1+— x¥2EllipticE[iArcSinh]|
cX ex X be

ibe (cd-be) (15Ac>d*-48b*Be*-15bc*d (4Bd+5Ae) +8b%ce (133d+5Ae))

b d L, , < cd
1+— |1+ — x¥2EllipticF[i ArcSinh| 1, —]
cX ex A/ x be

Problem 1272: Result unnecessarily involves imaginary or complex numbers.

5/2

dx

J(A+Bx> (d+ex)

(bx+cx2)3/2

Optimal (type 4, 399 leaves, 9 steps):
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2 (d+ex)3/2 (Abcd+ (2Ac2d+bZBe—bc (Bd+Ae)) x)

- +

b2cVbx+cx?
2e (6Ac?d+4b*Be-3bc (Bd+Ae))/d+ex b x+ ¢ x>
3 b2 c?

+

2 (6Ac*d?>-8b*Be?-3bc*d (Bd+2Ae) +b?ce (13Bd+6Ae)) \/x 1+ch Vd+ex
WW] be
)

3 (-b)¥%c52 |1 3x/bx c x?
/-b cd} /{ < ) : d :
e x

{2d(cd-be) (6Ac’d+4b?Be-3bc (Bd+Ae))WJ1+C 1+ —

EllipticE[ArcSin|

X
b d

EllipticF[Ar‘cSin[\/?\/?], b:}J/ (3 (-b)*2c*2+/d+ex \/bx+cx?
v ~b c

Result (type 4, 391 leaves):
1

3b3c?./x (b+cx) Vd+ex

2|b(d+rex) (3(bB-Ac) (cd-be)’x-3Ac?d? [b+cx)+b?Be?x (brcx)]+

b / (6Ac*d>-8b*Be’-3bc’d (Bd+2Ae) +b>ce (13Bd+6Ae)) (b+cx) (d+ex) +
C

jbe(GAc3d2—8b3Be2—3bc2d <Bd+2Ae) +b2ce(13Bd+6Ae)) /1+L
CcX

b
c
1+i x*/2 E1lipticE [i ArcSinh|[—], ﬂ} -ibe(cd-be) (3Ac*d+8b’Be-
ex VX be
[ b
b ¢ cd

3bc<3Bd+2Ae))\/1+—\/1+i x*/2 E1lipticF[i ArcSinh[—], —]
cX ex VX be

n | o
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Problem 1273: Result unnecessarily involves imaginary or complex numbers.

dx

J(A+BX) (d+ex)3/2

(bx+cx2)3’/2

Optimal (type 4, 295 leaves, 8 steps):
2vd+ex (Abcd+ (2Ac?d+b*Be-bc (Bd+Ae)) x|
b2 c/bx+cx?

+

{ (2Ac*d+2b?Be-bc (Bd+Ae)) \/x /1+ Vd+ex ElllpthE[Ar‘C51n[\/_\/_]Jb—e}/
A/ -b cd
(-b)*% 32 1+ed—x \/bx+cx?
{ (bB-2Ac)d (cd-be) \/—\/1+ 1. 2% EllipticF[Ar‘cSin[W],be}J/
d Jo o cd

[(—b)3/2c3/2\/d+ex A/ b x+cx?

Result (type 4, 302 leaves):

2|b(d+ex) ((bB-Ac) (cd-be)x-Acd (b+cx)) +

c/x (b+cx] Vd+ex

b / (2Ac*d+2b’Be-bc (Bd+Ae)) (b+cx) (d+ex) +ibe (2Ac®d+2b’Be-
C

C
bc (Bd+Ae)) \/1+L \/1+i x*>/2 E1lipticE[i ArcSinh | B ﬂ] -

n | o

CcX ex VX be

ib(-2bB+Ac)e(cd-be) 1.2 1L x*/2 EllipticF i ArcSinh [ ——], —]
c X e x VX be

Problem 1274: Result unnecessarily involves imaginary or complex numbers.
J(A+Bx) \Vd+ex

)3/2

dx

(bx+cx?
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Optimal (type 4, 253 leaves, 8 steps):
2 (Ab- (bB-2Ac) x) Vd+ex
b2 /b x + ¢ x?

2 (bB-2Ac) \/x 1+ Vdrex EllipticE[Ar‘cSin[%} LC’—Z]
(—b)S/Z\/?Em

2 (bBd-2Acd+Abe) /x J1+2 1. 2% EllipticF[ArcSin[Q], b_e}
b d J o o cd
[(—b)3/2\/c Vd+ex /bx+cx?

Result (type 4, 210leaves):

Q
-21 E C(}I)BZAC)G\/]_Jr b \/1+ d x3/2EllipticE[jAr‘cSinh[—“c],ﬂ}—z(beAc)
\| ¢ CcX ex VX

be

b
C
b(d+ex) -1 /E ce\/1+L \/1+i x*/2 E1lipticF [i ArcSinh| },ﬂ] /
c cX ex Vx be

[b2c/x(brex) Varex|

Problem 1275: Result unnecessarily involves imaginary or complex numbers.

A+BX
J dx
d+ex (bx+cx2>3’/2

Optimal (type 4, 295 leaves, 8 steps):
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2+v/d+ex (Ab(cd-be)+c(2Acd-b (Bd+Ae)) x)
b’d (cd-be) Vbx+cx?

{Z\E(deZAchrAbe)& /1+% V/d+ex EllipticE[ArcSin|
(-b)*?d (cd-be) 1+ed—x A/ bx+cx?

2(bB—2Ac)\/7\/1+%\/1+ed—x EllipticF[Ar‘cSin[%]Jb_e]

cd

FW] be
Jo o cd

1)/

+

(—b)3/2\/?\/d+ex Vbx+cx?

Result (type 4, 233 leaves):

(bB-Ac)d(d+ex) -

N
P

b
b ¢ cd

21e(2Acd—b(Bd+Ae))\/1+—\/1+ix3/2EllipticE[iAr‘cSinh[—],—]+
e x

cX Vx be
2
\ C
21’1Ae(cd—be)\/1+£\/1+ix3/2EllipticF[iAr‘cSinh[—],ﬂ]/
CX ex Vx be

[b\/?d(chrbe) x<b+cx) m}

Problem 1276: Result unnecessarily involves imaginary or complex numbers.

J A+BX dx
(d+ex)3’/2 (bx+cx2)3/2

Optimal (type 4, 415leaves, 9steps):
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2 (Ab(cd-be)+c(2Acd-b (Bd+Ae)) x) i

b2d (cd-be)~/d+ex Vb x+cx?
2e <2Ac2d2—b2e (Bd—ZAe) -bcd (Bd+2Ae)) Vb x+cx?
b2d? (cd-be)®~/d+ex

{2% (2Ac*d*-b?e (Bd-2Ae) -bcd (Bd+2Ae)) V/x /1+% Vd+ex

EllipticE[ArcSin[ﬁW], b—e}]/ [(b)3/2d2 (cd-be) 1+— \/bx+cx?

Vb cd
(Z\E(de—ZAcd+Abe)\/;Jl+ch \/1+ed—x EllipticF[ArcSin[%W],b—e}

Jo o cd
[(—b)3/2d (cd-be)vd+ex \/bx+cx?

Result (type 4, 367 leaves):

b2 d2 (cd—be)zwlx (b+cx) vd+ex

+

/

2 |b’e* (Bd-Ae) x (b+cx) +c® (bB-Ac)d*x (d+ex) —A(cdfbe)z (b+cx) (d+ex) +

2Ac d®+b%e Bd+2Ae)—bcd<Bd+2Ae))(b+cx) (d+ex)+

(2Ac?d*+b’e (-Bd+2Ae) -bcd (Bd+2Ae)) /1+L
CX

x3/2 E111pt1cE[1Ar‘c51nh[ — ce(cd-be)
b
C
—], -

Jx = be

(de+Acd—2Abe> 1+L 1+i x3/2 E11lipti i i
p lcF[]L Ar‘c51nh[
CX e X

Problem 1277: Result unnecessarily involves imaginary or complex numbers.

J A+BX dx
(d+ex)5/2 (bx+cx2)3/2

Optimal (type 4, 570 leaves, 10 steps):
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2 (Ab(cd-be)+c(2Acd-b (Bd+Ae)) x)
b2d (cd-be) (d+ex)3/2\/bx+cx2
2e (6Ac?d*-b?e (Bd-4Ae) -3bcd (Bd+2Ae)) Vbx+cx?

3b2d? (cd-be)? (d+ex)>?
2e <6Ac3d3—b2cde <7Bd—19Ae) +2Db3e? (Bd—4Ae) -3bc?d? (Bd+3Ae)) A/ bx+cx?

(3b2d3 (cd—be)3\/d+ex)+

/

(2% (6Ac®d®-b?cde (7Bd-19Ae) +2b°e? (Bd-4Ae) -3bc?d? (Bd+3Ae))

Vx 1+ 22 \/mEllipticE[Ar‘cSin[\/?\/;}, bi] /
b V-b cd
[3(b)3/2d3 (cdfbe)3 1+edl A/ b x+cx?
e X

{Z\E(Mczdzbze(sdue)3bcd(Bd+2Ae))\/?J1+cbX 1+ ==

ipti Y Vx, be 7292 (cd-be)?/d+ex \/bx+cx?
EllipticF [ArcSin| s ] Cd}J/(_%(b) d*> (cd-be)”+/d b

Result (type 4, 506 leaves):
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1

3b3‘d3(cd—be)3 x (b+cx) (d+ex)3/2
2 b(bzde2 (Bd—Ae) (cd—be)x(b+cx)+b2e2 (Bd(7cd—2be)+5Ae(—2cd+be))x

(b+cx) (d+ex) +3c® (bB-Ac) d3x(d+ex)2—3A<cd—be)3 (b+cx) (d+ex)2) +

b C <d+ex) (6Ac3’d3+2b3e2 (Bd—4Ae) -3bc?d? (Bd+3Ae) +
e \

b’cde (-7Bd+19Ae)) (b+cx) (d+ex) +
ibe (6Ac’d®+2b%e® (Bd-4Ae)-3bc®>d® (Bd+3Ae) +b>cde (-7Bd+19Ae))

JT
Jhb Jhd x>/2 E1lipticE[i ArcSinh| i B ﬂ] -

cX ex X be

ibe(cd-be) (3Ac*d*+3bcd (2Bd-5Ae) +2b*e (-Bd+4Ae))

n o

b d L, , < cd
1+— |1+ — x¥2EllipticF[i ArcSinh| 1, —]
cX ex A/ x be

Problem 1278: Result unnecessarily involves imaginary or complex numbers.

7/2

dx

J<A+Bx> (d+ex)

(bx+cx2)5/2

Optimal (type 4, 524 leaves, 9 steps):
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2 (d+ex)5/2 (Abcd+ (2Ac2d+bZBe—bc (Bd+Ae)) x)
- +
3b2c¢ (bx+cx2)3/2

(2\/d+ex (bcd? (BAC’d+b*Be-bc (4Bd+9Ae)) +

(16Ac*d>-4b*Be’+b’ce? (4Bd+Ae) -8bc’d* (Bd+3Ae) +b’c’*de (5Bd+6Ae)) x))/

(3b4c2xlbx+cx2)—
8bc>d? (Bd+3Ae) +b2c’de (5Bd+4Ae)) \/x /1+CTX \d+ex

EllipticE[Ar‘cSin[\/c_\/;], b_e} / 3 (-b)7%c>2 1+ 2% Jbxscx?
\-b cd d
cx

{Zd (cd-be) (16Ac*d*+4b*Be’ +b?ce (Bd-Ae) -8bc>d (Bd+2Ae)) Vxoo 1 ==

b
1+ 2% EllipticF[Ar‘cSin[\/?\/;], b_e} /(3 (-b)7?c*2/d+ex /bx+cx?

VT d Voo cd
Result (type 4, 530leaves):

2 (16Ac4d3—8b4Be3+b3ce2 (53d+2Ae) -

+
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1

73b5c2 (x (b+cx))3/2\/d+ex

2 b(d+ex) (b(bB—Ac) (cd—be)3x2+(cd—be)2<—8Ac2d+5sze+bc (SBd—ZAe))
x? (b+cx) +Abc?d® (b+cx)’+cd? (3bBd-8Acd+10Abe)x (b+cx)?)

/E X (b+cx) / (16Ac4d3—8b4Be3+b3ce2 (SBd+2Ae> -
C

8bc*d* (Bd+3Ae) +b’c*de (5Bd+4Ae)) (b+cx) (d+ex) +ibe
(16Ac*d>-8b*Be*+b>ce® (5Bd+2Ae) -8bc’d® (Bd+3Ae) +b>c’de (5Bd+4Ae))

n | o

b

C

b d _ cd
1+— |1+ — x¥2EllipticE[iArcSinh|—], —] -
CX e x /X be

ibe (cd-be) (8Ac3d2+8b33e2-b2ce (Bd+2Ae) -bc?d (4Bd+5Ae))

b

\/1+L \/1+i x*/2 E1lipticF [i ArcSinh| C | ﬂ]

cX ex Vx be

Problem 1279: Result unnecessarily involves imaginary or complex numbers.

5/2

dx

J(A+Bx) (d+ex)

(bx+cx2)5/2

Optimal (type 4, 454 leaves, 9 steps):
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2 (d+ex)3/2 (Abcd+ (2Ac2d+bZBe—bc (Bd+Ae)) x)

3b2c¢ (bx+cx2>3/2

+

1

3b*cvVbx+cx?
(16Ac3d2+2b3Be2+b2ce (3Bd+Ae) -8bc?d (Bd+2Ae)) x) -

{2 (16Ac*d?+2b°Be?+b?ce (3Bd+Ae) -8bc’d (Bd+2Ae)) v/x /1+ch Vd+ex

Ve Vx bie} /[3<_b>7/zcs/2 1+e(TX m

Vb cd
(2d(cd-be) (16Ac2d-b23e-8bc(sd+Ae))WJM% 1+ed—x

2+/d+ex (bd (8Ac2d+b2Be—bc (4Bd+7Ae)) +

EllipticE[ArcSin|

+

EllipticF[ArcSin[\/c—\/;], b:}J/ (3 (-b)72c*2/d+ex \/bx+cx?
N c

Result (type 4, 452 leaves):
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1

73b5c (x(b+cx)>3/2\/d+ex

2 b(d+ex) (b(bB—Ac) (cd—be>2x2+(cd—be) (—8Ac2d+2b2Be+bc (SBdJrAe))x2

b

(b+cx)+Abcd? (b+cx)®+cd (3bBd-8Acd+7Abe)x (b+cx)?|+ [~ x (b+cX)

C

N |o

| = (16Ac*d®>+2b’Be?+b2ce (3Bd+Ae) -8bc?d (Bd+2Ae)) (b+cx) (dvex) +ib

e (16Ac*d*+2b*Be’+b*ce (3Bd+Ae) -8bc’d (Bd+2Ae)) \/1+b \/1+d x3/2

CcX e x
b
C

cd
EllipticE[i ArcSinh|[—], —

Jx = be

|-ibe (cd-be) (8Ac*d-2b*Be-bc (4Bd+Ae))

b d oy , <. cd
1+— |1+ — x*2EllipticF[iArcSinh| ], —]
cX ex /X be

Problem 1280: Result unnecessarily involves imaginary or complex numbers.

J(A+Bx) (d+ex)?? 5
X

(bx+cx2)5/2

Optimal (type 4, 410leaves, 9 steps):
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2+v/d+ex (Abcd+ (2Ac?d+b*Be-bc (Bd+Ae)) x) 1

+

3b2c (bx+cx2)3/2 3b*cvVbx+cx?

2+/d+ex ( (8Ac d+b?Be- bc(4Bd+5Ae +C 16Ac d+b?Be- 8bc(Bd+Ae))x)—

2 (16Ac*d+b*Be-8bc (Bd+Ae)) \/— l1+f\/d+ex

EllipticE[ArcSin[\/?\/;],be})/[3(b>7/2\E l1+g Abx+cx? |+
A/ —b cd d
( (16Ac*d*-8bcd (Bd+2Ae) +b*e (5Bd+3Ae)) \F\/1+ 1+ed—x
EllipticF[ArcSin[ER], b—j})/ (3 (-b)7*c Vdrex \[bx+cx?
V-b C

Result (type 4, 378 leaves):

- ! 2 b<d+ex) (be(Schx2+b2(3d—2ex)+bcx<12d—ex))+

3 b5 (x(b+cx))3/2\/d+ex

A(—16c3dx3+8bc2x2 (—3d+ex) +b3 (d+4ex) +b%2cx (—6d+13ex>)) +

b x (b+cx) b (16Ac*d+b’Be-8bc (Bd+Ae)) (b+cx) (d+ex) +
\| ¢ \| ¢

]'lbe(lcsAc2d+bZBe8bc(Bd+Ae))\/1+L \/1+i x3/2

cX eXx

EllipticE[jArcSinh[—“c], ﬂ} -ibe (8Ac*d+b’Be-bc (4Bd+5Ae))

Vx be
b
b d Ve, cd
1+— [1+— x*2EllipticF[iArcSinh| ], —]
CcX ex Vx be

Problem 1281: Result unnecessarily involves imaginary or complex numbers.

j(A+Bx) \Vd+ex q
X
(bx+cx?)*?

Optimal (type 4, 420 leaves, 9 steps):
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2 (Ab- (bB-2Ac) x)Vdrex (ZF

3 b2 (bx+cx2)3/2

(b (cd—be) (4de—8Acd+Abe) -c (16Ac2d2+b2e (7Bd+Ae) -8bcd (Bd+2Ae)) x))/

(3b4d (cd-be) /bx+cx
Vx (1422 mEllipticE[Ar‘cSin[\Eﬂ}, oe
Vb V-b © cd
[3 (-b)7?d (cd-be) 1+ed—x \/bx+cx?
e X

(2 (16Ac2d+3bZBe8bc<Bd+Ae))\/?J1+cbX 1+7

2+ ¢ (16Ac*d?+b’e (7Bd+Ae) -8bcd (Bd+2Ae))

1)/

+

EllipticF[Ar‘cSin[\/j;/;], b—Z}J/ (3 <_b>7/2\/?x/d+ex A/ bx+cx?
“b c

Result (type 4, 441 leaves):
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1

3b4ﬁd (cd-be) (x(b+cx)>3/2\/d+ex

n | o

2 (d+ex) (bc (bB—Ac) d (cd—be) x*+cd (-8Ac*d-4b’Be+bc (SBd+7Ae)) X2

(b+cx) +Abd (cd-be) (b+cx)®+ (cd-be) (3bBd-8Acd+Abe)x (b+cx)2) +

n | o

X (b+cx 16 Ac°d“+b“e (7Bd+Ae) -8bcd (Bd+2Ae b+cx) (d+ex] +
( J || (16Acd® b ) ( J) ) )

Jibe<16Ac2d2+b2e(7Bd+Ae) -8bcd (Bd+2Ae)) \/1+L \/1+i x3/2
e X

cX
/g
EllipticE[jAr‘cSinh[—c], ﬂ} -ibe(cd-be) (8Acd-b (4Bd+Ae))

Jx = be

b d L, _ < cd
1+— |1+ — x¥2EllipticF|i ArcSinh] 1, —]
c X ex +/x be

Problem 1282: Result unnecessarily involves imaginary or complex numbers.

A+BX
j dx
Vd+ex (bx+cx2>5/2

Optimal (type 4, 543 leaves, 9steps):
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2+v/d+ex (Ab(cd-be)+c(2Acd-b (Bd+Ae)) x)
3b2d (cd-be) (bx+cx?)??
(2\/d+ex (b (cd-be) (8Ac*d*+b’e (3Bd-2Ae) -bcd (4Bd+5Ae)) +

+

c (16Ac*d®-b’e? (3Bd-2Ae) -8bc?d’ (Bd+3Ae) +b>cde (13Bd+4Ae)) x))/

(3b4d2 (cd-be)2[bx+cx®
b’cde (13Bd+4Ae)) V/x 1.2 \/mEllipticE[ArcSin[\/?\/;], be}J/
b A/ -b cd
s (o6 o ve) 1 o e
e X

{2\5(16Ac2d2+b2e<98dAe)8bcd(Bd+2Ae))&J1+cbx 1+?

2+ c (16Ac*d®>-b’e? (3Bd-2Ae) -8bc?d? (Bd+3Ae) +

+

ipti i Ye Vx, be 72d (cd-be)/d+ex y/bx+cx?
EllipticF [ArcSin| s ] Cd}J/(_%(b) d(cd-be)+/d b

Result (type 4, 514 leaves):
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1

32 (cd-be)? (x (b+cx))*?/d+ex

2 |b(d+ex) (bc2 (bB-Ac)d®>(cd-be)x*+c*d* (-8Ac*d-7b’Be+5bc (Bd+2Ae)) x?
(b+cx) +Abd (cd-be)? (b+cx)’+ (cd-be)® (3bBd-8Acd-2Abe) x (b+cx)?) +

b cx (b+cx) (16Ac3d3+b3e2 (-3Bd+2Ae) -8bc?d? (Bd+3Ae) +
\[ ¢ \

b>cde (13Bd+4Ae)) (b+cx) (d+ex) +
ibe (16Ac*d*+b’e? (-3Bd+2Ae) -8bc*d* (Bd+3Ae) +b’cde (13Bd+4Ae))

n | o

b

C

b d _ cd
1+— |1+ — x¥2EllipticE[iArcSinh|—], —] -
CX e x /X be

ibe (cd-be) (8Ac2d2+b2e (3Bd-2Ae) -bcd (4Bd+5Ae>)

b

\/1+L \/1+i x*/2 E1lipticF [i ArcSinh| C | ﬂ]

cX ex Vx be

Problem 1283: Result unnecessarily involves imaginary or complex numbers.

J A+BX dx
(d+ex)3/2 (bx+cx2)5/2

Optimal (type 4, 706 leaves, 10 steps):
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2 (Ab(cd-be)+c(2Acd-b (Bd+Ae)) x)
3b2d (cd-be)/d+ex (bx+cx2)3/2

(2(b(cd-be) (8Ac*d*+b*e (3Bd-4Ae)-bcd (4Bd+3Ae)) +

+

c(16Ac’d®*+15b*°Bcd’e-be? (3Bd—4Ae) -8bc?d? (Bd+3Ae)) x))/

(3b4d2 (cd-be)?/d+ex x/bx+cx2)+

2e (16Ac4d4—b3cde2 (98d—7Ae) -8bc3d? (Bd+4Ae) +b?c?d%e (19Bd+9Ae) +
b* (6Bde3-8Ae4)) A/ b X+ ¢ x?

(2% (16Ac*d*-b’cde? (9Bd-7Ae) +2b*e’ (3Bd-4Ae) -8bc>d® (Bd+4Ae) +

/(3b4d3 (cd—be)3\/d+ex)—

Ve Vx
Vb cd

b>c?d?e (19Bd+9Ae)) V/x /1+CTX Vd+ex EllipticE[ArcSin|
[3(-b)7/2d3<cd-be)3 1+ed—xw/bx+cx2

(2% (16Ac*d®+15b?Bcd’e-b’e? (3Bd-4Ae) -8bc?d? (Bd+3Ae))

1)/

+

V?W] be
Vo cd

c X e X
Vx J1+ —— |1+ — EllipticF[ArcSin|
b d

(3 (—b)7/2d2 (cd—be)zx/dJrex A/ bx+cx?

Result (type 4, 628 leaves):
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1

3b°d® (cd-be)’ (x (b+cx))*?/d+ex

2 (b (3b“e4 (Bd—Ae) X2 (b+cx)2+bc3 (bB—Ac) d? (—cd+be) x* (d+ex) +

c®d® (8Ac*d+10b*Be-bc (5Bd+13Ae)) x* (b+cx) (d+ex) +Abd (-cd+be)’
(brcx)? (deex)+ (cd-be)® (-3bBd+8Acd+5Abe) x (b+cx)® (d+ex))-

b c X <b+cx) (16Ac4d4+2b4e3 (3Bd—4Ae) -8bc3d? (Bd+4Ae> +
C

b>cde® (-9Bd+7Ae) +b>c*d’e (19Bd+9Ae)) (b+cx) (d+ex) +
ibe (16Ac*d*+2b%*e® (3Bd-4Ae)-8bc’d® (Bd+4Ae) +b’cde? (-9Bd+7Ae) +

n |C

bzczdze(19Bd+9Ae))\/1+i\/1+i x*/2 E1lipticE [i ArcSinh|[——], —] -
e X

cX
[ b
C
b> (-6Bde’+8Ae%)) \/1+L Jui x*/2 E1lipticF[i ArcSinh|[ —], ﬂ]
c X e x VX be

ibe(cd-be) (8Ac*d>+3b’cde (2Bd-Ae) -bc*d* (4Bd+9Ae) +

Problem 1284: Result more than twice size of optimal antiderivative.

J(A+Bx) (d+ex)® (a+cx?) dx

Optimal (type 1, 108 leaves, 2 steps):
(Bd-Ae) (cd*+ae?) (d+ex)®

, . N
6e
(BBcdz—ZAcdeJraBez) (d+ex)7 c(SBd—Ae) (d+ex)8 Bc(dJrex)9
- +
7 e* 8 et 9e*

Result (type 1, 233 leaves):
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1
aAd®°x+ —ad* (Bd+5Ae) x%+ = d3 (Acd2+5aBde+1@aAe2) x3 +
2 3

1
=d? (Bcd3+5Acd2e+10aBde2+10aAe3>x4+
4

1
de (Bcd3+2Acd2e+2aBde2+aAe3) x>+ — e? (1eBcd3+10Acd2e+5aBde2+aAe3) X% +
6

1 1
—e’(16Bcd*+5Acde+aBe’) x’+ —ce® (5Bd+Ae) x*+ —Bce®x’
7 8 9

Problem 1463: Result unnecessarily involves imaginary or complex numbers
A+BXx

dx
J\/d+ex (ZABd—AZe—BZeXZ)

Optimal (type 3, 155leaves, 4 steps):
Log[Bd—Ae—\/?\E\/ZBd—Ae Jd+ex +B <d+ex)]

N
V2 /B eV2Bd-Ae
Log[Bd-Ae++/2 /B \/2Bd-Ae /d+ex +B (d+ex)]

V2 \/B e+/2Bd-Ae
Result (type 3, 259 leaves):

d+e x

(iAe+VA Ve V-2Bd+Ae | ArcTanh| .

JBdfj\/T\/?x/szd+Ae
\/Bd—j\/K\/?\/—ZBd+Ae

d+e x

(—JiAe+\/?\/?\/—ZBd+Ae)Ar‘cTanh[ B

\/quﬁﬁx/fzsmma /
JBd+ivA e _2BdsAe

(\/K\/Fe3/2\/—28d+Ae)

Problem 1464: Result unnecessarily involves imaginary or complex numbers
A+BXx

dx
2 A R2

AeB’e oy (1+x2)
2AB

Optimal (type 3, 133 leaves, 6 steps):

it , [l
o ] \/?\/K\/EAr'cTan[E+

N
Ve

Result (type 3, 142leaves):

VA
ﬁﬁﬁArcTan[gf

%
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VA VB [A-®.2x VA VB [A-%.2x

B
—+2X Ar‘cTanh[ ] —Ar‘cTanh[ ]
B A A-1B A+1B

Problem 1466: Result unnecessarily involves imaginary or complex numbers.

J A+BXx dx

Vdrex (1+x2)

Optimal (type 3, 440 leaves, 10 steps):

(Ae -B (d - \/m) ) ArcTanh [F Jd?re? /2 Jdiex ]

+| d-~/ d?+e?

V2 Vd?re? \/d-/d?+e?

(Ae*B (d—\/m)) ArcTanh[ﬁ+ﬁm]

V2 dZre? AJd-+d?+e?

Ae-B (d+xld2+e2) Log[d++/d*+e? +ex-/2 ([d+~/d*+e* Vd+ex |

2\/?x/d2+e2 «[d+\/d2+e2

Ae—B(d+\/d2+e2) Log[d+xld2+e2 +ex+\/?1/d+x/d2+e2 \/d+eX}J/

2\/?\/d2+e2 «[d+\/d2+e2

Result (type 3, 89leaves):
i (A-1iB)ArcTanh[X8:X] i (A iB) ArcTanh[LéeX ]
N

d-ie d+ie

i
Vd-1e Vd+1ie

/

+
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Problem 1467: Result unnecessarily involves imaginary or complex numbers.
J(l—x) V1+x

1+ x?

dx

Optimal (type 3, 202 leaves, 12 steps):

2 (1+\/7) “2+/1+x
—2\/1+x—\/1+\/7 Ar‘cTan[ ]+

2(71+\/?)

2(1+\/7) 121+ x
1+\/7 Ar‘cTan[ ]—

2(-1+ﬁ)

Log[1+\/7+x— l2(1+\/?) \/1+X} Log[1+\/7+x+ l2(1+\/?) \/1+X}
2\j1+\/? 2\/1+\/?

Result (type 3, 60 leaves):

_zm_<_1_i)3/2Ar‘cTan[ 1+X }_(_1+1)3/2Ar~cTan[ Lex ]

Problem 1468: Result unnecessarily involves imaginary or complex numbers.

J 3+X dx
V4 +3x (1+X2)

Optimal (type 3, 45leaves, 6 steps):
—\/?Ar‘cTan[3—\/7\/4+3x ] +\/7Ar‘cTan[3+\/8+6x ]

Result (type 3, 59 leaves):

(1—3]‘1)ArcTan[@} (1+31‘1)Ar‘cTan[@]

.
N-4a-31 V-4a+3i

Problem 1469: Result unnecessarily involves imaginary or complex numbers.

J 1-3x dx
V4 +3x (1+x2)

Optimal (type 3, 53 leaves, 4 steps):
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7Log[3+x—\/?\/4+3x} Log[3+x+\/7\/4+3x]
V2 V2

Result (type 3, 59 leaves):

(3+J‘1)Ar‘cTan[—\@] (3—1‘1)Ar‘cTan[@]

B 4-3i - V4431
\N-4-31 V-4+31

Problem 1471: Result more than twice size of optimal antiderivative.

J -2+X dx
V-3 +X (—8+X2)
Optimal (type 3, 45leaves, 4 steps):
Ar'cTan[(—1+\/?) V-3+X ] Ar‘cTan[(lJr\E) V-3+X }

V2 V2
Result (type 3, 91 leaves):

~1++/2 | ArcTan B 1++/2 | ArcTan B
32 ) | S| (17 seeran] 2|

[2(3-2V2) + [2(3+2V2)

Problem 1472: Result unnecessarily involves imaginary or complex numbers.

J(A+Bx) Vd+rex Ja+cx? dx

Optimal (type 4, 438 leaves, 7 steps):
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1

—722x/d+ex (4Bcd2—7Acde+5aBe2—3ce (Bd+7Ae) x) Ja+rcx? +
105 ce
2B+/d+ex (a+cx2>3/2

7c

2

4+/-a (4Bcd’-7Acd’e+8aBde*+21aAe’) \d+ex 1. % EllipticE
a
17§CX
Ny 2 Ve (d+ex
Ar‘cSin[ ],— ae }/105\/?e3 #x/a+cx2 "
\/7 \V-a \/?dfae \/?d+ -a e
\/? d+ex
4+/-a (cd2+ae2) (4Bcd2—7Acde+5aBe2) #
\/?d+ -a e
1_§CX
s . 0 \/j 2ae 3/2 o3 2
EllipticF [ArcSin| ]s - ] /(105c/ e’vd+ex yJa+cx
\/7 \ -a \/?d—ae

Result (type 4, 622 leaves):
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1

105/ a + ¢ x?

Vd+ex %2 (a+cx2) (10aBe2+7Ace (d+39x) +Bc (—4d2+3dex+15e2x2)) +
ce

Ve (i\/?d—\/?e) (4Bcd3—7Acd2e+8aBde2+21aAe3>

]‘Lj{ae—ex 7d7@
r s
- —=——— (d+ex)*?EllipticE[i ArcSinh| - ]» Ve d “/;ep
d+ex Vd+ex Jed+iva e
Ja e (\/?dﬂiﬁe) (B<74cd2+31'1\/?ﬁde75ae2 +7A(cde+31’1\5\/?e2>)
e(5£+x idae oy
Ve _ e <d+ex)3/2
\ d+ex d+ex
7d7113[ae

Ve ] \/?d—j\/?e}
Vd+ex ,\/?dJriL\Ee

EllipticF[i ArcSinh|

Problem 1473: Result unnecessarily involves imaginary or complex numbers.

J(A+Bx> Vva+cx? 4
X
\Vd+ex

Optimal (type 4, 365 leaves, 6 steps):
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2+/d+ex (4Bd—5Ae—BBex) va+cx?

15 e?

2

C
4~/-a (4Bcd*-5Acde+3aBe’)/d+rex [1+ EllipticE]
a
173[CX \/—
N-a 2ae c (d+ex
ArcSin| ], - }/15\Ee3 #waJrcxz +
\E \V-a \/?d—ae \Ed+ -a e

d
4+/-a (4Bd—5Ae> (cd2+ae2) M
\/?d+ -a e
1. ex
Nery
EllipticF[ArcSin| . ], - 2ae ] /(15\Ee3\/d+ex \Ja+cx?
\/7 \ -a \/c_d—ae

Result (type 4, 549 leaves):
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1 2(-4Bd+5Ae+3Bex) (a+cx?
L avex A ) (arext)
15V a+c x? e?
1 .
4 |-e? —d—l\/;e (4Bcd*-5Acde+3aBe’) (a+cx?) +
Ve
cet |_d-ivae (d+ex>
C
e(iL 24X ivae i€ _ex
\/?(—i\/?d-%—\/?&) (—4Bcd2+5Acde—3aBe2) Ve o e
d+ex d+ex
—d—®

Ve ] \/?dfj\/?e]Jr
Vd+ex ,\/?d+:|i\/?e

(d+ex)??EllipticE i ArcSinh]

\/?\/?e(\/?dJrj\/a_e) (4B\/?d—3j\/?Be—5A\/?e)

iva e e x 7d7b@

iJae _ e CdiE

e (d+ex)??EllipticF |1 ArcSinh] ]» < = ae]
d+ex \Vd+ex Ve d+iva e

Problem 1474: Result unnecessarily involves imaginary or complex numbers.
J(A+Bx) Va+cx?

)3/2

dx
<d+ex

Optimal (type 4, 352 leaves, 6 steps):
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2 (4Bd—3Ae+Bex) Va+cx?

+ 4\/:\/?(4Bd—3Ae) Ad+ex

3e?2+/d+ex
1 fex
Nery d
EllipticE [ArcSin| ’ ], - 2ae ]/3e3 M [a:cx | -
2 V-a cd-ae Jediv-a e
d
4+/-a (4Bcd*-3Acde+aBe?) M
Ve d+v-a e
1 dex
Ve
EllipticF[ArcSin[ ’ ],— zae ]/(3\/?e3\/d+ex x/a+cx2)
V2 v-a J/cd-ae

Result (type 4, 512leaves):
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1 2(4Bd—3Ae+Bex) (a+cx2)

1 Jdiex "
3vVarex? e’ (d+ex)
2e? (-4Bd+3Ae) _d-ivae (a+cx?)
1 N
2(d+ex) +
, (d+ex>2
et _d_ivace
N
. e(iii+x
————2vc (-ivVcdiae| (-4Bdr3Ae) | "
Vdrex d+ex
Wd-i\/?e}
T Jcdiivae

_d-ivae
3 ] \/?d—j\ge}

2
Vd+ex \/?d+i\/?e

EllipticF[i ArcSinh|

Problem 1475: Result unnecessarily involves imaginary or complex numbers.
J(A+Bx) Va+cx?

(d+ex)®?

dx

Optimal (type 4, 420 leaves, 6 steps):
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—([2 (4Bcd3—Acd2e+2aBde2+aAe3+e (SBch—ZAcde+3aBe2) X) Ja+cx?

/

(Be2 (cd?+ae?) (d+ex)3/2)]f 4+/-a \/?(4Bcd27Acde+3aBe2)

VC X

1-
2 \-a 2

Vdrex |1+ EllipticE[ArcSin| ] - — /
a 2 V-a VJc d-ae

d
3¢’ (cd®*+ae?) M\/a+cx2 +

Ve d+v-a e
d
4+/-a \/c (4Bd-Ae) e (drex)
Ve d+/-a e
=
. ) V-a 2ae
EllipticF[ArcSin| ], - ]/3e3\/d+ex x/a+cx2)
N2 V-a Jcd-ae

Result (type 4, 685leaves):
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mm[2<3d+Ae) Z(SBchZAcde+3aBe2)J

3 e2 (d+ex)2 3e? (cd2+ae2) <d+ex)
1
iva e c (diex)? -1+ ¢ 2
3e4 [ -d- (cd2+ae2) a+
Ve e
. 2 d 2
4(d+ex)3’/2 - —d—Jl\/?e (4Bcd’-Acde+3aBe? ae +c(—1+ +
N (d+ex>2 d+ex
1 d 1
7]’1\/?(\Ed+11\/?e) (4Bcd?-Acde+3aBe?) |1- - iae
d+ex d+ex \/?(d+ex>
_d_jyae
d i Ve d-1
1- + ivae EllipticE i ArcSinh| , Ve 1\/?9}—
d+ex \/?(d+ex) Vd+ex Ve diiva e
1
7\E\Ee(\/?d+j\/?e) (—4B\/?d+3j1\EBe+A\Ee)
Vd+ex
d iva e d iva e
1- - 1- +

drex /¢ (d+ex) drex +/c (d+ex)

_d_jlgzae
Ve ] \/?d—]i\/?e]

Vd+ex Ve driva e

EllipticF[i ArcSinh|

Problem 1476: Result unnecessarily involves imaginary or complex numbers.

3/2

dx

J(A+Bx) (a+cx?)
Vd+ex

Optimal (type 4, 498 leaves, 7 steps):
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1
315e*

4+/d+ex (328cd3—36Acd2e+33aBde2—45aAe3—3e (8Bcd2—9Acde+7aBe2> x)

+

\/72 2v/d+ex (8Bd-9Ae-7Bex| (a+cx2)3/2
a+cx? -

63 e?

8+/-a (36Acde (cd2+2ae2) -B (32c2d4+57acd2e2+21a2e4)) Vd+ex

1_ VC X
c x? L . V-a 2ae
1+ EllipticE[ArcSin| ], - /
a 2 V-a Jcd-ae

d
315+/c e° M la+ex? |+

V?d+ -a e
\/? d+ex
8+-a (cd*+ae’) (32Bcd’-36Acd’e+33aBde’-45aA¢?) #
VJediv-a e
17§CX
.. . V-a 2ae 5 2
EllipticF [ArcSin| ], - ] /[315\/?e Jd+rex yJa+cx
V2 vV-acd-ae

Result (type 4, 818 leaves):
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Vd+ex +/a+cx?

[2 (-64Bcd®>+72Acd’e-106aBde’+135aAe®) 2 (48Bcd?’-54Acde+77aBe?) x

+ +
315 e* 3153

2¢ (—8Bd+9Ae) x2 2Bcx3

+

63 e? 9e

ae? c i (Ve deivae)
(d+ex)? Jdrex

d Ji\/?e

(-36Acde (cd*+2ae’) +B (32c*d*+57acd*e®+21a%e*)) |1- -

d+ex +/c (d+ex)

“d- iva e
d i Ve d- 1
1- ,iae E1lipticE[i ArcSinh| ], Ve l\ge} N
d+ex \E(d+ex) Vd+ex \/?d+i\/?e

#\/?\/?e(\/?dﬂi\/?e) (—9Ax/?e(4cd2—3jm/?\/?de+5ae2)+
\Vd+ex

d j\/?e

B (32c3/2d3—24i\/a cd’e+33a+/c de2—21ia3/2e3)) 1- -

drex o (d-ex)

_d_ivae
d i Ve d-i
1- + ivae EllipticF[i ArcSinh| B Ve l\ge}
d+ex \/?<d+ex) \Vd+ex Ve d+iva e

Problem 1477: Result unnecessarily involves imaginary or complex numbers.

J(A+Bx) <a+cx2)3/2d]
X

(d+ex)?

Optimal (type 4, 448 leaves, 7 steps):
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35e
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7e2+/d+ex

+

8V-a Vc (32Bcd®-28Acd’e+29aBde’-21aAe?) \/drex

17§[CX
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\/? \/ -a \Ed—ae

d
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\/?d+ -a e
L dex
F
EllipticF[Ar‘cSin[ ’ ],, 2ae ]/PSW&WW
V2 V-a cd-ae

Result (type 4, 661 leaves):
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G | VJed-ia e
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ivae oy —d—@
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Problem 1478: Result unnecessarily involves imaginary or complex numbers.

)3/2

(A+Bx) (a+cx?
j dx

(d+ex)5/2

Optimal (type 4, 437 leaves, 7 steps):
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4 (9aBe’+4cd (8Bd-5Ae)+ce (SBd—SAe) x) Va+cx?
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15e4+/d+ex

2 (8Bd-5Ae+3Bex] (a+cx2)3/2

15 e2 (d+ex)3/2

8+v-a V¢ (9aBe’+4cd (8Bd-5Ae)) Vd+ex

Ve x

1 -
Neey d

EllipticE [ArcSin| ’ |s - 2ae ]/1595 M [arcx? |+
\/7 \V-a \/?d—ae \/?d+ -a e

8+ -a \/?(3ZBcd3—20Acd2e+17aBde2—5aAe3> M
Ve di-a e
1 Yex
L . V-a 2ae
EllipticF[ArcSin| ], - /15e5\/d+ex v a+cx?
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Result (type 4, 628 leaves):
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1
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Vd+ex 7;2 (a+cx2) (5aAe3+5aBe2 (2d+3ex) -5Ace (8d2+1edex+e2x2) +

et (d+ex)2

Bc (64d3+80d2ex+8de2x2—3e3x3)) -

1 .
8 |-e? —d—]l\/;e (32Bcd2—20Acde+9aBe2) (a+cx2>+
, Ve
eb d-ivee (d+ex)
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e(iL & X ivae i€ _ex
\/?(—i\/?d-%—\/?&) (—328cd2+20Acde—9aBe2) Ve e
d+ex d+ex
_d_jyae
e d- i
<d+ex)3/2EllipticE[JiAr‘cSinh[ Ve l\/?e]+\/?\/?e

Vd+ex \/?d+i\/?e

7d7j13[a e

\/7 o
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Problem 1479: Result unnecessarily involves imaginary or complex numbers.

J(A+Bx) (a+cx2)3/2d]
X

(drex)””?

Optimal (type 4, 541 leaves, 7 steps):
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[4c (3ZBcd3—12Acd2e+29aBde2—9aAe3+e (SBcd2—3Acde+5aBe2) x) iJa+cx?

(15e4(cd2+ae2) \/m)—
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(15e2 (cd?+ae?) (d+ex)5/2) +|8+v-a c¥?(32Bcd’-12Acd’e+29aBde’-9aAe’)

NVC X
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d
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Ve d+y-ae a
171[CX
L . V-a 2ae
EllipticF [ArcSin| ]s - ]/15e5\/d+ex v a+cx?
\/7 \ -a \/c_d—ae

Result (type 4, 789 leaves):
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_ 2 2
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1

. ¢ (drex)? (142 :
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C e
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ivVa e ae? d 2
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\Vd+ex
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+
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\/?e(\/c_dﬂ'l\/?e) (—3ZBcd2+24J'L\/a_B\/c_de+12Acde—SaBeZ—QJi\/?A\/c_eZ)

EllipticE|i ArcSinh|

d im/?e 1 d J‘m/?e

+

deex Ve (d+ex) deex Ve (d+ex)
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Ve \Edfj\/?e]

Vd+ex \/C_d+:|'1\/?e

EllipticF[i ArcSinh|

Problem 1480: Result unnecessarily involves imaginary or complex numbers.

J(A+Bx) (d+ex)?? 5
X

Va+cx?
Optimal (type 4, 388 leaves, 7 steps):
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2(3Bd+5Ae)/d+ex va+cex? ZB<d+ex)3/2\/a+cx2
15c¢ 5c

2+/-a (3Bcd2+20Acde-9aBe2) Vd+ex

EllipticE|
a

_Jex
! N -a 2ae \/c_(d+ex)

ArcSin| ]s - }/15c3/2e —7 Ja+cx? |+
\/7 \V-a \/?d—ae \/?d+ -a e

2+/-a (3Bd+5Ae) (cd*+ae?) M
Ve d+/-a e
1o dex
L . V-a 2ae
EllipticF|[ArcSin| ], - ] /[15 c>2e~Jd+rex yJa+cx?
A2 V-a Jcd-ae

Result (type 4, 550 leaves):
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1 JiTex 2(6Bd+5Ae+3Bex) (a+cx?) .
15V a+c x? c
= 2 |e? —d—jl\/?e (3Bcd*+20Acde-9aBe?) (a+cx?) +
2e? [_q_idae (d+ex) Ve

e(iL 2 X ivae i€ _ex
\/?(—J'l\/?d-%—\/?e) (3Bcd?+20Acde-9aBe?) Ve _ e
d+ex d+ex
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Ve ] \/?dfj\/?e]
N

Vd+ex %d+:|i\/?e
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ivee(Vedrivae)(15acd-9aBe+iva Vc (3Bd+5Ae))
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e (d+ex)??EllipticF |1 ArcSinh] ]» < = ae]
d+ex \Vd+ex Ve d+iva e

Problem 1481: Result unnecessarily involves imaginary or complex numbers.

J<A+BX> \Vd+ex
Vva+cx?

Optimal (type 4, 331 leaves, 6 steps):

dx
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2B/d+ex Varcx?

3¢
1_}CX
c x? V-a 2ae
2+/-a (Bd+3Ae)+d+ex [1+ EllipticE [ArcSin| |, - /
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e 2ae
EllipticF [ArcSin| ], - ] /[3c3/2e\/d+ex \Ja+cx?
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Result (type 4, 464 leaves):
1

3cvVa+cx?

(Bd+3Ae) (a+cx2)

1
+—1ic (Bd+3Ae)

2+/d+ex B(a+cx2)+

d+ex e?
e ex AR edlivae
Ve Jdex EllipticE[i ArcSinh| s |+
d+ex Vd+ex \/?d+]i\/?e
1
e _d_J‘L ae
e

Ve ] \/?dfj\ge}

\Vd+ex EllipticF[jArcSinh[ )
Vd+ex \/?d+]i\/?e
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Problem 1482: Result unnecessarily involves imaginary or complex numbers.

A+BX
J dx
VJd+ex Va+cx?

Optimal (type 4, 288 leaves, 5 steps):

1_ Yex
2 -a 2
“ll2v-aBydrex |1+ % EllipticE [ArcSin| ]s - 2e ]/
a V2 vV-a vJcd-ae
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Result (type 4, 439 leaves):
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"= e(giﬂ( ivae oy
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e 2
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Problem 1483: Result unnecessarily involves imaginary or complex numbers.

J A+BX g
X
(d+ex)3’/2\/a+cx2

Optimal (type 4, 344 leaves, 6 steps):
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c (d+ex 2 V-a 2
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Ve di-a e a 2 V-a A/cd-ae
[\/?e\/d+ex \Ja+cx?
Result (type 4, 320leaves):
e [ x ivae oy
2 Ve _ e (d+ex)
d+ex d+ex
_d_ivae
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Problem 1484: Result unnecessarily involves imaginary or complex numbers.

dx

J(A+BX) (d+ex)3/2

(a+cx2)3/2

Optimal (type 4, 345leaves, 6 steps):
Vd+ex (a(Bd+Ae) - (Acd-aBe) x|
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Result (type 4, 596 leaves):
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/

Problem 1485: Result unnecessarily involves imaginary or complex numbers.

dx

j(A+Bx) \d+ex

(a+cx2)3/2

Optimal (type 4, 319leaves, 6 steps):
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Result (type 4, 431 leaves):
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acva+cx?
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Ae (a+cx?) 1 mex
\Vd+ex —aB+Acx—¥——iAc Ve
d+ex e d+ex
7d71'13[ae
Ve cd-i1vae
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Problem 1486: Result unnecessarily involves imaginary or complex numbers.

A+BX
J dx
d+ex (a+cx2)3’/2
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Optimal (type 4, 356 leaves, 6 steps):
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Result (type 4, 525leaves):
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Problem 1487: Result more than twice size of optimal antiderivative.

J(A+Bx) (d+ex)” (a+cx2>3dlx

Optimal (type 3, 372leaves, 2 steps):
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Result (type 3, 875leaves):
1
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3a’ce® (840 +638m+179m* +22m> +m*) (2d*-2de (1+m) x+e® (2+3m+m’) x*) +
3ac’e® (42+13m+m?) (24d*-24d%e (1+m) x+12d*e? (2+3m+m’) X* -
4de® (6+11m+6m?+m’) x> +e* (24+50m+35m> +10m> +m*) x*) +
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x>+ e® (720 + 1764 m + 1624 m> + 735m* + 175m* + 21m° + m®) x°) ) -
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3a’ce® (1680 + 1866 m+ 251 m* + 26 m> +m*) (-6d>+6d* e (1+m) x -
3de® (2+3m+m?) x>+ e (6+11m+6m”+m’) X°) -3 ac?e” (56+15m+m?)
(—120d5+120d4e(1+m)x—60d3e2 (2+3m+m2)x2+20d2e3 (6+11m+6m2+m3)x3—
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Problem 1490: Result unnecessarily involves imaginary or complex numbers.

(A+Bx) (d+ex)"
J dx
a+cx?

Optimal (type 5, 202 leaves, 4 steps):



Mathematica 11.3 Integration Test Results for 1.2.1.3 (d+e x)~m (f+g x) (a+b x+c x~2)~p.nb | 201

\/? <d+ex)

- (aB+x/—a A\E) (d+ex>1*m Hypergeometric2F1[1, 1+m, 2+m, ————"—
Ved-+/-ae

1/

(Zaﬁ(\ﬁdf\/:e) (1+m)) -

\/?(dJrex)
Ve d+/-a e

1)/

(=t
Ve
(2\/:(\/?d+\/:e> (1+m>)

] (d+ex) LM Hypergeometric2Fl (1, 1+m, 2+m,

Result (type 5, 241 leaves):
1

(d+ex)’"
2+/a cm
(\/?B—JiA\/?) Ve (dvex] Hypergeometric2F1[-m, -m, 1 -m, Vedrivae ] +
e(_j\/?JrWX) iva e-+c ex
(\/a—B+iA\/?) \/?(dJreX) Hyper‘geometr‘icZFl[—m, -m,1-m, - \/?d_i\/?e}
e(j\/?+\/?x) Ji\/?e+\/?ex

Problem 1491: Unable to integrate problem.

dx

J(A+BX) <d+eX)m

(a+cx2)2

Optimal (type 5, 361 leaves, 5steps):
(d+ex)*" (a (Bd-Ae) - (Acd+aBe) x)
- +

2a (cd2+ae2) (a+cx2>

((ae(AchraBe)m—\/:\/?(A (cd®*+ae? (1—m))+aBdem))

1/

\/?(d+ex)
Ve d-+/-ae

(d+ex) 1" Hypergeometric2F1[1, 1+m, 2 +m,

(4a2\/? (Wd—ﬁe) (cd2+ae2) (1+m)> +
(ae(Acd+aBe)m+\/:\E(A (cd*+ae? (17m))+aBdem))

1/

\E(d+ex)
Ve d+/-a e

(d+ex) 1M Hypergeometric2Fil (1, 1+m, 2+m,

(4a2\/? (\/?d+\/:e) (cd®+ae?) (1+m))

Result (type 8, 24 leaves):
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j(A+Bx) (d+ex)™

(a+cx2)2

dx

Problem 1492: Result unnecessarily involves imaginary or complex numbers.

J(A+Bx) (d+ex)" 5
X

a+cx?

Optimal (type 5, 202 leaves, 4 steps):

e (d+ex)

{[(aBJr\/a A\/?) (d+ex)2”"Hyper‘geometr‘icZFl[l, 2+m, 3+m, —————
Ved-+/-ae

1/

(Za\/?(\ﬁd—\/je) (2+m)) -

Ve (d+ex)

[RE=x A faen)
Ve di-a e

Ve
(2\/:(\/?d+\/:e) (2+m>)

] (d + ex)*™Hypergeometric2F1[1, 2 +m, 3 +m,

1/

Result (type 5, 303 leaves):
1

2+/a c3?m
2+/a Bvc m (d+ex)

1+m

\E(dJrex)
e(—i\/?+\/?x)

(d+ex)"

+(Ji\/?B+A\/?) (—J'l\/?d+\/;e)

Ve d+ia e
Ji\/?e—\/?ex

Hypergeometric2F1 {—m, -m, 1-m,

]+ (—Ji\/?B+A\/?) (J'l\/?d+\/?e)

\/? <d+ex)
e (]1\/?+\EX)

Ned-i+va e
iva e+Vc ex

Hyper‘geometr‘icZFl[—m, -m, 1-m, -

]

Problem 1508: Result more than twice size of optimal antiderivative.

J(b+2cx) (a+bx+cx2)2dlx

Optimal (type 1, 16leaves, 1step):

%(a+bx+cx2>3

Result (type 1, 36 leaves):

1x(b+cx) (3a2+3ax(b+cx) + x2 (b+cx>2)
3
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Problem 1518: Result more than twice size of optimal antiderivative.

J(b+2cx) (a+bx+cx2)3d1x

Optimal (type 1, 16leaves, 1step):

1

— +bx+ 2)4

. (a+bx+cx?)

Result (type 1, 51 leaves):

1x(b+cx) <4a3+6a2x (b+cx) +4ax? (b+cx)2+x3 (b+cx)3)
4

Problem 1565: Result more than twice size of optimal antiderivative.

J(b+2cx) (dJrex)3 (a+bx+cx2)5/2d1x

Optimal (type 3, 446 leaves, 8steps):

%3 (b2—4ac)3e(40c2d2+11b2e2—4ce(10bd+ae)) (b+2cx)m—
65536 ¢

! 5(b2—4aC)2e(40c2d2+11b2e2—4ce(10bd+ae)) (b+2cx) (a+bx+cx?)??+
8192 ¢

! 4(b2—4ac)e(46c2d2+11b2 ?-4ce(lobd+ae)) (b+2cx) (a+bx+cx2>5/2+
2560 c

(2cd-be) (d+ex)2 (a+bx+cx2)7/2

+ = (d+ex>3 <a+bx+cx2)7/z+;
30 c 5 6720 c3

(128 c*d>-99b’e*+4bce® (90bd+97ae) -8c*de (17bd+160ae) +

l4ce (8c*d*+11b’e’-4ce (2bd+9ae)) x) (a+bx+cx2)7/27;
131072 c13/2
3 (b>-4ac)e (40c2d>+11b2e’>~4ce (18bd+ae)) ArcTanh| br2cx
2+/c Va+bx+cx?

Result (type 3, 927 leaves):
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! 2/ Jarx[brcx)

13762560 c'3/?
(3465b°% e® - 210b°%ce® (60d+1lex) -640b* c>ex® (9d*+8dex+2e*x?) +

168b’ c*e (75d*+50dex+11e®x*) +64b> c*ex® (165d*+90dex +22e*x*) -48b° e

X (175d2+140dex+33e2x2) +16384 c® x° (120d3+315d2ex+280de2x2+84e3x3> +

5120 b% c® x> (384d> + 897 d* ex + 734 d e x* + 207 > X%} +

8192b c® x> (720d> + 1845d* e x + 1610 d e® x* + 476 > X*) +

2048 b> ¢’ x* (2880 d°> + 7125d* e x + 6860 d e X* + 1757 e x?) -

1280 a* c*e? (-449be+2c (512d+63ex)) +1280a° c> (-537b’ e’ +62b*ce® (27d+4ex] -
2bc’e (837d*+374dex+65e*x*) +4c> (384d>+315d° ex+128d e’ x*+21e’ %)) + 96

a’c? (3003 b° e’ -10b* ce? (1022d + 167 ex) -40b* > ex (141d*+92dex + 19 e’ x?) + 20 b
c’e (511d*+282dex+55e*x%) +16@b c* x (384 d> +663d* e x + 454d e’ x* + 114> x*) +
64 c> x> (960 d* + 2065 d”* e x + 1600 d e* x* + 434 > x?) | +

16ac (-3255b7 e’ +42b°ce® (275d+48ex) -160b>c*ex® (33d*+26dex+6e*X?) +
20b*c?ex (357d*+264dex+59e*x*) -6b° c?e (1925d* + 1190 d e x + 249 e* X?) +
960 b® c* x> (384 d> + 815d* e x + 628 d e* x* + 170 &> X°) +
512¢’ x* (720d> + 1785d* e x + 1520 d e X* + 441 > X°) +
256 b c® x* (2880 d> + 6765 d” e x + 5550 d e® x* + 1567 & X*) | | -

315 (b>-4ac)’e (40c?d? +11b*e? -4ce (10bd+ae))

Log[b+2cx+2\/?1/a+x (b+cx) ])

Problem 1566: Result more than twice size of optimal antiderivative.
J(b+2cx) (d+ex)2 (a+bx+cx2)5/2d1x

Optimal (type 3, 289 leaves, 7 steps):
5 (b2—4ac)3e (2cd-be) (b+2cx) Va+bx+cx?

8192 ¢°
5(b2—4ac)2e(2cd—be) (b+2cx) (a+bx+cx2)3/2
N
3072 ¢4
(b>-4ac)e(2cd-be) (b:2cx) (a+bx+cx2)5/2+g (drex)? (asbxscx?)’s
192 ¢ 9
2(32c2d2+9b2e2—2ce(9bd+16ae)+14ce(2cdfbe) x) (a+bx+cx?)’? -
504 c
5(b2—4ac)4e(2cd—be) Ar‘cTanh[b*Z#]

2+/c ~Ja+bx+cx?

16384 c11/2

Result (type 3, 593 leaves):
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1
1032192 c'1/2

(2E1/a+x (b+cx) (-315b%e?-32768a%c*e’+210b’ ce (3d+ex) -84b°c?ex (5d+2ex) +

48 b°> 3 e x? (7d+3ex) -32b%c*ex? (9d+4ex> +
4096 c® x° (36d* + 63dex +28e”x*) +2048b c’ x> (216d* +369d e x + 161 e* X*) +
1536 b c® x* (288d* + 475d e x + 202 e* x*) + 256 b*> c*> x> (576 d* + 897 d e x + 367 €* x*) +
64a>c’ (837b’e’-2bce (837d+187ex) +4c® (576d*+315dex+64e>x?)) +
48a°c? (-511b%*e’-4b’c’ex (141d+46ex) +2b>ce (511d+14lex) +
32c*x* (288d* +413dex +160e’x*) +16bc’ x (576 d* + 663 de x + 227 e*x?) ) +
4ac (1155b6e2—32b3‘c3ex2 (33d+13ex) -42b°ce <55d+17ex) +
12b*c?ex (119d+44ex) +512c®x* (216 d* +357d e x + 152 e* X*) +
768 b c® x> (288 d* +451dex +185e*x?) +192b% c* x* (576 d* + 815d e x + 314 e*x*) ) ) +

315 (b2—4ac>4e (-2cd+be) Log[b+2cx+2+c (Ja+x (b+cx) ])

Problem 1628: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(b+2cx) vd+ex \Ja+rbx+cx? dx

Optimal (type 4, 576 leaves, 7 steps):
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—%2Vd+ex (8c2d2+b2e2—ce(11bd—10ae)—3ce(2cd—be> x) \Ja+rbx+cx? +
105 ce
i\/d+ex <a+bx+cx2>3/2+

7

c (a+bx+cx2)

22 A/b2-4ac (2cd-be) (4c®d*-b*e*-4ce (bd-2ae))Vd+ex |-

b2-4ac

foaae -
E1lipticE[ArcSin| 1, - 2+/b?>-4ac e | /
V2. 2cd-(b+b?-4ac e

c (d+ex
105 c? e3 ( ) Ja+rbx+cox? | -

2cd- (b+\/b2—4ac ) e

2+/2 +/b%2-4ac (cdszde+ae2) (16c2d27b2e274ce (4bd75ae)>

b+y/b%-4ac +2cx
c (d+ex) c (a+bx+cx?) Jbaac

- EllipticF [Ar‘cSin [ } s

2cd—(b+\/b274ac)e b2-4ac NPy

2/b%2-4
_ ace ] /[105c2e3\/d+ex \Ja+bx+cx?
2cd—(b+\/b2—4ac)e

Result (type 4, 5323 leaves):
JiTex _2(8czdz—llbcde+b2e2720ace2) 2 (2cd+9be) x 4cx?

+ +

a+x<b+cx) +
105 ¢ e? 35e 7
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1

105ce*a+bx+cx?

a+Xx (b+cx) 4(2cd—be) (4c2d2—4bcde—b2e2+8ace2) (d+ex)3/2

[ c d? bde ae? 2cd be /
c+ _ . ~ .

(d+ex)* (d+ex)? (d+ex)? d+ex d+ex

2 e(b-t4, e
<d+ex>2 c<_1+d+ix) * d+ex7 ) 1
c - B d
R e R
c -

2 (cd®-bde+ae?) (d+ex) [c+ cd?  bde . ae?  2cd | be

( ) )

(d+ex)2 <d+ex)2 (d+ex)2 d+ex d+ex

2 (cd’-bde+ae?
411\/7c3d3(2cd—be+w/b2e2—4ace2) 1- ( )

(ch—be—\/b2e2—4ace2) (d+ex)

2 (cdz—bde+ae2)

1-
(2cd—be+\/b2e274ace2) (d+ex)
\/_ cd’*-bde+ae?
E11ipt] E['A < h 2cd-be- b2e24ace2 } 2cd-be-+b%2e2_4ace? ]
1ptTic 1 Arcs>1n N _
Vd+ex 2cd-be+b2e?-4ace?
\/7 B cd’-bde+ae?
2cd-be-+/b%e?-4ace?
E1lipticF[i ArcSinh| s

\Vd+ex

2cd-be-+b%2e?-4ace? ]
2cd-be+Vb2e2-4ace?

/ (cd*>-bde+ae?)
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cd’-bde+ae? cd’-bde+ae? -2cd+be .
- C+ + ~lei2
2Cd—be—m (d+ex)2 d+ex

2 (cdz—bde+ae2>

bc?d?’e |2cd-be++/b%>e?-4ace? 1-

(chfbefx/b2e274ace2) (d+ex)

2(cd2—bde+ae2)

1_
(2cd—be+\/b2e2—4ace2) <d+ex)
r cd*-bde+ae?
-~ E['A . h 2cdbe/b’e? 4ace’ } 2cd-be-+b2e2_4ace? ]
ipticE|i ArcSin s
Vd+ex 2cd-be+Vb2e2_-4ace?
\/? _ cd*-bde+ae?
2cd-be-+/b2e?-4ace?
E1lipticF [i ArcSinh| ]

Vd+ex

2cd-be-+b2e2-4ace? ]

/ (cdz—bde+ae2)
2cd-be+Vb2e2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- : C+ : + : +11vV2
2cd-be-+vb%e?-4ace? (d+ex)? d+ex

2 (cdz—bde+ae2)

b2cde? |2cd-be++/b%>e?-4ace? 1-

(2cd—be—x/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) (d+ex)

1-

\/? B cd’*-bde+ae?
2cd-be-\/b2e?-4ace’ 2cd-be-+/b2e2-4ace? ]

E1lipticE[i ArcSinh| ]

\d+ex 2cd-be+Vb%2e?-4ace?
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2cd-be-/b2e?-4ace?

E1lipticF [i ArcSinh| ]s

Vd+ex

[ \/ cd’-bde+ae?

2cd-be-+b2e2-4ace? ]
2cd-be+Vb2e2-4ace?

/ (cdz—bde+ae2)

cd’-bde+ae? cd’>-bde+ae? -2cd+be ]
- C+ + + 812
2cd-be-+/b2e2_-4ace? (dJrex)2 d+ex

2 (cd*-bde+ae?)
(ch—be—\/b2e2—4ace2) (d+ex)

ac’de?|2cd-be++/b%?e?-4ace? 1-

2 (cdz—bde+ae2)

1-
(2cd—be+\/b2e274ace2) (d+ex)
/ cd’*-bde+ae?
E11ipt] E['A < h 2cd-be- b2e24ace2 } 2cd-be-+b%2e2_4ace? ]
1pTic 1 Arcs>1n > _
Vd+ex 2cd-be+b2e?-4ace?
\/7 B cd’-bde+ae?
2cd-be-+/b%e?-4ace?
E1lipticF[i ArcSinh| )5

\Vd+ex

2cd-be-+b%2e?-4ace? ]

/ (cd*>-bde+ae?)
2cd-be+Vb2e2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+vb2e2-4ace? (dJrex)2 d+ex

2 (cdz—bde+ae2)

(2cdfbe7\/b2e274ace2) (d+ex)

ib*e®|2cd-be++/b%e?-4ace? 1-
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2 (cdszde+ae2)
(chfbe+\/b2e274ace2) (d+ex)

1-

EllipticE[i ArcSinh|

2cd-be-~/b*e>-4ace? 2cd-be-+/b%2e?2-4ace?

]s | - EllipticF[i

Vd+ex 2cd-be++vVbZe?-4ace?

/2 \/ cd’-bde+ae?

ﬁ _ cd’-bde+ae?
2cd-be/b>e>-dace? 2cd-be-+b2e?-4ace? } /

Ar‘cSinh[ ];

Vd+ex 2cd-be++vb2e?-4ace?

cd?’-bde+ae?

2cd-be-+b%2e?-4ace?

\E(Cdz—bde+ae2) -

cd’-bde+ae? -2cd+be
C+ i + * - 14i+2 abce?

(d+ex)? d+ex

2 (cd?’-bde+ae?
(2cd—be+x/b2e2—4ace2) 1- ( )

(ch—be—\/b2e2—4ace2) (d+ex)

2 (cdz—bde+ae2)
(2cd—be+x/b2e2—4ace2) <d+ex)

1-

/ \/ cd’-bde+ae?

2cdbe/ble? dace? 2cd-be- b2e274ace2]

EllipticE|i ArcSinh| B

Vd+ex 2cd-be++/b%2e?2-4ace?

2cd-be-+/b%e’-4ace?
\Vd+ex

/2 \/_ cd’-bde+ae?

EllipticF[i ArcSinh]

s

2cd-be-+/b%2e?2-4ace? ]
2cd-be++/b2e?2-4ace?

/ (cdz—bde+ae2)
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cd’-bde+ae? cd’>-bde+ae? -2cd+be
- C+ + +

2cd-be-+/b2e2-4ace? (d+ex)2 d+ex

2(cd2—bde+ae2)

(chfbefx/b2e274ace2) (d+ex)

812 c3d? |1-

2 (cdz—bde+ae2)
(2cd—be+x/b2e2—4ace2) <d+ex)

1-

/ cd®*-bde+ae?
2cdbe/ble? dace’ 2cd-be- b2e2—4ace2}/

EllipticF[i ArcSinh| ]

Vd+ex 2cd-be+Vb2e?2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
C+ + -

2cd-be-+/b2e2-4ace? (d+ex)2 d+ex

2 (cdszde+ae2)

(chfbe—\/b2e274ace2) (d+ex)

8i+2 bc2de |1-

2 (cdz—bde+ae2)
(2cd—be+x/b2e2—4ace2) <d+ex)

1-

[ cd’-bde+ae?
2cd-be- bzez4ace2 2cd-be- b2e274ace2} /

EllipticF[i ArcSinh| ]

Vd+ex 2cd-be+b2e?2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
C+ + -

2cd-be-+b2e2-4ace? (d+ex)? d+ex

2 (cdszde+ae2)

2cdfbe—\/b2e274ace2) (d+ex)

ib%?ce? |[1-
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2 (cdz—bde+ae2)

1-
(2cd—be+\/b2e2—4ace2 ) <d+ex)
\/7 cd’*-bde+ae?
2cd-be- b2e24acez 2cd—be—\/m
EllipticF [i ArcSinh| ]

Vd+ex 2cd-be++vVbZe?-4ace?

cd?’-bde+ae? cd?’-bde+ae?
vz |- ’ ¢ L
2cd-be-+/b2e2-4ace? (d+ex>2

2 (cdz—bde+ae2)

(chfbefx/b2e274ace2) <d+ex)

10142 ac’?e? |1-

2 (cdz—bde+ae2)

1-
(2cd—be+\/b2e2—4ace2 ) <d+ex)
\/7 cd’-bde+ae?
2cd-be/brerdace? 2cd-be-+b2e?-4ace?
EllipticF [i ArcSinh| ]

Vd+ex 2cd-be++vVbZe?-4ace?

cd’-bde+ae? cd?’-bde+ae? -2cd+be
- C+ +
2cd-be-+b%e?-4ace? (d+ex)?

1/

1/

Problem 1629: Result unnecessarily involves complex numbers and more than

twice size of optimal antiderivative.
J(b+2cx) Va+bx+cx?

\Vd+ex
Optimal (type 4, 487 leaves, 6 steps):

dx
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2+/d+ex (8cd—7be—6cex) Vva+bx+cx?

- +

15 e?

C (a+bx+cx2)

V2 A/b*-4dac (16c2d2+b2e2—4ce<4bd—3ae))\/d+ex -

b2-4ac

b+y/b%2-4ac +2cx
Vb?-dac 2vVb2-4ac e ] /

EllipticE [ArcSin| ]»

NS _ch—(b+\/m)e

15 c 3 c<d+ex) Ja+rbx+cox? | -
2cd—(b+\/b2—4ac)e

c (d+ex)
162 +/b2-4ac (ch—be) (cd>-bde+ae?)
2cd- (b+\/b2—4ac)e

b+y/b*-4ac +2cx
b 2 \/b%-4ac A h2 _
_clarbxs+cx) EllipticF [ArcSin| ], - 2Vb7 fdace ]/
b2-4ac V2 2cd—(b+\/b2—4ac)e

(15ce3\/d+ex \Ja+bx+cx?

Result (type 4, 3387 leaves):

2(-8cd+7b
[ < car e)+4cx \/d+ex1/a+x(b+cx) +
5e

15 e?

1

15e*va+bx+cx?

a+x (b+cx) [2 (16 c*d*-16bcde+b*e*+12ace?)
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(d ex>3/2 [c cd? bde ae? 2cd be /
+ + _ + _ .
(d+ex)2 (d+ex)2 <d+ex)2 d+ex d+ex
2 e(b-t4. e
<d+ex>2 C(_1+d+dex) - d+exv 1
c - B
(d+e x)? C(l dex)2+e‘b:x7‘]
C 2
e
2 2
2 (cd’-bde+ae?) (drex) |c+ cd” _bde ael  2cd  be

(d+ex)2 <d+ex)2 (d+ex>2 d+rex d+ex

2 (cd?-bd 2
4iv2 @ 2cd-besfbeaace | |1 (c e+ae?)
(2cd-be-bPer-4ace? | (d+ex]

2 (cd*-bde+ae?)
(2cd—be+\/b2e2—4ace2) <d+ex)

1-

\/_ cd’>-bde+ae?
2cdbe/b’e> 4ace’ 2cd—be—\/b2e2—4ace2]

EllipticE[i ArcSinh| B

Vd+ex 2cd-be+Vb2e2-4ace?

/2 _ cd’-bde+ae?
2cd-be-+/b2e?-4ace?

E1lipticF [i ArcSinh| ]s

Vd+ex

2cd-be-+b2e2-4ace? ]

/ (cdz—bde+ae2)
2cd-be+Vb2e?-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be

- c+ + - l4i+2
2cd-be-+vb2e2-4ace? (dJrex)2 d+ex

2 (cd*-bde+ae?)
(ch—be—\/b2e2—4ace2) (d+ex)

1-

bcde(ch—beM/bzez—4ace2




Mathematica 11.3 Integration Test Results for 1.2.1.3 (d+e x)~m (f+g x) (a+b x+c x~2)~p.nb | 215

2(cd2—bde+ae2)
(2cd—be+\/b2e2—4ace2) <d+ex)

1-

r cd’-bde+ae?
2cdbe/b’e? 4ace’ } 2cd-be-+b2e2_-4ace?

EllipticE[i ArcSinh|

» —

Vd+ex 2cd-be+Vb2e2-4ace?

[ _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

Vd+ex

EllipticF[i ArcSinh|

2cd-be-+b2e2-4ace? ]

/ (cdz—bde+ae2)
2cd-be+Vb2e2-4ace?

cd’-bde+ae? cd’>-bde+ae? -2cd+be
- C+ + +
2cd-be-+/b2e2-4ace? (d+ex)2 d+ex

2 (cdz—bde+ae2>
(ch—befx/b2e274ace2) (d+ex)

i b?e?

2cd-be++/b2e?-4ace?

1-

2 (cd*-bde+ae?)
(2cd—be+\/b2e2—4ace2) <d+ex)

1-

EllipticE[i ArcSinh|

[2 \/_ cd’-bde+ae?

2cd-be-/b?e*-4ace? 2cd-be-+b2e?2-4ace?
| | - EllipticF[i
Vd+ex 2cd-be++b2e2-4ace?

V2 _ cd’>bderae’
2cd-be-+/b?e?-4ace? ] 2cd-be-+/b%?e?2-4ace? /

ArcSinh |

3

Vd+ex 2cd-be++vb2e?-4ace?

cd’-bde+ae?

2cd-be-+b2e2_-4ace?

2\/7(cd2—bde+ae2) -




216 | Mathematica 11.3 Integration Test Results for 1.2.1.3 (d+e x)~m (f+g x) (a+b x+c x~2)"~p.nb

cd’-bde+ae? -2cd+be

C+ + +131+v2 ace?

(d+exf d+ex

2 (cd’-bde+ae?
(2cd—be+\/b2e2—4ace2) 1- ( )

(ch—befx/b2e2—4ace2) (d+ex)

2(cd2—bde+ae2)

1-
(chfbe+VB:;iZE?ET)<d+e@
/ cd’-bde+ae?
E1lipt] E['A < h 2cd-be- b2e24aceZ } 2cd7be7\/m]
ipticE|i ArcSin , _
Vd+ex 2cd-be++b%2e?2-4ace?
\/7 B cd’-bde+ae?
2cd-be-+/b%e?-4ace?
E1lipticF [i ArcSinh| |

Vd+ex

2cd-be-+/b%2e?2-4ace? ]

/ (cdszde+ae2)
2cd-be+/b2e?-4ace?

cd?’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+/b2e?2-4ace? (d+ex)2 d+ex
2 (cd*’-bde+ae?
8i+2 c2d |1- ( )
(2cd—be—VFZ?fZE?€7)(d+e@
1 2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) (d+ex)

\/7 B cd’-bde+ae?
2cd-be-+/b?e’-4ace? 2cd-be-+b%2e?2_4ace? } /

E1lipticF [i ArcSinh| ]s

Vd+ex 2cd-be++vVb2e?-4ace?




Mathematica 11.3 Integration Test Results for 1.2.1.3 (d+e x)~m (f+g x) (a+b x+c x~2)~p.nb | 217

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -
2cd-be-+/b2e2-4ace? (d+ex)? d+ex

2 (cd*-bde+ae?)
(ch—be—\/b2e2—4ace2) (d+ex>

4i\/7bce 1-

2 (cdz—bde+ae2)

1-
2cd be:Vorer dacer) (drex)
\/— cd’-bde+ae?
2cd-be- bzez4ace2 2cd-be-+vb2e2-4ace?
E1lipticF[i ArcSinh | ] ] /
Vd+ex 2cd-be+Vb2e?-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ +
2cd-be-+/b2e2-4ace? (d+ex>2 d+ex

Problem 1630: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Problem 1631: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Result (type 4, 3463 leaves):
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2cd-be-+b2e2_-4ace? ]

/ (cdz—bde+ae2)
2cd-be+Vb2e2_-4ace?

cd’-bde+ae? cd’>’-bde+ae? -2cd+be
C+ + +

2cd-be-+/b2e2-4ace? (d+exﬁ d+ex

2cdbe/b’e> 4ace’ } 2cd—be—\/b2e2—4ace2]
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2 (cd*-bde+ae?)

8i+2 c2d |1-
(2cd—be—\/b2e2—4ace2) (d+ex)
. 2(cd27bde+ae2)

(2cd—be+\/b2e274ace2) (d+ex)

/ \/ cd’-bde+ae?

2cd-be- bzez4ace 2cd—be—\/m
EllipticF[i ArcSinh] |s }/
Vd+ex 2cd-be+vVb2e2-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -
2cd-be-+Vb%?e?-4ace? (d+ex)? d+ex
2 (cd?’-bde+ae?
4i\/7bce 1- ( >
(ch—be—\/b2e2—4ace2) (d+ex)
. 2(cd27bde+ae2)

(2cd—be+\/b2e274ace2) (d+ex)

/ \/ cd’-bde+ae?

2cdbe/b?e? dace’ 2cd-be-+Vb2e?-4ace?
E1lipticF[i ArcSinh | ] ] /
Vd+ex 2cd-be++Vb2e?-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ +
2cd-be-+/b2e2-4ace? (d+ex)? d+ex

Problem 1632: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(b+2cx) Va+bx+cx?

(d+ex)7/2

dx
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Optimal (type 4, 691 leaves, 7 steps):
4(2cd—be> (4c2d2—b2e2—4ce (bd—2ae)) Va+bx+cx?
15 e2 (cdz—bde+ae2)2\/d+ex

(2 (8c2d37cde (de74ae) -be? (Zbdf3ae) e (14c2d2+b2e272ce (7bd75ae)) x)

rJa+bx+cx?

/(15e2 (cd*-bde+ae?) (d+ex)5/2) -

c (a+bx+cx?)

b2-4ac

22 +/b2-4ac (ch—be) (4c2d2—b2e2—4ce(bd—2ae))x/d+ex \/—

b+y/b%2-4ac +2cx

Jvaac o
EllipticE[ArcSin| o ],_2 dzm) }/
cd- (b+ -4ac |e

+

d
15 e3 (cdzbde+ae2>2J c (drex) rJa+bx+cx?

2cd—(b+\/b2—4ac)e

2cd7(b+\/m)e

d
242 +/b2-4ac (16c?d?-b2e*-4ce (4bd5ae))J c (drex)

b/ b’>-4ac +2cx

b 2 A/ b*-4ac I h2 _
,C<a+ x+cx?) EllipticF[ArcSin| ]s - 2VbT-4ac e ]/
b2-4ac 2 2cd7(b+x/b274ac)e

15 3 (cdz—bde+ae2>\/d+ex \Ja+bx+cx?

Result (type 4, 5427 leaves):
-2cd+be)

Vd+ex 1/a+x(b+cx> —2(

5 e2 (d+ex)3
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2 (14c2d2—14bcde+b2e2+10ace2) 4(—2cd+be) (4c2d2—4bcde—b2e2+8ace2)
- +

15e? (cd?’-bde+ae?) (d+ex)2 15 e2 (cdz—bde+ae2)2 (d+ex)
1

15 e* (cdszde+ae2)2\/a+bx+cx2

2¢ a+x(b+cx)

2
-||2(2cd-be) (4c*d®*-4bcde-b’e?+8ace?) (d+ex)3/2[c+ cd® _bde |

(d+ex)2 (dJrex)2

bd
-

(d+ex)2 C (—1+ d

+
d+e x d+e x

/ c .
e2

)2 e (b

- +

ae? 2cd be
(d+ex>2 d+ex d+ex

' (cd®-bde+ae?) (d+ex)
c E
c cd? bde a e? 2cd be
+ _ + B .
<d+ex)2 (d+ex>2 (d+ex)2 d+ex d+ex

2 (cd’-bde+ae?
411\/7c3d3(2cd—be+w/b2e2—4ace2) 1- ( )

(ch—be—\/b2e2—4ace2) (d+ex)

2 (cdz—bde+ae2)

1-
(2cd—be+\/b2e274ace2)<d+ex)
\/_ cd’>-bde+ae?
s , . 2cd-be/b?eraace 2cd-be-+b%2e?-4ace?
EllipticE[i ArcSinh| B ] -

Vd+ex 2cd-be+b2e?2-4ace?

/2 B cd’-bde+ae?
2cd-be-+/b%e?-4ace?

EllipticF i ArcSinh| |

Vd+ex
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2cd-be-+b2e2-4ace? ]
2cd-be+Vb%2e?-4ace?

/ (cd®>-bde+ae?)

cd’-bde+ae? cd’-bde+ae? -2cd+be .
- C+ + ~leir2
2cd-be-+/b2e2_-4ace? (d+ex)2 d+ex

2 (cdz—bde+ae2>

(ch—be—\/b2e2—4ace2) (d+ex)

bc?d?e [2cd-be++/b2e?-4ace? 1-

2(cd2—bde+ae2)

1-
(2cd—be+x/b2e2—4ace2) <d+ex)
\/— cd’-bde+ae?
2cd-be- bze -4ace? chfbe,\/m
EllipticE|i ArcSinh| B ] -

Vd+ex 2cd-be+b*e?-4ace?

/2 _ cd’-bde+ae?
2cd-be-+/b%e*-4ace?

Vd+ex

EllipticF[i ArcSinh]

]

2cd-be-+/b%2e?2-4ace? ]

/ (cdz—bde+ae2)
2cd-be++/b2e?2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be _
- C+ + v liv2
2cd-be-+Vb%eZ-4ace? (d+ex)? d+ex

2 (cdz—bde+ae2>

(ch—be—\/b2e2—4ace2) (d+ex)

2cd-be++/b2e?-4ace?

b2 cde? 1-

2(cd2—bde+ae2)

(2cd—be+\/b2e2—4ace2) <d+ex)

1-
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ﬁ B cd*-bde+ae?
2cd-be-\/b2e?-dace? 2cd-be-+b2e2_-4ace? ]

EllipticE[i ArcSinh] B

Vd+ex 2cd-be+Vb2e2-4ace?

2cd-be-+/b%e?-4ace?

E1lipticF [i ArcSinh| ]

Vd+ex

/2 \/ cd’-bde+ae?

2cd-be-+b2e2-4ace? ]
2cd-be+Vb2e2-4ace?

/ (cdz—bde+ae2)

cd’-bde+ae? cd’>-bde+ae? -2cd+be ]
- c+ + +|8i+/2
2cd-be-+/b2e2_-4ace? (dJrex)2 d+ex

2 (cd*-bde+ae?)

ac’de?|2cd-be++/b%?e?-4ace? 1-

(ch—be—\/b2e2—4ace2) (d+ex)

2 (cdz—bde+ae2)

1-
(2cd—be+\/b2e274ace2) (d+ex)
/ cd*-bde+ae?
Ellipti E['A S h 2cd-be/bPerdace? } 2cd-be-+b%2e?-4ace? ]
ipticE|i ArcSin s
Vd+ex 2cd-be+Vb2e2-4ace?
\/7 B cd®’-bderae?
2cd-be-+/b%e?-4ace?
E1lipticF[i ArcSinh| s

\Vd+ex

2cd-be-+b%2e?-4ace? ]

/ (cd*>-bde+ae?)
2cd-be+Vb2e2-4ace?

cd?’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +

2cd-be-+vb2e2-4ace? (dJrex)2 d+ex
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2 (cd*-bde+ae?)

ib*e®*|2cd-be++/b%e?-4ace? 1-
(ch—be—\/b2e2—4ace2) (d+ex)
2(cd2—bde+ae2)
1- EllipticE|i ArcSinh|

(2cd—be+\/b2e2—4ace2) <d+ex)

ﬁ B cd’-bde+ae?
2cd-be/b2e>-dace? 2cd-be-+b2e?-4ace?

] | - EllipticF|i

Vd+ex 2cd-be++Vb2e?-4ace?

/2 B cd’>bderae?
2cd-be-\/b2e’-4ace? 2cd-be-+/b%?e?-4ace? } /

ArcSinh| ]»

Vd+ex 2cd-be+b%2e?2-4ace?

cd’-bde+ae?

2cd-be-+/b%2e?-4ace?

\E(CdszdeJraez) -

cd’-bde+ae? -2cd+be
C+ + -14i+2 abce?

(d+ex)2 d+ex

2(cd2—bde+ae2)
(2cd—be+xlb2e2—4ace2) 1-
(chfbefx/bzezf4ace2) (d+ex)

2(cd2—bde+ae2)

1-
(2cd—be+\/b2e2—4ace2 ) (d+ex)
r cd’*-bde+ae?
2cdben/b2er aace 2cd-be-+b%e?-4ace?
EllipticE|i ArcSinh| | ] -

Vd+ex 2cd-be+Vb2e2-4ace?

[ _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

E1lipticF [i ArcSinh| ]s

Vd+ex
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2cd-be-+b2e2-4ace? ]

/ (cd®>-bde+ae?)
2cd-be+Vb%2e?-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+vb2e2-4ace? (dJrex)2 d+ex
2 (cd®’-bde+ae?
812 c3d? |1- ( )
[2cd-be-vb7e? aace’ | (drex]
1 2(cd2—bde+ae2)

(2cd—be+\/b2e2—4ace2> <d+ex)

[ \/ cd’-bde+ae?

2cd-be/brerdace? 2cd-be-+/b%?e?2-4ace?
EllipticF[i ArcSinh| ] ] /
Vd+ex 2cd-be++Vb2e?-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -
2cd-be-+b2e2-4ace? (d+ex)2 d+ex

2(cd2—bde+ae2)

(chfbefx/b2e274ace2) (d+ex)

8i+2 bc2de |1-

2(cd2—bde+ae2)

1_
(2cd—be+\/b2e2—4ace2) <d+ex)
\/7 cd’-bde+ae?
2cdbe/b’e 4ace’ 2cd-be-+/b%?e?-4ace?
E1lipticF[i ArcSinh | ] ] /
Vd+ex 2cd-be++vVbZe?-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
C+ + -

2cd-be-+b2e2-4ace? (d+ex)2 d+ex
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2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

ib’>ce? |[1-

2 (cdszde+ae2)

1-
(2cd—be+\/b2e274ace2)<d+ex)
\/— cd®’-bde+ae?
2cd-be- bzez4ace 2cd—be—\/m
EllipticF[i ArcSinh] |s }/
Vd+ex 2cd-be+vVb2e2-4ace?
Nl B cd’-bde+ae? c+cd27bde+ae2+72cd+be N
2cd-be-+b%?e?-4ace? (d+ex)? d+ex

2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

1012 ac?e? |1-

2 (cdszde+ae2)

1-
(2cd-be-Vb7el-aace? | (d-ex]
\/— cd®*-bde+ae?
2cd-be- bze -4ace? 2cd7be—\/m
E1lipticF[i ArcSinh | ] ] /
Vd+ex 2cd—be+m
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ +
2cd-be-+/b2e2-4ace? (d+ex)? d+ex

Problem 1633: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

b+2 b 2)3/2
J< + cx) (a+ X +cx?) ix

Vd+ex
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Optimal (type 4, 688 leaves, 7 steps):
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1
315 ce?

12c*de (20bd-11ae) -3ce (32c?d*+b’e’-4ce (8bd-7ae)) x) \Ja+bx+cx® -
2+/d+ex (16cd-15be-14cex) (a+bx+cx?)??
63 e?

2+/d+ex (128c3d3—b3e3+3bce2 (37bd—36ae) -

+

2+/2 +/b2-4ac (128 c*d*-b*e*-4cd’e (64bd—57ae) -b?2cé? (7bd—15ae) +

C (a+bx+cx2)

3c?e® (45b°d*-76abde+28a’e?)) Vd+ex |- ;
bs-4ac

b+y/b%-4ac +2cx
A b2-4ac Zme } /
)e

EllipticE [ArcSin| ]s -

2 2cd—(b+\/b2—4ac

315 c? e’ c(d+ex) Ja+rbx+cex? | -
2cd—(b+\/b2—4ac)e

22 +/b2-4ac <2cd—be) (cdz—bde+ae2) (128c2d2—b2e2—4ce(32bd—33ae)>

bi/b2-4ac +2cx
c(d+ex) \/ ¢ (a+bx+cx?) Vbi-dac

EllipticF [ArcSin| ]s

2cd—(b+\/b2—4ac)e b2-4ac V2

2Vb%2-4ac e
- ] /[315c2e5\/d+ex rJa+bx+cx?
2cd- b+\/b2—4ac)e

| 239
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Result (type 4, 7917 leaves):

1
a+bx+cx?
1
Vd+ex —742 (128c3d3—240bc2d2e+111b2cde2+212ac2de2—b3e3—183abce3) +
315 ce

4 (48c*d*-88bcde+39b*e?+77ace?) x 2c (16cd-29be) x? 4c2x3
- +

3153 63 e? 9e
1

(a+x (b+cx))3/2—

315 c e® (a+bx+cx2)3/2

2 (a+x (b+cx))? 2 (128c*d*-256bc>d*e+135b2 c?d?e? +

228ac3d2e2—7b3cde3—228abc2de3—b4e4+15ab2ce4+84a2c2e4)

(d ex)3/2 {c cd? bde ae? 2cd be /
+ + _ N - .
(d+ex)®> (d+ex)® (d+ex)? d+ex d+ex
2 g 12 e[b-t2e
<d+ex> (C <_1+d+ex) * d+e x 1
C eZ ' ( bd ae
c .
2 2
(cd*-bde+ae?) (d+ex) [c+ cd ___bde , 28 _2cd . be 64 i

(d+ex)2 (d+ex>2 (d+ex)2 d+ex d+ex

2 (cdszde+ae2)

(chfbef\/b2e274ace2) (d+ex)

1-

A2 ¢t d? (ch—beer/b2e2—4ace2

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) (d+ex)

1-

EllipticE[i ArcSinh]

\/7 B cd*-bde+ae?
2cd-ben/b’e>-dace? 2cd-be-+/b2e?2-4ace?

]» | - EllipticF[i

Vd+ex 2cd-be+Vb%2e2-4ace?
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\/? _ cd’-bde+ae?
2cd-be-+/b?e?-4ace? ] 2cd—be—\/b2e2—4ace2} /

ArcSinh|

3

Vd+ex 2cd-be++vbZe?-4ace?

cd’-bde+ae?

2cd-be-+b2e2-4ace?

(cdz—bde+ae2) -

cd’-bde+ae? -2cd+be
c+ es : ~l128ivV2 b de
(d+ex)2 d+ex

2 (cd’-bde+ae?
(2cd—be+xlb2e2—4ace2) 1- ( )

(ch—be—\/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)
(2cd—be+\/b2e2—4ace2) (d+ex)

1-

/ \/ cd’*-bde+ae?

2cd-be/b?edace? 2cd-be-+/b%?e?2-4ace?
E1lipticE[i ArcSinh| ] ]

> —

Vd+ex 2cd-be+Vb2e?-4ace?

/2 _ cd’-bde+ae’
2cd-be-+/b2e?-4ace?

EllipticF i ArcSinh]|
\Vd+ex

2cd-be-+b2e2-4ace? ]

/ (cdz—bde+ae2)
2cd-be+Vb2e?-4ace?

cd’-bde+ae? cd?’-bde+ae? -2cd+be -
- C+ + +|1351ib
2cd-be-+/b2e2_-4ace? (dJrex)2 d+ex

2 (cd*-bde+ae?)
(ch—be—\/b2e2—4ace2) (d+ex)

c?d?e? 1-

2cd-be++/b*e?2-4ace?
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2(cd2—bde+ae2)
(2cd—be+\/m) <d+ex)

1-

E1lipticE[i ArcSinh|

\/? _ cd*-bde+ae?
2cd-be-~/b*e*-4ace? 2cd-be-+/b%2e?2-4ace?

] | - EllipticF[i

Vd+ex 2cd-be++vbZe?-4ace?

ﬁ _ cd’-bde+ae?
2cd-be-+/b2e*-4ace? 2cd-be-+vb2e?2-4ace? } /

Ar‘cSinh[ ]:

\Vd+ex 2cd-be+Vb2e?2_4ace?

cd’-bde+ae?

2cd-be-+/b’e?-4ace?

V2 (cd®>-bde+ae?) |-

cd’-bde+ae? -2cd+be
C+ + +]1141+2 acdd?e?

(d+ex)2 d+ex

2 (cd’-bde+ae?
e berforer aacer | 1o < )

(2cd-be-bTel 4ace? ) (d:ex

2(cd2—bde+ae2)
(chfbe+m) (d+ex)

1-

/ cd*-bde+ae?
2cdbe/b’e? 4ace’ 2cd-be- b2e2—4ace2]

E1lipticE[i ArcSinh| |

Vd+ex 2cd-be++/b2e?2-4ace?

\/7 B cd’-bde+ae?
2cd-be-+/b%e’-4ace?

Vd+ex

EllipticF[i ArcSinh|

s

2cd—be—\/m]

/ (cdszde+ae2)
2cd-be+/b%2e?-4ace?
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cd’-bde+ae? cd’>-bde+ae? -2cd+be
- C+ + -
2cd-be-+/b2e2-4ace? (d+ex)2 d+ex

2 (cdz—bde+ae2)

(ch—bef\/b2e274ace2) (d+ex)

1-

7ib3cde? (ch—beﬂlbzez—4ace2

2 (cd*-bde+ae?)
(2cd—be+\/b2e2—4ace2) <d+ex)

1-

EllipticE[i ArcSinh|

ﬁ B cd’-bde+ae?
2cd-be-+/b2e*-4ace? 2cd-be-+vb2e2-4ace?

|» | - EllipticF[i

Vd+ex 2cd-be++Vb%e2-4ace?

\/? _ cd’-bde+ae?
2cd-be-v/b?e?-4ace? 2cd-be-+b%2e2-4ace? } /

ArcSinh| ]s

Vd+ex 2cd-be++vb2e?-4ace?

cd’-bde+ae?

2cd-be-+b2e2_-4ace?

ﬁ(cdz—bde+ae2) -

cd®’-bde+ae? -2cd+be
C+ + - 111412 abc?®de?

(d+ex)2 d+ex

2(cd2—bde+ae2)
(2cd—be+xlb2e2—4ace2) 1-
(ch—be—\/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)
(2cd—be+\/b2e2—4ace2) <d+ex)

1-

/ cd’-bde+ae?
2cdbe/b?e>4ace’ 2cd-be-+b%2e2-4ace?

EllipticE[i ArcSinh] |, ] -

Vd+ex 2cd-be+Vb2e2-4ace?




244 | Mathematica 11.3 Integration Test Results for 1.2.1.3 (d+e x)~m (f+g x) (a+b x+c x~2)"~p.nb

[ _ cd’-bde+ae?
2cd-be-/b2e?-4ace?

Vd+ex

EllipticF[i ArcSinh|

2cd-be-+b2e2-4ace? ]

/ (cdz—bde+ae2)
2cd-be+Vb2e2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ +
2cd-be-+/b2e2-4ace? (d+ex)? d+ex
2(cd27bde+ae2)
ib*e* |2cd-be++/b*e?-4ace? 1-
(ch—befx/b2e274ace2) (d+ex)
2 (cd*-bde+ae?)
1- EllipticE[i ArcSinh|
(2cd—be+\/b2e2—4ace2) <d+ex)
\/7 B cd®’-bde+ae?
2cd-be/b2e>-dace? 2cd-be-+b2e?-4ace?
] | - EllipticF[i
Vd+ex 2cd-be++Vb2e2-4ace?
\/? _ cd’>-bdetae’
2cd-be-+/b2e?-4ace? 2cd—be—\/m
ArcSinh| ] ] /
Vd+ex 2cd-be++vb2e?-4ace?

cd?’-bde+ae?

2cd-be-+b2e2-4ace?

\/7<cd2—bde+ae2) -

cd’-bde+ae? -2cd+be o 4
C+ + +|151ab“ce
(d+ex)2 d+ex

2(cd2—bde+ae2)
(2cd—be+xlb2e2—4ace2) 1-
(ch—be—\/b2e2—4ace2) (d+ex)
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2 (cdz—bde+ae2)
(2cd—be+x/b2e2—4ace2) <d+ex)

1-

E1lipticE[i ArcSinh|

\/? _ cd*-bde+ae?
2cd-be-~/b*e*-4ace? 2cd-be-+/b%2e?2-4ace?

] | - EllipticF[i

Vd+ex 2cd-be++vbZe?-4ace?

ﬁ B cd®*-bde+ae?
2cd-be/b’e? dace? 2cd-be-+b2e?-4ace? } /

Ar‘cSinh[ ]:

Vd+ex 2cd-be++vVb2e?2-4ace?

cd’-bde+ae?

2cd-be-+b%2e?-4ace?

\E(Cdz—bdeJraez) -

cd’-bde+ae? -2cd+be
C+ ! + * + (4212 a?c?e?

(d+exf d+ex

2 (cd’-bde+ae?
(2cd—be+\/b2e2—4ace2) 1- ( )

(ch—befx/b2e2—4ace2) (d+ex)

2 (cdz—bde+ae2)
(chfbe+\/b2e274ace2> <d+ex)

1-

/ cd*-bde+ae?
2cdbe/b’e? 4ace’ 2cd-be-+/b2e?2-4ace?

EllipticE|i ArcSinh| B ] -

Vd+ex 2cd-be++/b2e?2-4ace?

/2 _ cd’-bde+ae?
2cd-be-+/b%e’-4ace?

Vd+ex

EllipticF[i ArcSinh|

s

2cd-be-+/b%2e?2-4ace? ]

/ (cdszde+ae2)
2cd-be+/b%2e?-4ace?
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cd’-bde+ae? cd’>-bde+ae? -2cd+be
- C+ + +

2cd-be-+/b2e2-4ace? (d+ex)2 d+ex

2 (cdz—bde+ae2)

(chfbe—\/b2e2—4ace2) (d+ex)

128 i+/2 c*d® |1-

2 (cdz—bde+ae2)
(2cd—be+x/b2e2—4ace2) <d+ex)

1-

/ cd®*-bde+ae?
2cdbe/ble? dace’ 2cd-be- b2e2—4ace2}/

EllipticF[i ArcSinh| |»

Vd+ex 2cd-be+Vb2e?2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
C+ + -

2cd-be-+/b2e2-4ace? (d+ex)2 d+ex

2 (cdszde+ae2)

(ch—befx/b2e274ace2) (d+ex)

192i+/2 bc3d?e |1-

2 (cdz—bde+ae2)
(2cd—be+x/b2e2—4ace2) <d+ex)

1-

[ cd’-bde+ae?
2cd-be- bzez4ace2 2cd-be- b2e274ace2} /

EllipticF[i ArcSinh| |

Vd+ex 2cd-be+b2e?2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
C+ + +

2cd-be-+b2e2-4ace? (d+ex)? d+ex

2 (cdszde+ae2)

2cdfbe—\/b2e2—4ace2) (d+ex)

6312 b2c2de? |1-
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2(cd2—bde+ae2)

1_
(2cd—be+\/b2e2—4ace2) <d+ex)
\/7 cd’*-bde+ae?
2cd-be- b2e24ace2 2cd—be—\/m
EllipticF [i ArcSinh| ] ] /
Vd+ex 2cd-be++vVbZe?-4ace?
cd?’-bde+ae? -bde+ae? -2cd+be
- + +
2cd-be-+b2e2-4ace? d+ex)2 d+ex

2 (cdz—bde+ae2)

(chfbefx/b2e274ace2) (d+ex)

132i+/2 ac®de? |1-

2(cd2—bde+ae2)
(2cd—be+\/b2e2—4ace2) <d+ex)

1-

\/7 cd’-bde+ae?
2cdbe/b’e dace? ] 2cd—be—\/b2e2—4ace2}/

EllipticF [i ArcSinh|

Vdrex 2cd-be+Vb2e?-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
- C+ + +
2cd-be-+b2e2-4ace? (d+ex)2 d+ex

2<cd2—bde+ae2)

(2cd—be—x/b2e2—4ace2) (d+ex)

ib>ce® |[1-

2(cd2—bde+ae2)
(2cd—be+\/b2e2—4ace2) <d+ex)

1-

V2 _ cd’>-bdetae’
2cd-be-/b*e?-4ace? 2cd-be-+b2e?-4ace? } /

EllipticF i ArcSinh| ]

Vd+ex 2cd-be++vVbZe?-4ace?
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cd’-bde+ae? cd?’-bde+ae? -2cd+be
V2 - C + + _
2cd-be-+/b%2e2_-4ace? (d+ex>2 d+ex

2 (cd*-bde+ae?)
(ch—be—\/b2e2—4ace2) (d+ex)

6612 abc?e® [1-

2 (cdz—bde+ae2)

1-
(2cd-be-VbTe?-gace? | (drex]
\/— cd’-bde+ae?
o . . 2cd-be- bze2 4ace? 2cd-be-+vb2e2-4ace?
ElllpthF[nAr‘cSmh ], } /

Vd+ex 2cd-be++Vb2e?2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ +
2cd-be-+/b2e2-4ace? (d+ex>2 d+ex

Problem 1634: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

3/2

b+2 b 2
J( + cx) (a+ x+cx> ix

<d+ex)3/2

Optimal (type 4, 592 leaves, 7 steps):
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1
42x/d+ex (128c2d2+51b2e2—4ce (44bd—5ae) -48ce (ch—be) x) \Ja+rbx+cx? +

35e

2(16cd—7be+2cex) (a+bx+cx2)3/2

7e2+/d+ex
V2 A/b?2-4ac (2cd—be) (128c2d2+3b2e2—4ce (32bd—29ae)) d+ex
b+y/b*-4ac +2cx
¢ (a+bx+cx?) Vb?-4ac 2v/b%-4ac e
- EllipticE |[ArcSin| ]s - ] /
b’-4ac 2 2cd—(b+\/b2—4ac)e

35ce’® c<d+ex) Ja+bx+cx? |+
2cd—(b+\/b2—4ac)e

4+/2 ~/b*-4ac <cd2—bde+ae2) (128c2d2+27b2e2—4ce (32bd—5ae))

bi/b2-4ac +2cx
c(d+ex) c(a+bx+cx2) \b*-4ac

_ E1lipticF [ArcSin| ]s

2cd—(b+\/b2—4ac)e b2-4ac NEY

2/b?_4
- ac e ] /[35ce5\/d+ex \Ja+bx+cx?
2cd- b+\/b274ac)e

Result (type 4, 5373 leaves):
1

a+bx+cx?
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2 (58c2d2—71bcde+16b2e2+3@ace2) 2¢ (26cd—23be) e

\/m(a+x<b+cx))3/2

+

35 } 35¢3
4 c2x? 2(—2cd+be) (cd®-bde+ae?) 1

7 e2 e (d+ex) 35 eb (a+bx+cx2)3/2

2(a+x(b+cx))3/2 [(2cd-be) (128 c*d*-128bcde+3b?e? +116ace?)

d? bd 2 2cd b
(d+ex)3/2 [C+ ¢ - € + ae - ¢ + €

(d+ex)2 (d+ex)2 (d+ex)2 d+ex d+ex

/

<d+ex>2(c (71+ d )2+e b,bd+?e )

d+e x d+ex 1
c . )
e ( bd ae |
c .
cd? bde ae? 2cd be
(cd®-bde+ae’] ([drex) [c- - + - - 64 i
<d+ex)2 (d+ex)2 (d+ex>2 d+ex d+ex

2 (cdz—bde+ae2)

(chfbe—\/b2e274ace2) (d+ex)

1-

2 a3 (2cd—be+x/b2e2—4ace2

2 (cdz—bde+ae2)
(chfbe+x/b2e274ace2> <d+ex)

1-

/ cd*-bde+ae?
2cdben/b’e? 4ace’ 2cd-be-+/b2e?2-4ace?

EllipticE|i ArcSinh| ], ] -

Vd+ex 2cd-be+/b2e?2-4ace?

/2 _ cd’-bde+ae?
2cd-be-+/b%e’-4ace?

E1lipticF[i ArcSinh | ]

Vd+ex
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2cd-be-+b2e2-4ace? ]
2cd-be+Vb%2e?-4ace?

/ (cd®>-bde+ae?)

cd’-bde+ae? cd’-bde+ae? -2cd+be ,
- C+ + ~l96i2
2cd-be-+/b2e2_-4ace? (d+ex)2 d+ex

2 (cdz—bde+ae2>

(ch—be—\/b2e2—4ace2) (d+ex)

bc?d?e [2cd-be++/b2e?-4ace? 1-

2(cd2—bde+ae2)

1-
(2cd—be+x/b2e2—4ace2) <d+ex)
\/— cd’-bde+ae?
2cd-be- bze -4ace? chfbe,\/m
EllipticE|i ArcSinh| B ] -

Vd+ex 2cd-be+b*e?-4ace?

/2 _ cd’-bde+ae?
2cd-be-+/b%e*-4ace?

Vd+ex

EllipticF[i ArcSinh]

]

2cd-be-+/b%2e?2-4ace? ]

/ (cdz—bde+ae2)
2cd-be++/b2e?2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be ,
- c+ + + |67 1
2cd-be-+Vb%eZ-4ace? (d+ex)? d+ex

2 (cdz—bde+ae2>

(ch—be—\/b2e2—4ace2) (d+ex)

2cd-be++/b2e?-4ace?

b2 cde? 1-

2 (cdz—bde+ae2)

2cd—be+\/b2e274ace2) (d+ex)

1-

EllipticE[i ArcSinh|
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/2 \/_ cd’-bde+ae?

2cd-be-/b2e?-4ace? 2cd-be-+b2e2_43ce?
], | - EllipticF[i
Vd+ex 2cd-be++vVb2e?-4ace?

[> \/ cd’-bde+ae?

2cd-be-\/b2e?-4ace? 2cd-be-+b%?e?-4ace?
ArcSinh| I, 1/
Vd+ex 2cd-be+b%2e?2-4ace?
cd’-bde+ae?
\E(CdszdeJraez) - *
2cd-be-+/b%2e?-4ace?
cd’-bde+ae? -2cd+be
C+ * + * + 15812 ac?de?
(d+ex)2 d+ex

2 (cd®’-bde+ae?
(2cd—be+xlb2e2—4ace2) 1- ( )

(chfbefx/bzezf4ace2) (d+ex)

2(cd2—bde+ae2)
(2cd—be+\/b2e2—4ace2) <d+ex)

1-

\F cd’-bde+ae?
2cdbe/b’e> 4ace’ } 2cd—be—\/b2e2—4ace2]

EllipticE|i ArcSinh|

3

Vd+ex 2cd-be+Vb2e2_-4ace?

[ _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

Vd+ex

EllipticF[i ArcSinh|

2cd-be-+b2e2_-4ace? ]

/ (cdz—bde+ae2)
2cd-be+Vb2e2_-4ace?

cd’-bde+ae? cd’>’-bde+ae? -2cd+be
C+ + -

2cd-be-+/b2e2-4ace? (d+exﬁ d+ex
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2 (cd*-bde+ae?)

3ib*e*|2cd-be++/b%2e?-4ace? 1-
(ch—be—\/b2e2—4ace2) (d+ex)
2(cd2—bde+ae2)
1- EllipticE|i ArcSinh|

(2cd—be+\/b2e2—4ace2) <d+ex)

ﬁ B cd’-bde+ae?
2cd-be/b2e>-dace? 2cd-be-+b2e?-4ace?

] | - EllipticF|i

Vd+ex 2cd-be++Vb2e?-4ace?

/2 B cd’>bderae?
2cd-be-\/b2e’-4ace? 2cd-be-+/b%?e?-4ace? } /

ArcSinh| ]»

Vd+ex 2cd-be+b%2e?2-4ace?

cd’-bde+ae?

2cd-be-+/b%2e?-4ace?

zﬁ(cdszdeJraez) -

cd’-bde+ae? -2cd+be
C+ + - 1291+/2 abceé

(d+ex)2 d+ex

2(cd2—bde+ae2)
(2cd—be+xlb2e2—4ace2) 1-
(chfbefx/bzezf4ace2) (d+ex)

2(cd2—bde+ae2)

1-
(2cd—be+\/b2e2—4ace2 ) (d+ex)
r cd’*-bde+ae?
2cdben/b2er aace 2cd-be-+b%e?-4ace?
EllipticE|i ArcSinh| | ] -

Vd+ex 2cd-be+Vb2e2-4ace?

[ _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

E1lipticF [i ArcSinh| ]s

Vd+ex
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2cd-be-+b2e2-4ace? ]
2cd-be+Vb%2e?-4ace?

/ (cd®>-bde+ae?)

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +

2cd-be-+vb2e2-4ace? (dJrex)2 d+ex

2 (cdz—bde+ae2)

(chfbefx/b2e274ace2) (d+ex)

128 i+/2 c3d® |[1-

2(cd2—bde+ae2)

(2cd—be+\/b2e2—4ace2> <d+ex)

1-

/ cd*-bde+ae?
o . ) 2cdbe/b’e dace’ 2cd-be-+/b%?e?2-4ace?
EllipticF[i ArcSinh| ] ] /

Vd+ex 2cd-be++Vb2e?-4ace?

cd’-bde+ae? -bde+ae? -2cd+be
_ + _
2cd-be-+b2e2-4ace? d+ex)2 d+ex

2 (cdz—bde+ae2)

(chfbefx/b2e274ace2) (d+ex)

128 i /2 bc?de |1-

2(cd2—bde+ae2)

(2cd—be+\/b2e2—4ace2) <d+ex)

1-

\/7 cd’-bde+ae?
2cdbe/b’e 4ace’ 2cd-be-+/b%?e?-4ace?
E1lipticF[i ArcSinh | ] ] /

Vd+ex 2cd-be++vVbZe?-4ace?

cd’-bde+ae? cd?’-bde+ae? -2cd+be
C+ + +

2cd-be-+b2e2-4ace? (d+ex)2 d+ex
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2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

27142 b*ce? |1-

2 (cdszde+ae2)

1-
(2cd—be+\/b2e274ace2) (d+ex)
\/— cd®’-bde+ae?
2cd-be- bze2 4ace? 2cd—be—\/m
EllipticF[i ArcSinh] |s ] /
Vd+ex 2cd-be+vVb2e2-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C + + +
2cd-be-+vb2e2-4ace? (d+ex)2 d+ex

2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

201+/2 ac’?e? |1-

2 (cdszde+ae2)

1-
(2cd-be-Vb7el-aace? | (d-ex]
\/— cd®*-bde+ae?
2cd-be- bze -4ace? 2cd7be—\/m
E1lipticF[i ArcSinh | ] ] /
Vd+ex 2cd—be+m
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ +
2cd-be-+/b2e2-4ace? (d+ex)? d+ex

Problem 1635: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

b+2 b 2)3/2
J< + cx) (a+ X +cx?) ix

<d+ex)5/2
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Optimal (type 4, 573 leaves, 7 steps):

1 2 42 2 .2 2
e — ) (128c d*+15b%°e’-4ce (28bd-9ae) +16ce (2cd-be) x) \Ja+bx+cx® +
15e*+/d+ex

2 (16cd-5be+6cex) (a+bx+cx2)3/2

.
15 e2 (d+ex>3/2

c (a+bx+cx?)

22 +/b2-4ac <128c2d2+23b2e2—4ce (32bd—9ae)) Vdrex |-

b2-4ac

b+y/b%2-4ac +2cx

Jvaac o
EllipticE[ArcSin| o ],_2 dzm) }/
cd- (b+ -4ac |e

d
15 e° c( +ex) Ja+rbx+cox? |-

2cd—(b+\/b2—4ac)e

2+/2 \/b*-4ac (2cd-be) (128c?d?+15b%e’-4ce (32bd-17ae))

b+y/b%-4ac +2cx

c (d+ex) c (a+bx+cx?) Joaac
- EllipticF [ArcSin| ]
2cd—(b+\/m)e b?-4ac V2

2Vb%2-4ac e
- ¢ ] /[15ce5x/d+ex \Ja+rbx+cx?
2cd- (b+\/b2—4ac)e

Result (type 4, 8929 leaves):
1

a+bx+cx?
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2c (28cd-17b 2 2 (-2cd+b d2_-bd 2
\d+ex (a+x(b+cx)>3/2(— c(28¢ e)+4c X (-2cd+be) (c e+ae)_

15 et 5 e3 3e“(d+ex)2

4 (11c*d*-11bcde+2b%e?+3ace?) 1

- 2 (a+x (b+cx))??

3e* (d+ex) 15 ef (a+bx+cx2)3/2
2
-|]2(128c*d?-128bcde+23b%e? + 36 a ce?) (d+ex)3/2(c+ cd __bde +
(d+ex)2 (d+ex)2
bd ae
(d+ex)2 c(—1+ d )2+Eb7’7+7
aez 2cd be d+e x d+e x
<d+ex)2d+ex+d+exJ/ e? i

6412 c3d* (chfbe+xlb2e274ace2) (d+ex)

C c d? bde ae? 2cd be
+ - + - +
(d+ex)2 (d+ex)2 <d+ex)2 d+ex d+ex

2(cd27bde+ae2)

(ch—befx/b2e274ace2) (d+ex)

1 2(cd2—bde+aez)

\ (chfbe+\/b2e274ace2)<d+ex)

/ cd’>-bde+ae?
2cdbe/b?e?dace? 2cd-be-+b%2e?-4ace?

EllipticE|i ArcSinh| IR ] -

Vd+ex 2cd-be++/b%2e?-4ace?

ﬁ B cd’-bde+ae?
2cd-be/b>e>-dace? 2cd-be-+b2e?-4ace? } /

EllipticF [i ArcSinh| s

Vd+ex 2cd-be++vVb2e?-4ace?
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5 5 cd’-bde+ae? cd’-bde+ae? -2cd+be
(cd®>-bde+ae®) |- C+ +
2Cd—be—m (d+ex>2 d+ex

(d+ex)2

p P e [b- bd N ae
@ (—1+ ) +
d+e x d+e x

e?

12812 bc?d®e |2cd-be++/b2e?-4ace? (d+ex)
c d? bde ae? 2cd be
C+ - + +

(d+ex)2 (d+ex)2 <d+ex)2_d+eX d+ex

2 (cd*-bde+ae?)

(ch—be—\/b2e2—4acez) (d+ex)

1-

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) (d+ex)

1-

\/? B cd’-bde+ae?
[ 2cd-be-\/b2e>-dace? } 2cd—be—\/b2e2—4ace2]
El

Vd+ex 2cd-be+Vb2e?-4ace?

EllipticE[i ArcSinh

[ \/ cd’-bde+ae?

2cd-be-+/b2e?-4ace? 2cd7be—m
EllipticF[i ArcSinh| ]s ] /
Vd+ex 2cd-be++vVbZe?-4ace?
5 5 cd’-bde+ae? cd’-bde+ae? -2cd+be
(cd —bde+ae) - C+

N
2cd-be-+b2e2-4ace? (dJrex)2 d+ex
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<d+ex)2

d Py e [b- bd " ae
c (—1+ ) +
d+e x d+e x

2

e

151ib%>cd?e? |2cd-be++/b%2e?-4ace? (d+ex)
c d? bde ae? 2cd be
C+ - + - +

(d+ex)2 (d+ex)2 (d+ex)2 drex d+ex

1 2(cd2—bde+ae2)

\ (chfbef b2e274ace2)(d+ex)

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) (d+ex)

1-

\E _ cd’-bde+ae?
[ 2cd-be/b2erdace? ] 2cd-be-+b%2e?-4ace?

3

Vd+ex 2cd-be+Vb2e2-4ace?
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2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

27142 b*ce? |1-

2 (cdszde+ae2)

1-
(2cd—be+\/b2e274ace2) (d+ex)
\/— cd®’-bde+ae?
2cd-be- bze2 4ace? 2cd—be—\/m
EllipticF[i ArcSinh] |s ] /
Vd+ex 2cd-be+vVb2e2-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C + + +
2cd-be-+vb2e2-4ace? (d+ex)2 d+ex

2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

201+/2 ac’?e? |1-

2 (cdszde+ae2)

1-
(2cd-be-Vb7el-aace? | (d-ex]
\/— cd®*-bde+ae?
2cd-be- bze -4ace? 2cd7be—\/m
E1lipticF[i ArcSinh | ] ] /
Vd+ex 2cd—be+m
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ +
2cd-be-+/b2e2-4ace? (d+ex)? d+ex

Problem 1637: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J(b+2cx) (dJrex)S/2
Vva+bx+cx?
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Optimal (type 4, 600 leaves, 8 steps):

4(3c2d2+2b2e2—ce<3bd+5ae))\/d+ex Va+bx+cx?

+

21 c?
2 (2cd-be) (d+ex>3/zm+f(d+ex)5/zm+
7c 7

C <a+bx+cx2>

V2 A/b?-4ac (2cd-be) (3c2d*+8b%e?-ce (3bd+29ae))/d+ex |-

b2-4ac

b+y/b%2-4ac +2cx
Jbraac 2+/b2-4ac e ] /
)e

EllipticE[ArcSin| ]s -

2 2cd—(b+\/b2—4ac

c (d+ex)
21c3e Ja+rbx+cox? | -
2cd—(b+\/b2—4ac)e

4-/2 +\/b?-4ac (cdz—bde+ae2) (3c2d2+2b2e2—ce<3bd+5ae))

bi/b2-4ac +2cx
c (d+ex) c (a+bx+cx?) Jbraac

- EllipticF [ArcSin| ]s

2cd—(b+\/b2—4ac)e b2-4ac V2

2Vb%2-4ac e
- ] /[21c3e\/d+ex \Ja+bx+cx?
2cd- b+\/b2—4ac)e

Result (type 4, 5339 leaves):
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1

a+Xx (b+cx)

2 (18c2d2—9bcde+4b2e2710ace2> 2e (6cd—be) X 4e2x2

+ + -

Vd+ex (a+bx+cx2)

21 c? 7c 7
! 2+/a+bx+cx?
21 c2 e? a+x(b+cx)
2
-||(2cd-be) (3c*d*-3bcde+8b*e?-29ace?) <d+ex)3/2[c+ cd __bde +
(d+ex)2 (d+ex>2

(d+ex)? |c (—1+

e
d
+
d+e x d+e x
/ C +
e2

+

ae? 2cd be
(d+ex)2 d+ex d+ex

(cd®>-bde+ae?) (d+ex)

(d+ex)?

e[p- 2.2
¢ (_1+ d )2+ 1 Gex “aen)
d+ex d+ex

c d? bde ae? 2cd be

C+ - + - +
(d+ex)2 (d+ex)2 (d+ex)2 d+ex d+ex

2 (cd?’-bde+ae?
31‘1c3d3(2cd—be+x/b2e2—4ace2) 1- ( )

(ch—be—\/b2e2—4ace2) (d+ex)

2 (cdszde+ae2)

1-
(2cd—be+\/b2e274ace2) (d+ex)
\/— cd’-bde+ae?
2cd-be- bze2 4ace? 2cd7be,\/m
EllipticE[i ArcSinh| ], ] -

Vd+ex 2cd-be+Vb2e2-4ace?

/2 _ cd’-bde+ae?
2cd-be-+/b%e’-4ace?

\Vd+ex

EllipticF[i ArcSinh]

]
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2cd-be-+b2e2-4ace? ]

/ ﬁ(cdz—bde+ae2)
2cd-be+Vb%2e?-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -
2cd-be-+vb2e2-4ace? (dJrex)2 d+ex
2 (cd*-bde+ae?
9ibc’d’e|2cd-be++/b%e?-4ace? 1- ( )
(chfbefx/b2e274ace2) (d+ex)
2 (cdz—bde+ae2)
1- EllipticE[i ArcSinh|

(2cd—be+\/b2e274ace2) (d+ex)

ﬁ _ cd*-bde+ae?
2cd-be-+/b*e>-4ace? 2cd-be-+/b%2e2-4ace?

] | - EllipticF[i

Vd+ex 2cd-be+b%2e?2-4ace?

ﬁ B cd’-bde+ae?
2cd-be-/b*e*-4ace? 2cd-be-+b2e?-4ace? } /

ArcSinh | B

Vd+ex 2cd-be++vVb2e?-4ace?

cd’-bde+ae?

2cd-be-+b2e?-4ace?

2\/7(cd2—bde+ae2) -

cd’>’-bde+ae? -2cd+be - 5
C+ + +]191b“cde

(d+ex)? d+ex

2 (cd?’-bde+ae?
(2cd—be+x/b2e2—4ace2) 1- ( )

(ch—be—\/b2e2—4ace2) (d+ex)

2(cd2—bde+ae2)

2cd—be+\/b2e2—4ace2> <d+ex)

1- EllipticE|i ArcSinh|
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2cd-be/b’e>-dace? 2cd-be-+b2e?-4ace?

P | - EllipticF[i

Vd+ex 2cd-be++vVb2e?-4ace?

ﬁ \/_ cd’-bde+ae?

ﬁ _ cd’-bde+ae?
2cd-be-+/b2e?-4ace? 2cd,be,m} /

ArcSinh| 15

Vd+ex 2cd-be+b%2e?2-4ace?

cd’-bde+ae?

2cd-be-+/b%2e?-4ace?

22 (cd*-bde+ae?) |-

cd’-bde+ae? -2cd+be P
C+ + -|291ac‘de

(d+ex)? d+ex

2 (cd®’-bde+ae?
(2cd—be+xlb2e2—4ace2) 1- ( )

(2cdfbe7\/m) (d+ex)

2 (cdszde+ae2)

(2cd—be+\/m) <d+ex)

1-

EllipticE[i ArcSinh|

ﬁ _ cd’-bde+ae?
2cd-be/b>e’-dace? 2cd-be-+b%2e?-4ace?

] | - EllipticF[i

Vd+ex 2cd-be+b%2e?2-4ace?

ﬁ B cd’-bde+ae?
2cd-be/b>e>-dace? 2cd-be-+b2e?-4ace? } /

Ar‘cSinh[ ];

Vd+ex 2cd-be++/b’e?-4ace?

cd’-bde+ae?

2cd-be-+/b’e?-4ace?

\E(cdz—bde+ae2) -

cd’-bde+ae? -2cd+be
s ac - ~|2iv2 b3e?
(d+ex)2 d+ex
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2(cd2—bde+ae2)
(2cd—be+xlb2e2—4ace2) 1-
(ch—be—\/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)

1-
(2cd—be+\/b2e2—4ace2) (d+ex)
/ cd®*-bde+ae?
S~ E['A o h 2cdbe/b’e>dace’ } 2cd-be-+b2e2-4ace? ]
ipticE|i ArcSin s
Vd+ex 2cd-be+Vb%2e?-4ace?
\/? _ cd’-bde+ae?
2cd-be-+/b2e?-4ace?
EllipticF i ArcSinh]| ]

Vd+ex

2cd-be-+b%2e2-4ace? ]

/ (cdz—bde+ae2)
2cd-be+Vb2e?-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C + + +
2cd-be-+vb2e2-4ace? (d+ex)2 d+ex

291iabce?

2 (cd’-bde+ae?
2cd—be+xlb2e2—4ace2) 1- < )

(ch—be—\/b2e2—4ace2) (d+ex)

2(cd2—bde+ae2)

1,
(chfbe+\/b2e274ace2) <d+ex)
\ﬁ cd*-bde+ae?
Ellipti E['A <i h 2cd-be-/brelaace } 2cd-be-+/b%2e?-4ace? ]
ipticE |1 ArcSin ,

Vd+ex 2cd-be+Vb2e2_4ace?

/2 B cd’-bde+ae?
2cd-be-+/b%e?-4ace?

EllipticF[i ArcSinh | ]

Vd+ex
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2cd-be-+b2e2-4ace?
2cd-be+Vb%2e?-4ace?

] / 22 (cd*-bde+ae?)

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+vb2e2-4ace? (dJrex)2 d+ex

2(cd2—bde+ae2)

(chfbefx/b2e274ace2) (d+ex)

3i+2 c3d® |[1-

2(cd2—bde+ae2)

1-
(2cd—be+\/b2e2—4ace2> <d+ex)
\/7 cd*-bde+ae?
2cd-be/brerdace? 2cd-be-+/b%?e?2-4ace?
EllipticF[i ArcSinh| ] }/
Vd+ex 2cd-be++Vb2e?-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -
2cd-be-+b%e?-4ace? (d+ex)? d+ex

2(cd2—bde+ae2)

(chfbefx/b2e274ace2) (d+ex)

312 bc2de |1-

2(cd2—bde+ae2)

1_
(2cd—be+\/b2e2—4ace2) <d+ex)
\/7 cd’-bde+ae?
2cdbe/b’e 4ace’ 2cd-be-+/b%?e?-4ace?
E1lipticF[i ArcSinh | ] ] /
Vd+ex 2cd-be++vVbZe?-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
C+ + +

2cd-be-+b2e2-4ace? (d+ex)2 d+ex
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2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

2i+/2 btce? [1-

2 (cdszde+ae2)

1-
(2cd—be+\/b2e274ace2) (d+ex)
\/— cd®’-bde+ae?
2cd-be- bze2 4ace? 2cd—be—\/m
EllipticF[i ArcSinh] |s ] /
Vd+ex 2cd-be+vVb2e2-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -
2cd-be-+Vb%?e?-4ace? (d+ex)? d+ex

2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

5i+v2 ac?e? |[1-

2 (cdszde+ae2)

1-
(2cd-be-Vb7el-aace? | (d-ex]
\/— cd®*-bde+ae?
2cd-be- bze -4ace? 2cd7be—\/m
E1lipticF[i ArcSinh | ] ] /
Vd+ex 2cd—be+m
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ +
2cd-be-+/b2e2-4ace? (d+ex)? d+ex

Problem 1638: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J(b+2cx) (d+ex)3/2
Vva+bx+cx?
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Optimal (type 4, 507 leaves, 7 steps):
2 (2cd—be> VJd+ex Va+bx+cx?

4
+ = (d+ex)3/2x/a+bx+cx2 +
5c 5

b 2
2ﬁ\/m<C2d2+b2e2—ce(bd+3ae))\/m 7c(a+ X+ cx)

b2-4ac
b+y/b%-4ac +2cx
L . Vb?-dac 2+vb%2-4ac e
EllipticE [ArcSin| , - }/
2 2cd—(b+\/b2—4ac)e

c (d+ex)
2cd—(b+\/b2—4ac)e

5ce

\Ja+rbx+cex? | -

c (d+ex)
22 +/b2-4ac (ch—be) (cdz—bde+ae2)
2cd—(b+\/b2—4ac)e

b+y/b*-4ac +2cx

b 2 \/b%*-4ac A/ h2 _
_c (a+ xrex ) EllipticF[Ar‘cSin[ }, - 2Vb'-4ace
b2-4ac V2 2cd7(b+\/b2—4ac)e

(5c2e\/d+ex rJa+bx+cx?

Result (type 4, 3394 leaves):
2(4cd-be) | 4%) Jdrex (a+bx+cx?)

5c¢

a+x(b+cx)

| 283
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1
2+/a+bx+cx? 2(c2d2—bcde+b2e2—3ace2

5 c e2 a+x(b+cx)

(d ex>3/2 C cd? bde ae? 2cd be /
+ + _ + _ +
(d+ex)2 (d+ex)2 <d+ex)2 d+ex d+ex
2 d \2 e b7£+f;’
(d+ex) c(—1+d+ex) " e .
c e2 . ( bd ae |
C 2
e
2 2
(cd*-bde+ae?) (d+ex) [c+ cd  bde ~ ae?  2cd be

(d+ex)2 <d+ex>2 (d+ex>2 d+ex d+ex

2 d?-bd 2
ic2d2(2cd—be+\/m) - (c erae?)
[2cd-be-+b?e? aace? | (d+ex)

2 (cd*-bde+ae?)
(2cd—be+\/b2e2—4ace2) (d+ex)

1-

/ cd*-bde+ae?
2cdbe/b?e>4ace’ 2cd—be—\/b2e2—4ace2]

EllipticE[i ArcSinh| B

\d+ex 2cd-be+Vb%2e?-4ace?

/2 _ cd’*-bde+ae’
2cd-be-+/b2e?-4ace?

EllipticF i ArcSinh]| ]

Vd+ex

2cd-be-+/b2e2-4ace? ]

/ \E(Cdz—bde+ae2)
2cd-be+Vb%2e?-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C + + -

2cd-be-+vb2e2-4ace? (d+ex)2 d+ex
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2 (cd*-bde+ae?)
ibcde 2cd—be+x/b2e2—4ace2) 1-
(ch—be—\/b2e2—4ace2) (d+ex)
. 2(cd27bde+ae2)

(2cd—be+\/b2e274ace2) (d+ex)

/ cd’*-bde+ae?
2cd-be- b2e24ace 2cd-be-+vVb%2e2-4ace?

EllipticE[i ArcSinh| ], ] -

Vd+ex 2cd-be+Vb2e2-4ace?

2cd-be-+/b%e?-4ace?

EllipticF [i ArcSinh| )5

\Vd+ex

/2 \/_ cd’-bde+ae?

2cd-be-+b%2e?-4ace? ]

/ \E(Cdz—bdeJraez)
2cd-be+Vb2e2-4ace?

cd?’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+vb2e2-4ace? (dJrex)2 d+ex
2 (cd’-bde+ae?
ib?’e?|2cd-be++/b%e?-4ace? 1- ( >
(2cd—be—\/b2e2—4ace2) (d+ex)
1 2(cd2—bde+ae2)
(2cd—be+\/b2e2—4ace2) <d+ex)
r cd*-bde+ae?
2cdben/b2er aace 2cd-be-+b%e?-4ace?
EllipticE|i ArcSinh| | ] -

Vd+ex 2cd-be+Vb2e2-4ace?

[ _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

E1lipticF [i ArcSinh| ]s

Vd+ex
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2cd-be-+b2e2-4ace? ]

/ ﬁ(cdz—bde+ae2)
2cd-be+Vb%2e?-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -
2cd-be-+vb2e2-4ace? (dJrex)2 d+ex
2 (cd®’-bde+ae?
3iace?’|2cd-be++/b*e?-4ace? 1- ( >
(chfbefx/b2e274ace2) (d+ex>
L 2(cd2—bde+ae2)

(2cd—be+\/b2e2—4ace2) <d+ex)

/ \/ cd’-bde+ae?

2cdbe/b’e? 4ace’ 2cd—be—\/b2e2—4ace2]

EllipticE|i ArcSinh| B

Vd+ex 2cd-be+Vb2e2_4ace?

[ _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

E1lipticF [i ArcSinh| ]s

Vd+ex

2cd-be-+/b%2e?-4ace? ]
2cd-be+Vb2e2_4ace?

/ ﬁ(cdz—bde+ae2)

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
chfbe—\/m (d+ex)2 d+ex
2 (cd?’-bde+ae?
iv2 ¢2d [1- ( )
(ch—be—\/b2e2—4ace2) (d+ex)
1 2(cd27bde+ae2)

(2cd—be+\/b2e274ace2) (d+ex)
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cd’>-bde+ae?

NP
2cd-be-+/b2e?-4ace? ]

VbZe2_-4ace?

2cd-be-

EllipticF i ArcSinh|

)

Vdrex 2cd-be+Vb2e?-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
- C + —
2cd-be-+vb2e2-4ace? (d+ex)2 d+ex
2(cd2—bde+ae2>
ibce |1-

(ch—be—\/b2e2—4ace2) (d+ex>

2 (cd*-bde+ae?)
(2cd—be+\/b2e2—4ace2) <d+ex)

1-

cd’-bde+ae?

2cd-be- bze2 4ace?

=

2cd-be-+b2e?-4ace?

EllipticF i ArcSinh|

)

Jdiex 2cd-be+Vb2e?-4ace?
Nl B cd’-bde+ae? c+cd27bde+ae2+72cd+be
2Cd—be—m (d+ex>2 d+ex

Problem 1639: Result unnecessarily involves imaginary or complex numbers.

dx

J(b+2cx) Vd+ex
Vva+bx+cx?

Optimal (type 4, 441 leaves, 6 steps):

| 287

1/

1/
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b 2
4—x/d+ex m+ V2 \/b>-4ac (2cd-be)/drex _c<a+ x+cx?)
3

b2-4ac

b+y/b%2-4ac +2cx

Joraac 2+/b2-4ac e
EllipticE[ArcSin| ], - ] /
2 2cd—(b+\/b2—4ac)e

d
3ce C< +ex) Ja+rbx+cox? | -

2cd—(b+\/b2—4ac)e

d b 2
4~/2 \Jb%-4ac (cd*>-bde+ae?) c (drex) _c(a+ x+cxt) EllipticF|
2cd—(b+\/b2—4ac)e b>-4ac

b+y/b*-4ac +2cx
Vbi-4ac 2vV/b2-4ac e
ArcSin| ], - ) ]/[3ce\/d+ex rJa+rbx+cx?
e

V2 2cd—(b+\/b2—4ac

Result (type 4, 581 leaves):
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4 (2cd-Db b
1 ( < e) (a+x( +CX>) +8+/d+ex (a+x(b+cx))—
6./a+x (b+cx) cvd+ex
2 d? -bd
1 i(deex) |1- (c +e( +ae))
ce? cdse (-bd:ae) (2cd—be+ (b2-4ac) e2) (d+ex)
—2cd+be+ (b2—4a c) e?

4(cd2+e(—bd+ae)>
2+

—(—2cd+be) (2cd—be+ (b2—4ac)e2)
(72cd+be+ (b274ac)e2)<d+ex)

/ \/ cd’-bde+ae?

-2cd+be+ b2 4ac)e -2cd+be+ <b2—4a C) e?
EllipticE|i ArcSinh| ], - ] +

Vd+ex 2cd-be+./(b>-4ac)e?

—_—

-b*e?+4ace?*-2cd (b2—4ac) e +be (b2—4ac) ez)

[ \/ cd’-bde+ae?

-2cd+be+ b2 4ac)e -2cd+be+ <b2—4ac)e2
EllipticF[i ArcSinh] ], -

Vd+ex 2cd-be+./(b>-4ac) e

Problem 1640: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

b+2cx
J dx
d+ex va+bx+cx?

Optimal (type 4, 391 leaves, 5steps):
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c (a+bx+cx2)

b2-4ac

2+/2 +/b2-4ac Jd+ex |-

b+y/b%2-4ac +2cx

Joraac 2+/b2-4ac e
EllipticE[ArcSin| ], - ] /
2 2cd—(b+\/b2—4ac)e

d
e c( +ex) Ja+rbx+cox? |-

2cd- (b+\/b2—4ac)e

d b 2
242 \[b?-4ac (2cd-be] c (drex) _c(arbxrex) E1lipticF|

2cd—(b+\/b2—4ac)e b>-4ac
b+y/b*-4ac +2cx
Vb*-4ac 2vVb2-4ac e
ArcSin| ], - ] / cevd+rex \Ja+bx+cx?
2 2cd—(b+\/b2—4ac)e

Result (type 4, 793 leaves):
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1

a2 cd’+e (-bd+ae) a+x (b+CX>
-2cd+be+y (b2-4ac)e?

402 cd’+e (-bd+ae) (a+X <b+ CX))
(d+ex)?? 2cdben/(Baac) & L iv2
+ex } ’
(d+ex)? Vd+ex

—2ae2+2cdex+be(d—ex)+ (b2—4ac)e2 <d+ex)

(chfbe+ <b274ac)e2)
(2cd—be+ (b2—4ac)e2) (d+ex)

2ae?-2cdex+be (—d+ex> + (b2—4ac) e? (d+ex)

(—2cd+be+ (b2—4ac) ez) (d+ex)

/ \/ cd’-bde+ae?

“2cdibes/ (b*4ac) e -2cd+be+./(b?-4ac) e?
EllipticE[i ArcSinh| ], - ]+

Vd+ex 2cd-be+./(b?-4ac) e

-2ae?2+2cdex+be (d—ex) + (b2—4ac> e? (d+ex)

iv2 4/ (b2—4ac) e?

Vd+ex (2cd—be+ <b274ac)e2)(d+ex)

2ae2-2cdex+be (—d+ex> + (b2—4ac) e? (d+ex)

(—2cd+be+ (b2—4ac) ez) (d+ex)

/ \/ cd’-bde+ae?

-2cd+ber b2 4ac)e -2cd+be+ (b274ac) e?
EllipticF|i ArcSinh| ]s -

Vd+ex 2cd-be+./(b>-4ac) e

Problem 1641: Result unnecessarily involves imaginary or complex numbers.

J b+2cx q
X
(d+ex)3/2\/a+bx+cx2

Optimal (type 4, 458 leaves, 6 steps):
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2(2cd-be)a+b 2 b 2
( c e) arbx+cx? ﬁm(ZCd—be) ex _c(a+ x+cx)
(cd®>-bde+ae?)/d+ex b2-4ac

b+y/b%2-4ac +2cx

Joraac 2+/b2-4ac e
EllipticE[ArcSin| ], - ] /
2 2cd—(b+\/b2—4ac)e

d
e(cdz—bde+ae2) c (drex) \Ja+bx+cox? |+

2cd—(b+\/b2—4ac)e

d b 2
42 [b?-4aac c(drex) _c(arbxrex) E1lipticF|
2cd—(b+\/b2—4ac)e b2-4ac

b+y/b*-4ac +2cx
A b2 I
Ar‘cSin[ T ],— 2Vb?-4ac e ]/e\/d+ex \Ja+bx+cx?
2 2cd—(b+\/b2—4ac)e

Result (type 4, 541 leaves):
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1
22 (cd2+e(—bd+ae)> cd’+e (hdrae) a+x(b+cx)
-2cd+be+y (b2-4ac)e?

Ji(d+ex) - 2(cd2+e(fbd+ae))

(ch—beJr (b2—4ac) e?

(d+ex)

4 (cd*+e(-bd+ae))

24 -(-2cd+be)

2cd-be+ (b274ac)e2)
(—2cd+be+ (b2—4ac)e2)(d+ex)

/ \/ cd’-bde+ae?

“2cdibes (b*-4ac)e? -2cd+be+./(b?-4ac) e
EllipticE[i ArcSinh| ] - ]+

Vd+ex 2cd-be+./(b>-4ac) e

(7b2e2+4ace2—2cd (b>-4ac)e* +be (b2—4ac)e2)

/ \/ cd’-bde+ae?

“2cdiber/ (b?-dac) e’ -2cd+be+./(b?-4ac) e?
EllipticF[i ArcSinh| ], -

Vd+ex 2cd-be+ (b2—4ac>e2

Problem 1642: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

b+2cx
J dx
(d+ex)5/2\/a+bx+cx2

Optimal (type 4, 581 leaves, 7 steps):
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2(2cd—be) va+bx+cx? 4(c2d2+b2e2—ce(bd+3ae))\/a+bx+cx2

+ —

3 (cd’>-bde+ae?) (d+ex)3/2 3 (cdszde+ae2)2\/d+ex

c (a+bx+cx?)

22 +/b%2-4ac (c2d2+b2e2—ce(bd+3ae))\/d+ex \/—

b2-4ac
o _ Joraac 2+/b*-4ac e
EllipticE[ArcSin| ], - ] /
V2 2cd—(b+\/b2—4ac)e

d
3e(cd2bde+ae2)2\l c (drex) Jarbx+cox? |+

2cd—(b+\/b2—4ac)e

zﬁmucdbe)J c (2 ex J_c<a+bx+cx2>

2cd—(b+\/m)e b2-4ac

b+y/b%-4ac +2cx
Vb?-dac 2vVb2-4ac e ] /

EllipticF[Ar‘cSin[ ] -

NeY ’ 2cd- b+ /b7 -4ac | e

3e (cd’-bde+ae?) VJdiex \Jarbx+cx?

Result (type 4, 3483 leaves):
1

a+x(b+cx)

2 (-2cd+b 4(c2d2_-bcd b2e2 _3 2
\Vd+ex (a+bx+cx2) ( ca-~ e) . (C cde+be ace) )

3(-cd?+bde-ae?) (d+ex)® 3 (cd’-bde+ae?)’(d+ex)

1

3e? (cdz—bde+ae2)2 a+x (b+cx)
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2c+/a+bx+cx? (2 (c?d*-bcde+b?e?-3ace?) (d+ex)3/2

[c c d? bde ae2 2cd be /
+ _ 4 B .
(d+ex)2 (d+ex)2 (d+ex)2 d+ex d+ex
2 g 2 efb-le

<d+eX) C(—1+d+ex) + e ) .

C ez . ( bd ae |
c .
2 2

(Cdszde+ae2) <d+ex> C+ cd - bde . ae B 2cd . be

(d+ex)2 (d+ex>2 (d+ex)2 d+ex d+ex

2 (cdz—bde+ae2)

(chfbefx/b2e274ace2) (d+ex)

1-

i c?d? (ch—beﬂ/bzez—4ace2

2(cd2—bde+ae2)

(2cd—be+\/b2e2—4ace2) <d+ex)

1-

\ﬁ cd’-bde+ae?
2cdbe/b’e? 4ace’ 2cd-be-+/b%2e?-4ace?

EllipticE|i ArcSinh| | ] -

vVd+ex 2cd-be+Vb2e2_4ace?

[ _ cd’-bde+ae?
2cd-be-/b%e?-4ace?

E1lipticF [i ArcSinh| )5

Vd+ex

2cd-be-+/b%e?-4ace? ]

/ \/7<cd2—bde+ae2)
2cd-be+Vb2e2-4ace?

cd’-bde+ae? cd’>-bde+ae? -2cd+be
C+ + -

2cd-be-+/b2e2_-4ace? (d+ex)2 d+ex
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2 (cd*-bde+ae?)
ibcde 2cd—be+x/b2e2—4ace2) 1-
(ch—be—\/b2e2—4ace2) (d+ex)
. 2(cd27bde+ae2)

(2cd—be+\/b2e274ace2) (d+ex)

/ \/ cd’*-bde+ae?

2cd-be- b2e24ace 2cd-be- b2e2—4ace2]

EllipticE[i ArcSinh| B

Vd+ex 2cd-be+Vb2e2-4ace?

2cd-be-+/b%e?-4ace?

EllipticF [i ArcSinh| )5

\Vd+ex

/2 \/_ cd’-bde+ae?

2cd-be-+b%2e?-4ace? ]

/ \E(Cdz—bdeJraez)
2cd-be+Vb2e2-4ace?

cd?’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+vb%e?-4ace? (d+ex)? d+ex
2 (cd’-bde+ae?
ib?’e?|2cd-be++/b%e?-4ace? 1- ( >
(2cd—be—\/b2e2—4ace2) (d+ex)
L 2(cd2—bde+ae2)
(2cd—be+\/b2e2—4ace2) <d+ex)
r cd’-bde+ae?
2cd-be/b2erdace? 2cd-be-+b2e2_-4ace?
EllipticE|i ArcSinh| B ]

Vd+ex 2cd-be+Vb2e2-4ace?

/2 _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

E1lipticF [i ArcSinh| ]s

Vd+ex
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2cd-be-+b2e2-4ace? ]

/ ﬁ(cdz—bde+ae2)
2cd-be+Vb%2e?-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -
2cd-be-+vb2e2-4ace? (dJrex)2 d+ex
2 (cd®’-bde+ae?
3iace?’|2cd-be++/b*e?-4ace? 1- ( >
(chfbefx/b2e274ace2) (d+ex>
L 2(cd2—bde+ae2)

(2cd—be+\/b2e2—4ace2) <d+ex)

2cdbe/b’e? 4ace’ 2cd-be-+/b%2e?-4ace?

EllipticE|i ArcSinh| |, ] -

Vd+ex 2cd-be+Vb2e2_4ace?

/ \/ cd’-bde+ae?

[ _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

E1lipticF [i ArcSinh| ]s

Vd+ex

2cd-be-+/b%2e?-4ace? ]
2cd-be+Vb2e2_4ace?

/ ﬁ(cdz—bde+ae2)

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
chfbe—\/m (d+ex)2 d+ex
2 (cd?’-bde+ae?
iv2 ¢2d [1- ( )
(ch—be—\/b2e2—4ace2) (d+ex)
1 2(cd27bde+ae2)

(2cd—be+\/b2e274ace2) (d+ex)
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ﬁ B cd’>-bde+ae?
2cd-be/b?eldace? 2cd-be-+/b%2e?-4ace?

EllipticF i ArcSinh| ],
Vd+ex 2cd-be++vVb2e?-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
- C+ + -
2cd-be-+vb2e2-4ace? (d+ex)2 d+ex
2(cd2—bde+ae2>
ibce |1-
(ch—be—\/b2e2—4ace2)(d+ex>
L 2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) <d+ex)

\/— cd’-bde+ae?
2cdbe/b’e>4ace? 2cd-be-+b2e?-4ace?

EllipticF i ArcSinh| ],
Vd+ex 2cd-be++vVb2e?-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
V2| - * c+ : + :
2cd-be-+b?e?-4ace? (d+ex)? d+ex

Problem 1643: Result unnecessarily involves imaginary or complex numbers.

dx

J(b+2cx) (d+ex)’?

<a+bx+cx2>3/2

Optimal (type 4, 540 leaves, 8 steps):

1/

1/
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2(d+ex)7/2 56e? (2cd-be) Vd+ex Va+rbx+cx?  14¢e? (d+ex)3/2\/a+bx+cx2

- + + +

Vva+bx+cx? 15 c? S¢

C (a+bx+cx2)

72 +/b2-4ac e(23c?d®>+8b%e?-ce (23bd+9ae)) Vd+rex |-

b2-4ac
be/b?dac +2cx
Jvanc e
E1lipticE [ArcSin| ], - Vb2 -4ac e }/

NeY ’ 2cd-[b+b7—4ac e

d
15 ¢3 C< +ex) Ja+rbx+cox? |-

2cd- (b+\/b2—4ac ) e

c (d+ex)
562 +/b2-4ac e (ch—be) (cdz—bde+ae2)
2cd- (b+\/b2—4ac)e

c (a+bx+cx?) Vb*-4ac 2+/b?-4ac e
- EllipticF [ArcSin| ]s - ] /
b2-4ac V2 2cd—(b+\/b2—4ac)e

(15c3\/d+ex \Ja+rbx+cx?

Result (type 4, 943 leaves):
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2e?(32cd-13be) 4e3x

Vd+ex (a+bx+cx2)2( + _

15 c? 5c
(2(c2d373acde2+abe3+3c2d2exf3bcde2x+b2e3xface3x))/

J/(a+x(b+cx))3/2+

1

(c? (a+bx+cx?))

15¢® (a+x (b+cx))?? -

4 (d+ex)3/2 (a+bx+cx2)3/2

bd ae
(23c2d2+8b2e2—ce(23bd+9ae)) c(—1+ d 2+e( _diex d+eX)]
d+ex d+ex
1 ) 2 (cd?+e(-bd+ae))

2\5\/ cd+e (-bd+ae) Vdiex (2cd—be+ (b2—4ac)e2) (d+ex)

-2cd+be+y (b2-4ac)e?

2 (cd*+e(-bd+ae))

1+
(72cd+be+ (b274ac) ez) (d+ex)

(chfbe+ (b*-4ac) e2> (23c®d?+8b%e?-ce (23bd+9ae)) EllipticE|

/ \/ cd’-bde+ae?

~2cdibes/ (b*-sac) e -2cd+be+ (b2—4ac)e2
jAr‘cSinh ], - ] + (—30 c3dd+

Vd+ex 2cd-be+./(b>-4ac) e

8 b? e? (be— (b>-4ac) e ) - c?d (745bde734ae2+23d (b*-4ac) e2)+

/2 \/ cd’-bde+ae?

-2cd+ber b2 4ac)e -2cd+be+ <b2—4ac)e2
EllipticF[i ArcSinh] ], -

Vd+ex 2cd-be+./(b>-4ac)e?

e (—31b2de—17abe2+23bd (b2—4ac) e +9ae (b2—4ac) e?
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Problem 1644: Result unnecessarily involves imaginary or complex numbers.

dx

J(b+2cx) (d+ex)5/2

(a+bx+cx2)3/2

Optimal (type 4, 468 leaves, 7 steps):

2 (d+ex)”? 10e?+/d+ex Va+bx+cx?
- +

Va+bx+cx? 3¢

+

b 2
102 ~/b%2-4ac e(2cd-be)d+ex \/—c (arbxrex)

b2-4ac

biy/b2-4ac +2cx
Vb?-dac 2vVb2-4ac e ] /

EllipticE[ArcSin[ ] -

NeY ’ 2cd-[b+b?-4ac e

d
3 ¢? c (drex) \Ja+rbx+cox? | -

2cd—(b+\/b2—4ac)e

d b 2
1eﬁme(Cdszde+ae2) c( +ex) \/C<a+ x+cx>

2cd7(b+\/m)e b2-4ac

b+y/b%2-4ac +2cx
Jo-aac /P A |

EllipticF [ArcSin| ]

V2 ,_ch—(b+\/m>e

(3c2x/d+ex \Ja+bx+cx?

Result (type 4, 780leaves):
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2 2 (cd*-ae?’+2cdex-be?
Varex (asbxecx?)? (48 Hledaacdenbe

3¢ c (a+bx+cx?)

(a+x<b+cx)>3/2 '

1

(pbd , ae
(d+ex)? C(71+ d )2 M]

+
d+ex d+ex

3¢ (a+x (b+cx))?? -

e

d+ex

) (d+ex)3/2 (a+bx+cx2)3/2 2 (2cd-be) {c [—1+
d+ex

d )2 e(bdb—dd—)]
+ +

1 2(Cd2+e(—bd+ae))
1 |1-
NEY cd?+e (-bdrae) Jdiex (2cd—be+ (b2—4ac>e2) (d+ex)
-2cd+be+ (bz—zlac)e2

2 (cd*+e(-bd+ae))
1+

(72cd+be+ (b2-4ac) e2> (d+ex)

(-2cd+be) (2cd—be+ (b*-4ac) e2)

/ \/ cd’-bde+ae?

“2cd+ber/ (b?-dac)e? ] -2cd+be+,/(b2-4ac) e
, - +

Vd+ex 2cd-be+./(b>-4ac) e

EllipticE[i ArcSinh]

(3c2d2+be (be— (b>-4ac) e? ) +C

-3bde-ae?+2d./(b*-4ac)e? ))

/ \/ cd’-bde+ae?

—2cd+be+ b2 4ac)e -2cd+be+ <b2—4ac)e2
EllipticF[i ArcSinh| ], -

Vd+ex 2cd-be+./(b>-4ac)e?

Problem 1645: Result unnecessarily involves imaginary or complex numbers.

dx

J(b+2cx) (d+ex)??

<a+bx+cx2>3/2

Optimal (type 4, 216 leaves, 3 steps):
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2 (d+ex)3/2
- +

Vva+bx+cx?
b+y/b*-4ac +2cx
c (a+bx+cx? \Jb2-4ac
32 +/b2-4ac ev/Jd+ex \/— ( ; ) EllipticE [ArcSin| B
b -4ac \/7

2+vb2-4ac e c(d+ex) "
] / c Ja+bx+cx

72cd— b+\/b274ac)e 2cd—(b+\/b274ac)e

Result (type 4, 378 leaves):

—4(d+ex>3/2+ 3i+/2 (2cd+ [7b+x/b2—4ac

d

e(b+\/b2—4ac +2cx) 2c(d+ex)

—2cd+(b+\/b2—4ac)e 2cd+(—b+\/b2—4ac)e

EllipticE[i ArcSinh[~/2 ¢ Vd+ex |,
-2cd+ (b+\/b2—4ac ) e

2cd7(b+\/b2—4ac)e
2cd+ (—b+\/b2—4ac)e

| - EllipticF|i

c 2cd—(b+\/b2—4ac)e
ArcSinh[+/2° Vd+ex |, ] /
72cd+(b+\/b274ac)e 2cd+(7b+\/b274ac)e

C\/—ch+(b+\/b2—4ac)e /(2 a+X(b+CX))

Problem 1646: Result unnecessarily involves imaginary or complex numbers.
J(b+2cx) Vd+ex

) 3/2

dx
(a+bx+cx2
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Optimal (type 4, 216 leaves, 3 steps):
2+/d+ex

-

Vva+bx+cx?

d b 2
2+/2 \/b*-4ac e c(d+ex) \/_c(a+ x+cxt) EllipticF [ArcSin|

2cd—(b+\/m)e b2-4ac

b+y/b*-4ac +2cx

\/b*-4ac 2+/b2_4
ls - ac e ] /(C\/d+ex Ja+bx+cx?
N2 2cd—(b+x/b2—4ac)e

Result (type 4, 318leaves):

1

-2+d+ex + |1 (d+ex)

a+x(b+cx)

4 (cd’+e(-bd+ae)) 2 (cd*+e(-bd+ae))

2 —

1+

(2cd—be+ (b2—4ac)e2)(d+ex) (—2cd+be+ (b2—4ac)e2)(d+ex)
\/? cd®’-bde+ae?
“2cdibes (b*-4ac) e -2cd+be+ [ (b2-4ac) e?
EllipticF|i ArcSinh| ]s - /
Vd+ex 2cd-be+./(b>-4ac)e?

cd2+e(fbd+ae)

-2cd+be+ (b2—4ac) e?

Problem 1647: Result unnecessarily involves imaginary or complex numbers.

b+2cx

J\/d+ex (a+bx+cx2)3/2

dx

Optimal (type 4, 290 leaves, 4 steps):
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2+/d+ex (<b2—4ac) (cd—be)—c(b2—4ac)ex)
(b274ac) (cdszde+ae2) Va+bx+cx?

b2-4ac

b 2
V2 A/b2-4ac e /d+ex \/—C (a+ X+CX>

b+y/b%2-4ac +2cx
Jb?aac 2+/b2-4ac e ] /

EllipticE[ArcSin| ]

2 J_2cd—(b+\/m)e

2cd—(b+\/b2—4ac)e

d
(cdzbde+ae2)J c (drex) rJa+bx+cx?

Result (type 4, 405 leaves):

e

4+/d+ex (—cd+be+cex)— iﬁ(ch+(—b+w/b2—4ac

e(b+\/b274ac +2cx) 2c(d+ex)
1-
—2cd+(b+\/b2—4ac)e 2cd+(—b+\/b2—4ac)e

EllipticE[i ArcSinh[v/2 ‘ Vdrex |,
-2cd+ (b+\/b2—4ac ) e

2cd—(b+\/b2—4ac)e
2cd+ (7b+\/b2—4ac)e

| - EllipticF[i

c 2cd—(b+\/b2—4ac)e
Ar‘cSinh[\/? Vd+ex }, } /
72cd+(b+\/b2—4ac)e 2cd+(—b+\/b2—4ac)e

\/2cd+(b+m)e /(2(Cd2+e(—bd+ae)> a+x (b+cx)
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Problem 1648: Result unnecessarily involves imaginary or complex numbers.

J b+2cx dx
(d+ex>3/2 (a+bx+cx2)3/2

Optimal (type 4, 559 leaves, 7 steps):
2 ((b2—4ac> (cd—be) -c (b2—4ac> ex) 4 e? (2cd—be) Vva+bx+cx?

+ —

(b2—4ac) (cdz—bde+ae2) Jdirex Varbx+cx? (cdz—bde+ae2)2\/d+ex

b 2
22 +/b2-4ac e(2cd—be) Vd+ex \/_c(a+ xrex?)

b2-4ac

b+y/b%2-4ac +2cx

Joaac o
EllipticE[ArcSin| 5 ],_2 dzm) }/
cd- (b+ -4ac |e

d
(cdz—bde+ae2)2 c (drex) AJarbx+cox? |+

2cd—(b+\/b2—4ac)e

2\/7\/me c(d+ex) \/C<a+bX+CX2>

2cd—(b+\/m)e b2-4ac

bi/b2-4ac +2cx
Vb*-4ac 2vVb2-4ac e ] /

EllipticF[ArcSin[ ]

NES ’Emﬂmm)e

((cdz—bde+ae2)\/d+ex \Ja+bx+cx?

Result (type 4, 859 leaves):
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2(2cde?-bed
Vd+ex (a+bx+cx2)2 (2cde e’) +
(cdz—bde+ae2)2(d+ex)

2(—c2d2+2bcdefb2e2+ace2+2c2dex—bce2x>

/(a+x(b+cx))3/2—

(cdszdeJran)2 (a+bx+cx?)

d 2 E(b—ﬁ-%—i)
2 (d+ex)*? (a+bx+cx?)*? |2 (2cd-be) c(—1+ N drex drex) | |
d+ex d+ex
i1 2 (cd’+e(-bd+ae))

—2cd+be+ b2 4ac)e

r\/ cd+e (-bdae) Jdiex (2cd—be+ (b2—4ac) ez) (d+ex)

2(cd2+e(—bd+ae))
1+

(—2cd+be+ <b2—4ac) e?

(d+ex)

(-2cd+be) (2cd—be+ (b>-4ac)e? ) EllipticE|

/ \/ cd’-bde+ae?

—2cd+be+ b2 4ac)e -2cd+be+ (b2—4ac>e2
i ArcSinh| ], - |+ (3 c2d?+

Vd+ex 2cd-be+./(b2-4ac) e?

be (be— (b>-4ac) e

c(—3bde7ae2+2d (b*-4ac) e ))ElllptlcF[

/ \/ cd’-bde+ae?

“2cdibes/ (bP-4ac) e -2cd+be+./(b?-4ac) e?
JiAr‘cSinh 5 — /

Vd+ex 2cd-be+ (b2—4ac)e2

(d+ex)

bd ae

2 e |(b-—+—

2 C(—1+ d ) + -
d+e x d+e x

(cdz—bdeJrae2>2 (a+x (b+cx))3/2

e2
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Problem 1649: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J(b+2cx) (d+ex)7/2

(a+bx+cx2)5/2

Optimal (type 4, 573 leaves, 8steps):
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2(d+ex)7/2 14e(d+ex)3/2 (bd—Zae+<2cd—be)x)
- - +
3(a+bx+cx2)3/2 3(b2-4ac)Va+bx+cx?

14e? (2cd-be) V/d+ex Va+bx+cx?

+

3¢ (b2—4ac)

C (a+bx+cx2)

14\/7e(c2d2+b2e2—ce(bd+3ae))\/d+ex \/—

b2-4ac
Jvanc e
E1lipticE [Arcsin| ] Vb*-4ac e | /

NS ,72cd7(b+vgszgz)e

d
[3c2\/b24acJ c(drex) rJa+bx+cx?

2cd—(b+\/b274ac)e

d b 2
142 e (2cd-be) (cd*-bde+ae?) < (drex) _cfarbxrex)
2cd7(b+x/b274ac)e b2-4ac

b+y/b%-4ac +2cx
[o-aac N S
) e

EllipticF [ArcSin| |s -

2 2cd—(b+\/b2—4ac

(BCZ«/b2—4ac Vd+ex \Ja+bx+cx?

Result (type 4, 3578 leaves):
(\/d+ex (a+bx+cx2)3

(—((2 <c2d3—3acde2+abe3+3c2d2ex—3bcde2x+b2e3x—ace3x))/

(3c2 (a+bx+cx2)2>) +
(2 (7bc*d*’e+3b*cde?-40ac’de’-b*e*+11abce’+14c3d’ex-14bc?de’ x +
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8b’ce’x-18ac?e’x)) / (3c® (-b>+4ac) <a+bx+cx2>)))/
1

a+x (brcx))??-
| | ) 3c(-b2+4ac) (a+x (b+cx))>?

14

(a+bx+cx2)5/2

2 (c?d*-bcde+b?e’-3ace?) (d+ex>3/2

[c c d? bde ae? 2cd be /
+ - + - +
(d+ex)2 (d+ex)2 (d+ex)2 d+ex d+ex
2 e b—bd+i
(d+ex)2 c (71+ dix) + b ) .

C _

e? et
(dvex)? |c (71+ ) y\ deex diex)
d+ex d+ex
C =

c d? bde ae? 2cd be

(cd®-bde+ae?) <d+ex)\/c+ - + - N

(d+ex)2 (d+ex>2 (d+ex)2 d+ex d+ex

2 (cd?’-bde+ae?
lczdz(zcdbumwl | |

(2cd-be-bTel 4ace ) (d-ex)

1 (cd2 bde+ae2)
(2cd—be+\/m) <d+ex)

/ cd*-bde+ae?
2cdbe/ble? dace? 2cd-be-+/b2e2-4ace?

EllipticE[i ArcSinh| B ] -

Vd+ex 2cd-be+b*e?-4ace?

/2 _ cd’-bde+ae?
2cd-ben/b2e’dace’

Vd+rex

EllipticF[i ArcSinh]

]
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2cd-be-+b2e2-4ace? ]

/ ﬁ(cdz—bde+ae2)
2cd-be+Vb%2e?-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -
2cd-be-+vb%e?-4ace? (d+ex)? d+ex
2(cd2—bde+ae2)
ibcde|2cd-be++/b?e?-4ace? 1-
(chfbefx/bzezf4ace2) (d+ex)
L 2(cd2—bde+ae2)

(2cd—be+\/b2e2—4ace2) <d+ex)

2cdbe/b’e? 4ace’ 2cd-be-+/b%2e?-4ace?

EllipticE|i ArcSinh| |, ] -

Vd+ex 2cd-be+Vb2e2_4ace?

/ \/ cd’-bde+ae?

[ _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

E1lipticF [i ArcSinh| ]s

Vd+ex

2cd-be-+/b%2e?-4ace? ]
2cd-be+Vb2e2_4ace?

/ ﬁ(cdz—bde+ae2)

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
chfbe—\/m (d+ex)2 d+ex
2 (cd?’-bde+ae?
ibre? [2cd-ber[orer dace? | |1- < )
(2cd-be-VbTe?-dace? ) (drex]
1 2(cd27bde+ae2)

2cd—be+\/b2e274ace2) (d+ex)



312 | Mathematica 11.3 Integration Test Results for 1.2.1.3 (d+e x)~m (f+g x) (a+b x+c x~2)"~p.nb

ﬁ B cd*-bde+ae?
2cd-be-\/b2e?-dace? 2cd-be-+b2e2_-4ace? ]

EllipticE[i ArcSinh] B

Vd+ex 2cd-be+Vb2e2-4ace?

2cd-be/b2e-dace?

E1lipticF [i ArcSinh| ]

\Vd+ex

\/? \/ cd’-bde+ae?

2cd-be-+b2e2-4ace? ]
2cd-be+Vb2e2-4ace?

/ \E(Cdz—bde+ae2)

cd’-bde+ae? cd’-bde+ae? -2cd+be
C+ + -

2cd-be-+b2e?-4ace? (d+ex)? d+ex

2 (cdszde+ae2)

(ch—befx/bzezfélacez) (d+ex)

2cd-be++/b2e?-4ace?

3iace? 1-

2(cd2—bde+ae2)
(chfbe+\/b2e274ace2> <d+ex)

1-

/ cd*-bde+ae?
2cdben/b’e? 4ace’ 2cd-be- b2e2—4ace2]

E1lipticE[i ArcSinh| ]

Vd+ex 2cd-be+/b2e?2-4ace?

\/7 B cd’-bde+ae?
2cd-be-+/b%e’-4ace?

E1lipticF[i ArcSinh | ]

Vd+ex

2cd-be-+/b%2e?2-4ace? ]

/ \E(CdszdeJraez)
2cd-be+/b%2e?2-4ace?

cd?’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +

2cd-be-+/b2e?2-4ace? (d+ex)2 d+ex
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2 (cd*-bde+ae?)

iv2 c2d |[1-
(ch—be—\/b2e2—4ace2) (d+ex)
. 2(cd27bde+ae2)

(2cd—be+\/b2e274ace2) (d+ex)

/ \/ cd’-bde+ae?

2cd-be/b2erdace? 2cd-be-+b2e?-4ace?
EllipticF[i ArcSinh] |s }/
Vd+ex 2cd-be+vVb2e2-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -
2cd-be-+Vb%?e?-4ace? (d+ex)? d+ex
2 (cd*-bde+ae?)
ibce |1-
(ch—be—\/b2e2—4ace2)(d+ex)
. 2(cd27bde+ae2)

(2cd—be+\/b2e274ace2) (d+ex)

/ \/ cd’-bde+ae?

2cd-be- bze -4ace? 2cd7be—\/m
E1lipticF[i ArcSinh | ] ] /
Vd+ex 2cd—be+m
cd’-bde+ae? cd’-bde+ae? -2cd+be
\/? - + c4 + N +
2cd-be-+b?e?-4ace? (d+ex)? d+ex

Problem 1650: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J(b+2cx) (dJrex)S/2

<a+bx+cx2>5/2
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Optimal (type 4, 494 leaves, 7 steps):

2(d+ex)5/2 10e+/d+ex (bd—2ae+(2cd—be)x)
- - +
_'-;(a+bx+cx2)3/2 3(b2-4ac)Va+bx+cx?

C <a+bx+cx2)

Sﬁe<2cd—be)\/d+ex -

b2-4ac

biy/b2-4ac +2cx
2
Vbi-dac 2Vb2-4ac e

EllipticE [ArcSin| ]s -

V2 2cd—(b+\/m)e

c(d+ex)
3c+/b’-4ac Ja+rbx+cox? | -
2cd—(b+\/b2—4ac)e

1/

d b 2
20\/7e(cd2—bde+ae2 c( +ex) _c(a+ X+ cx?)
2cd—(b+\/b2—4ac)e b2-4ac
b*-aac 2+/b2-4ac e
EllipticF[ArcSin| ], - ] /
2 2cd—(b+\/m)e

(3Cx/b2—4ac Vd+ex vJa+bx+cx?

Result (type 4, 1973 leaves):
Vd+ex <a+bx+cx2)3

2(cd27ae2+2cdex—be2x) 2(5bcde+b2e2—14ace2+10c2dex—5bce2x)

- +

3c(a+bx+cx2)2 3¢ (-b2+4ac) (a+bx+cx?)

/
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(a+x(b+cx))5/2+ ! 5(a+bx+cx2)5/2
3 (b?-4ac) (a+x (b+cx))5/2

2 2
2(2cdbe>(d+ex>3/2{c+ cd ~_bde ,_ae _ 2cd . be

(d+ex>2 (d+ex>2 (d+ex)2 d+ex d+ex

/

2 d 2 e (b-t4 2
(d+ex)® |c (—1+ ) + -
d+ex d+ex 1

c _
bd ae |
b
¢ (-1 )Zf\ deex” aeex)
d+ex dex

eZ
(d+ex)? s
e
C ")

c d? bde ae? 2cd be

2 (cd*-bde+ae?) (d+ex)\/c+ - + - .

(d+ex)2 <d+ex)2 (d+ex)2 d+rex d+ex

2 (cdszde+ae2)

(2cd-be-+b7e? 4ace? | (d+ex

1-

icd (ch—beJr«/b2e2—4ace2

2(cd2—bde+ae2)
(chfbe+m) (d+ex)

1-

/ cd*-bde+ae?
2cdbe/b’e? 4ace’ 2cd-be-+/b2e?2-4ace?

EllipticE|i ArcSinh| ], ] -

Vd+ex 2cd-be++/b?e?-4ace?

2cd-be-+/b%e?-4ace?
Vdrex

/2 \/_ cd’-bde+ae?

EllipticF[i ArcSinh|

]

2cd—be—\/m]

/ \E(CdszdeJraez)
2cd-be+/b%2e?-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -
2cd-be-+/b2e?-4ace? (d+ex)2 d+ex
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2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

1-

J'Lbe(ch—beﬂlbzez—4ace2

2 (cdszde+ae2)

1-
(2cd—be+\/m) (d+ex)
\/_ cd’*-bde+ae?
E11ipti E['A < h 2cd-be- b2e24ace } 2cd—be—\/m]
1ptTic 1 Arcs>1in > _
Vd+ex 2cd-be+V/b%2e?-4ace?
\/7 B cd’-bde+ae?
2cd-be-+/b%e?-4ace?
EllipticF [i ArcSinh| )5

\Vd+ex

2cd-be-+b%2e?-4ace? ]

/ 2+/2 (cd®>-bde+ae?)
2cd-be+Vb2e2-4ace?

cd?’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+vb2e2-4ace? (dJrex)2 d+ex
2 (cd®’-bde+ae?
iVTe |- < )
(2cd—be—x/b2e2—4ace2)(d+ex)
1 2(cd2—bde+ae2)

(2cd—be+\/b2e2—4ace2) <d+ex)

2 _ cd’>-bdetae’
2cd-be-/b?e?-dace? 2cd-be-+b2e2-4ace? } /

EllipticF [i ArcSinh| ]

Vd+ex 2cd-be++vVbZe?-4ace?
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cd’-bde+ae? cd?’-bde+ae? -2cd+be
- C+ +
2cd-be-+b2e2-4ace? <d+ex)2 d+ex

Problem 1651: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J(b+2cx) (d+ex)??

(a+bx+cx2)5/2

Optimal (type 4, 456 leaves, 7 steps):
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. 2(d+ex)3/2 i 2e (b+2cx)d+ex vz evarex |-

3(a+bx+cx2)3/2 (b2-4ac) Varbx+cx b2-4ac

c<a+bx+cx2)

b+y/b%2-4ac +2cx

Joraac 2+/b2-4ac e
EllipticE[ArcSin| ], - ] /
2 2cd—(b+\/b2—4ac)e

d
\/b>-4ac C< +ex) Ja+rbx+cox? | -

2cd- (b+\/m)e

2+/2 e(2cd-be) c (drex) _c<a*bX+CX2)
2Cd—(b+\/m)e b2-4ac

Vv -
E1lipticF[ArcSin| 1, - 2+/b2-4ac e | /
e 2c¢d- (b Vb? 4ac e

(Cx/b2—4ac Vd+rex Ja+bx+cx?

Result (type 4, 1031 leaves):
3
\Vd+ex (a +bx+c x2> -3 (avb xrc 7] " (b2 4ac) (abxecx?)

(a+x (b+cx))5/2

2 (d+ex) 2 (be+t2cex) )

cd?+e <7bd+ae)

(d+ex)3/2 (a+bx+cx2)5/2 4
-2cd+be+ (b2—4ac) e?

q ) e( _ _bd N ae) 1
c[—1+ + drex dex] | _ i/2 (2cd—be+ (b2—4ac)e2)
d+ex d+ex Jdrex
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(b274ac) e2 7¢21+aee:72Cd(71+d+dex>+be(71+dfedx)
\ 2cd-be+ (b2—4ac)e2
(b2-4ac)e? + 2ae* +2cd( d )+b(e—2d—e>
d+ d+e x d+e x EllipticE[
\ -2cd+be+./(b2-4ac) e?
\/_ cd*-bde+ae?
h -2cd+ber b2 4ac)e -2cd+be+ (b2—4ac) e? 1
1 ArcSin y - +
Vd+ex 2cd—be+\/(b2—4ac)e2 Vd+ex

N T o (b2-4ac)e? —za:;—ZCd(—1+ddex)+be(—1+d2edx)
iv2 b’-4ac)e s * *

2cd-be+ (b2—4ac)e2

(b2-4ac)e? +ﬁ+2cd(—1+ d )+b(e—2d—e>

d+e x d+e x

-2cd+be+./(b2-4ac) e?

/ \/ cd’-bde+ae?

—2cd+be+ b2 4ac)e -2cd+be+ (b2—4ac) e?
EllipticF[i ArcSinh] ]s - /
Vd+ex 2cd-be+./(b*-4ac)e?

(b2—4ac) cd2+e(—bd+ae)

(a+x (b+cx))5/2
-2cd+be+./(b2-4ac) e

(d+ex)

bd ae
2 e |b-—+—
2 C(—1+ d ) + =
d+e x d+ex

2

e

Problem 1652: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(b+2cx) Vdrex

5/2

dx
(a+bx+cx2)

Optimal (type 4, 517 leaves, 7 steps):
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2+/d+ex 2e/d+ex (bcd—b2e+2ace+c<2cd—be)x)

- - +

3 (a+bx+cx2)3/2 3 (b*-4ac) (cd>-bde+ae?) Va+bx+cx?

c (a+bx+cx?)

\/?e(ZCd—be) Vd+ex \/—

b2-4ac

b+y/b%2-4ac +2cx
Joraac | 2/b?-4ac e ] /
2 ’ 2cd—(b+\/b2—4ac)e

EllipticE[ArcSin|

d
3+ b%*-4ac (cdzbde+ae2)J c (drex) rJa+bx+cx?

2cd—(b+\/b2—4ac)e

b+y/b*-4ac +2cx
c(d+ex) \/ c (a+bx+cx?) Vb?-dac

42 e EllipticF[Ar‘cSin[ },
2cd—(b+m)e b2-4ac V2

2vVb2-4ac e
- ] /[3x/b2—4ac Jdrex \Ja+bx+cx?

2cd- (b+\/b2—4ac)e

Result (type 4, 2000 leaves):

Vd+ex (a+bx+cx2)3

- 2 2+(2(bcdefb2e2+2ace2+2c2dexfbcezx))/

3 (a+bx+cx?)
)/

(3(-b*cd*+4ac’d®+b>de-4abcde-ab’e’*+4a’ce’) (a+bx+cx?))

1

3(b2-4ac) (cd?-bde+ae?) (a+x (b+cx))>?
>5/2

(a+x (b+cx))*?+

2c (a+bx+cx?
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2 2
(2Cd—be> (d+ex)3/2(c+ cd ~ bde . ae B 2cd . be

(d+ex)2 (d+ex)2 (d+ex)2 d+ex d+ex

/

bd ae

2 e |b-——+——
(d+ex)2 C(—1+ d ) + =
d+e x d+e x 1
c _
2
e bd ae |\
e|b-——+—
(d+ex)? c(71+d.d )2+7[ "d'” "‘”J
c -
5 5 c d? bde ae? 2cd be
(cd*-bde+ae?) (d+ex) [c+ - + - +

(d+ex)2 (d+ex>2 (d+ex)2 d+ex d+ex

2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

1-

icd [2cd—be+\/m

2 (cdszde+ae2)

(2cd—be+\/b2e274ace2) (d+ex)

1-

/ cd*-bde+ae?
2cd-be/ble? dace? 2cd-be-+/b2e2_4ace?

EllipticE[i ArcSinh| B ] -

Vd+ex 2cd—be+\/m

/2 _ cd’-bde+ae?
2cd-be-+/b%e’-4ace?

E1lipticF[i ArcSinh | ]

\d+ex

2cd-be-+b%2e?-4ace? ]

/ \E(CdszdeJraez)
2cd-be++/b2e?2-4ace?

cd?’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -

2cd-be-+vb2e2-4ace? (d+ex)2 d+ex
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2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

1-

J'Lbe(ch—beﬂlbzez—4ace2

2 (cdszde+ae2)

1-
(2cd—be+\/m) (d+ex)
\/_ cd’*-bde+ae?
E11ipti E['A < h 2cd-be- b2e24ace } 2cd—be—\/m]
1ptTic 1 Arcs>1in > _
Vd+ex 2cd-be+V/b%2e?-4ace?
\/7 B cd’-bde+ae?
2cd-be-+/b%e?-4ace?
EllipticF [i ArcSinh| )5

\Vd+ex

2cd-be-+b%2e?-4ace? ]

/ 2+/2 (cd®>-bde+ae?)
2cd-be+Vb2e2-4ace?

cd?’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+vb2e2-4ace? (dJrex)2 d+ex
2 (cd®’-bde+ae?
iVTe |- < )
(2cd—be—x/b2e2—4ace2)(d+ex)
1 2(cd2—bde+ae2)

(2cd—be+\/b2e2—4ace2) <d+ex)

2 _ cd’>-bdetae’
2cd-be-/b?e?-dace? 2cd-be-+b2e2-4ace? } /

EllipticF [i ArcSinh| ]

Vd+ex 2cd-be++vVbZe?-4ace?
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cd’-bde+ae? cd?’-bde+ae? -2cd+be
- C+ +
2cd-be-+b2e2-4ace? <d+exf d+ex

Problem 1653: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

b+2cx

J\/d+ex(a+bx+cx2)5/2

dx

Optimal (type 4, 665 leaves, 7 steps):



324 | Mathematica 11.3 Integration Test Results for 1.2.1.3 (d+e x)~m (f+g x) (a+b x+c x~2)"~p.nb

72@ (<b2—4ac) (cd—be) -c (b2—4ac) ex)

3(b2-4ac) (cd’-bde+ae?) (a+bx+cx?)>?

- (2ex/d+ex

(3b2cde—8ac2de—2b3 2_bc (cd2—7ae2)—2c<c2d2+b2e2—ce(bd+3ae>)x))/

(3 (b2—4ac> (cdz—bde+ae2)2x/a+bx+cx2

c (a+bx+cx2)

2\/7e<c2d2+b2e2—ce(bd+3ae))x/d+ex \/—

b2-4ac

b+y/b%-4ac +2cx
Vb*-dac 2vVb2-4ac e ] /
)e

EllipticE[ArcSin| ]

, -
2 2cd—(b+\/b2—4ac

2cd—(b+\/b2—4ac)e

d
3+ b%*-4ac (cdzbde+ae2)2\l c (drex) Jarbx+cox? |+

2+/2 e(2cd-be) c (drex) \/_C<a+bx+cx2>
2Cd—(b+\/m)e b2-4ac

b+y/b%-4ac +2cx

Joane -
E1lipticF [ArcSin| ], - 2+/b2-4ac e | /
a 2cd- [b+\b7-4ac |e

(3x/b2—4ac (cd®>-bde+ae®)vd+ex \Ja+bx+cx?

Result (type 4, 3575leaves):

2(-cd+b
Vd+ex <a+bx+cx2>3 ( car e+cex) +

3 (cdz—bde+ae2> (a+bx+cx2)2

(2 (bc®d*e-3b*cde’+8ac’de’+2b’e’-7abce’*+2c?d’ex-2bc’de’ x+
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2b2ce3x76ac2e3x))/(3 (b274ac) <7cd2+bdefae2)2 (a+bx+cx2)>

|/

1

3 <b274ac) (cdszdeJrae2>2 (a+x (b+cx))5/2
2)5/2

(a+x (b+cx))5/2—

2c (a+bx+cx

2 (c*d*-bcde+b?e’-3ace?) (d+ex)3/2

c c d? bde ae2 2¢d be /
+ _ . _ .
(d+ex)2 <d+ex>2 (d+ex>2 d+ex d+ex
bd ae
d+eX 2 cl-1+ d 2+ e |b- +—
( )
d+e x d+e x 1
C e2 i ( bd ae |
C "

c d? bde ae? 2cd be

(cd®>-bde+ae?) <d+ex)\/c+ - + - +

(d+ex)2 (d+ex>2 (d+ex)2 d+ex d+ex

i c? d? (chfbe+xlb2e274ace2

L (cd2 bde+ae2)
(2cd—be—x/b2e2—4ace2) (d+ex)

L (cd2 bde+ae?)
(2cd—be+\/b2e2—4ace2) <d+ex)

2cdbe/b’e? 4ace’ 2cd-be-+b2e2_-4ace?

EllipticE[i ArcSinh| |, ] -

Vd+ex 2cd-be+Vb2e2-4ace?

/ \/ cd’*-bde+ae?

[ _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

E1lipticF [i ArcSinh| ]

Vd+ex
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2cd-be-+b2e2-4ace? ]

/ ﬁ(cdz—bde+ae2)
2cd-be+Vb%2e?-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -
2cd-be-+vb%e?-4ace? (d+ex)? d+ex
2(cd2—bde+ae2)
ibcde|2cd-be++/b?e?-4ace? 1-
(chfbefx/bzezf4ace2) (d+ex)
L 2(cd2—bde+ae2)

(2cd—be+\/b2e2—4ace2) <d+ex)

/ \/ cd’-bde+ae?

2cdbe/b’e? 4ace’ 2cd—be—\/b2e2—4ace2]

EllipticE|i ArcSinh| B

Vd+ex 2cd-be+Vb2e2_4ace?

[ _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

E1lipticF [i ArcSinh| ]s

Vd+ex

2cd-be-+/b%2e?-4ace? ]
2cd-be+Vb2e2_4ace?

/ ﬁ(cdz—bde+ae2)

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
chfbe—\/m (d+ex)2 d+ex
2 (cd?’-bde+ae?
ibre? [2cd-ber[orer dace? | |1- < )
(2cd-be-VbTe?-dace? ) (drex]
1 2(cd27bde+ae2)

2cd—be+\/b2e274ace2) (d+ex)



Mathematica 11.3 Integration Test Results for 1.2.1.3 (d+e x)~m (f+g x) (a+b x+c x~2)~p.nb | 327

2cd-be-\/b2e?-dace? 2cd-be-+b2e2_-4ace?

EllipticE[i ArcSinh] |, ] -

Vd+ex 2cd-be+Vb2e2-4ace?

/2 \/ cd’-bde+ae?

2cd-be-+/b%e?-4ace?

E1lipticF [i ArcSinh| ]

Vd+ex

/2 \/ cd’-bde+ae?

2cd-be-+b2e2-4ace? ]
2cd-be+Vb2e2-4ace?

/ \E(Cdz—bde+ae2)

cd’-bde+ae? cd’-bde+ae? -2cd+be
C+ + -

2cd-be-+/b2e2-4ace? (d+ex)? d+ex

2 (cdszde+ae2)

(ch—befx/bzezfélacez) (d+ex>

2cd-be++/b2e?-4ace?

3iace? 1-

2(cd2—bde+ae2)
(chfbe+\/b2e274ace2> <d+ex)

1-

/ cd*-bde+ae?
2cdben/b’e? 4ace’ 2cd-be-+/b2e?2-4ace?

EllipticE|i ArcSinh| B ] -

Vd+ex 2cd-be+/b2e?2-4ace?

/2 _ cd’-bde+ae?
2cd-be-+/b%e’-4ace?

E1lipticF[i ArcSinh | ]

Vd+ex

2cd-be-+/b%2e?2-4ace? ]

/ \E(CdszdeJraez)
2cd-be+/b%2e?2-4ace?

cd?’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +

2cd-be-+/b2e?2-4ace? (d+ex)2 d+ex
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2 (cd*-bde+ae?)

iv2 c2d |[1-
(ch—be—\/b2e2—4ace2) (d+ex)
. 2(cd27bde+ae2)

(2cd—be+\/b2e274ace2) (d+ex)

/ \/ cd’-bde+ae?

2cd-be- bze2 4ace? 2cd—be—\/m
EllipticF[i ArcSinh] |s ]
Vd+ex 2cd-be+vVb2e2-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -
2cd-be-+Vb%?e?-4ace? (d+ex)? d+ex
2 (cd*-bde+ae?)
ibce |1-
(ch—be—\/b2e2—4ace2) (d+ex)
. 2(cd27bde+ae2)

(2cd—be+\/b2e274ace2) (d+ex)

/ \/ cd’-bde+ae?

2cd-be- bze2 4ace? 2cd7be7\/m
E1lipticF[i ArcSinh | ] ]
Vd+ex 2cd—be+m
cd’-bde+ae? cd’-bde+ae? -2cd+be
\/? - + c4 + N +
2cd-be-+/b2e2-4ace? (d+ex)? d+ex

Problem 1654: Result more than twice size of optimal antiderivative.

J(b+2cx) (d+ex)” (a+bx+cx2)3d1x

Optimal (type 3, 449 leaves, 2 steps):

/

/



Mathematica 11.3 Integration Test Results for 1.2.1.3 (d+e x)~m (f+g x) (a+b x+c x~2)~p.nb | 329

(2cd—be) (cdz—bde+ae2)3 (d+ex>1*n1

- +

e (1+m)
(cd>-bde+ae?)? (14c2d?+3b%e?-2ce (7bd-ae)) (d+ex)*™ 1
e® (2+m) et (3+m)
3(2cd-be) (cd®-bde+ae®) (7c*d*+b’°e’-ce (7bd-3ae)) (d+ex)3*m+
; ! (70 c*d*+b*e*-4b’ce® (5bd-3ae) -
e8 (4+m)

20c>d’e (7bd-3ae) +6c?e’ (15b2d*-10abde+a’e?)) (d+ex)4”"—
5c(2cd-be) (7c2d?+b2e?-ce (7bd-3ae)) (d+ex)5*'"

N
e® (5+m)

3¢ (14c?d?+3b%e?-2ce (7bd-ae)) (d+ex>6*"‘

e® (6+m)

7¢ (2cd-be) (d+ex)7”" 2¢4 <d+ex)8*”‘

ed (7+m) i e® (8+m)

Result (type 3, 1259 leaves):
1
e (1+m) (2+m) (3+m) (4+m) (5+m) (6+m) (7+m) (8+m)
(-2c* (5040d” -5040d°e (1+m) x+2520d>e® (2+3m+m?) x> -840d*e> (6+11m+6m” +m’) X° +
210d’e* (24 +50m+35m> + 10m’> + m*) x* - 42d*e® (120 + 274 m+ 225m> + 85m° + 15m* + m°)
x> +7de® (720 +1764m+1624m> + 735m> + 175m* + 21 m> + m®) x° -
e’ (5040 + 13068 m + 13132 m” + 6769 m> + 1968 m* + 322 m° + 28 m® + m’) x7) +
be“(1686+1066m+251m2+26m3+m4) (a3e3 (24+26m+9m2+m3) +3a’be? (12+7m+m2>
(-d+e(1+m)x)+3ab’e (4+m) (2d*-2de (1+m) x+e* (2+3m+m?) x*) +
b> (-6d*+6d*e (1+m) x-3de® (2+3m+m?*) x*+e> (6+11m+6m”+m>) x3)) +
cel (336+146m+21m2+m3) (2a3e3 (69+47m+12m2+m3) (—d+e(1+m) X) +
9a’be? (20+9m+m2) (Zdz—zde(1+m)x+e2 (2+3m+m2) x2)+
12ab’e (5+m) (-6d>+6d°e (1+m) x-3de* (2+3m+m?) x*+e> (6+11lm+6m*+m’) X>) +
5b® (24d*-24d%e (1+m) x+12d*e* (2+3m+m’) x> -4de’ (6+11m+6m” +m’) X +
et (24+50m+35m2+10m3+m4) x4)) +3c?e? (56+15m+m2) (Zaze2 (30+11m+m?)
(-6d>+6d°e (1+m) x-3de? (2+3m+m?) x*+e> (6+11lm+6m*+m’) X>) +
Sabe (6+m) (24d*-24d’e (1+m) x+12d*e® (2+3m+m’) x* -
4de3 (6+11m+6m2+m3)x3+e4 (24+50m+35m2+10m3+m4) x4)+
3b® (-120d°+120d%e (1+m) x-60d>e® (2+3m+m*) x> +20d*e> (6+11m+6m” +m’) x> -
5de* (24+50m+35m>+10m’ +m*) x* + e (120 +274m+225m* + 85m> + 15m* + m>) x> ) +
c>e(8+m) (6ae (7+m) (-120d° +120d*e (1+m) x-60d>e® (2+3m+m*) x> +
20d? 3 <6+11m+6m2+m3)x3—5de4 (24+50m+35m2+10m3+m4) x4+
e® (120 +274m+225m* + 85m> + 15m* +m>) X°) +
7b (720d°-720d°e (1+m) x+360d*e® (2+3m+m?) x*-120d>e® (6+11m+6m* +m*) x> +
30d2e4<24+50m+35m2+10m3+m4> x*-6de® (120+274m+225m2+85m3+15m4+m5)
x> +€® (720 + 1764 m+ 1624 m* + 735m> + 175m* + 21 m> + m®) x°) ) )

d+ex)1”"
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Problem 1655: Result more than twice size of optimal antiderivative.

J(b+2cx) (d+ex)m (a+bx+cx2)2d1x

Optimal (type 3, 270leaves, 2 steps):
(2cd-be) (cdz—bde+ae2)2 (d+ex)1+n1

- +
eb <1+m>

2 (cdz—bde+ae2) (5c2d2+b2e2—ce (5bd—ae)) (d+ex)2*m

e® (2+m)

(2cd-be) (10c?d?+b2e?-2ce (5bd-3ae)) (d+ex)3*"‘

e® (3+m)

+

4c<5c2d2+b2e2—ce(5bd—ae))(d+ex)4+m 5 c2 (ch—be) (d+ex)5”“ 2¢3 (d+ex)6*m
- +
e® (4+m) e® (5+m) e® (6+m)

Result (type 3, 541 leaves):
1
e (1+m) (2+m) (3+m) (4+m) (5+m) (6+m)
(-2c* (120d°-120d*e (1+m) x+60d>e® (2+3m+m?) x*-20d*e> (6+11m+6m>+m) x>+
5de* (24+50m+35m>+10m’ +m*) x* - e (120 +274m+225m* + 85m> + 15m* + m*) x>) +
be® (120+74m+15m* +m’) (a®e® (6+5m+m*) +2abe (3+m) (-d+e (1+m)x) +
b> (2d*-2de (1+m) x+e® (2+3m+m’) x*)) +
2ce® (38+11m+m?) (a®e® (12+7m+m?) (-d+e (1+m)x) +
3abe (4+m) (2d*-2de (1+m) x+e® (2+3m+m?) x?) -
2b® (6d*-6d*e (1+m) x+3de® (2+3m+m*) x*-€> (6+11m+6m*+m’) X*)) +c*e (6+m)
(4ae (5+m) (-6d*+6d%e (1+m) x-3de?* (2+3m+m’) x> +e> (6+11m+6m” +m*) x>) +
5b(24d*-24d’e (1+m) x+12d*e? (2+3m+m?) X* -
4de’® (6+11m+6m”+m?) x> +e* (24+50m+35m*+10m> +m*) x*) ) )

(d+ex)1+m

Problem 1658: Unable to integrate problem.

dx

J(b+2cx) (d+ex)"

<a+bx+cx2>2

Optimal (type 5, 358 leaves, 5 steps):
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(d+ex>1”" ((b2-4ac) (cd-be)-c(b2-4ac)ex]

(b2—4ac) (cdz—bde+ae2) (a+bx+cx2)

ce(chf(b+x/b274ac

e) m (d+ex)1”"

2c (d+ex)

2cd—(b—\/b2—4ac)e

Hypergeometric2F1 [1, 1+m, 2+m,

(xlb2—4ac (ch— (b—«/b2—4ac
ce(ch— (b—«/b274ac

]

/

(cdz—bde+ae2) (1+m)

e +

) 1+m

e)m(d+ex

2¢ (d+ex)

2cd—(b+\/b2—4ac)e

Hypergeometric2F1[1, 1+m, 2 +m,

(xlb2—4ac (ch— [b+x/b2—4ac

Result (type 8, 28 leaves):
J(b+2cx) (d+ex)”

<a+bx+cx2>2

]

/

(cdz—bde+ae2> (1+m)

e

dx

Problem 1659: Result more than twice size of optimal antiderivative.

J(A+Bx) (d+ex)® (a?+2abx+b?x?) dx

Optimal (type 1, 120leaves, 3 steps):
(bd-ae)? (Bd-Ae) (d+ex)® (bd-ae) (3bBd-2Abe-aBe) (d+ex)’

. 6 e 7 e* .
b (3de—Abe—2aBe) (d+ex>8 b2 B (d+ex>9

+
8 et 9 e

Result (type 1, 330leaves):
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1
a?Ad°x+ —ad? <2Abd+aBd+5aAe> x2 +
2

L (aBd (2bd+5ae) +A (b*d*+10abde+10a’e?)) x* +
3

ld2 (10a2e2 (Bd+Ae) +10abde (Bd+2Ae) + b? d? (Bd+5Ae)) x4+
4
de (4abde (Bd+Ae) +a*e? (2Bd+Ae) +b*d* (Bd+2Ae)) x*+

le2 (10b2d2 (Bd+Ae) +10abde <ZBd+Ae) +a?e? (SBd+Ae)) x® +
6

Les (a*Be?+5b’d (2Bd+Ae) +2abe (5Bd+Ae)) X" +
7

1 1
—be* (5bBd+Abe+2aBe) x®+ = b>Be’ X’
8 9

Problem 1660: Result more than twice size of optimal antiderivative.

J(A+Bx) (d+ex)4 (a*+2abx+b*x*) dx

Optimal (type 1, 120leaves, 3 steps):

(bd-ae)? (Bd-Ae) (d+ex)5+ (bd-ae) (3bBd-2Abe-aBe) (d+ex)®
5 et 6e*

b(3bBd-Abe-2aBe) (d+ex)’ b?B(d+ex)®

.
7 e* 8e?

Result (type 1, 283 leaves):

1
a?Ad*x+ —ad? <2Abd+aBd+4aAe> x2 +
2

g (2aBd (bd+2ae) +A (b*d*+8abde+6a’e®)) x>+
3

ey’ (2a®e? (3Bd+2Ae) +4abde (2Bd+3Ae) +b*d* (Bd+4Ae)) x*+
4

le (a*>e” (4Bd+Ae) +4abde (3Bd+2Ae) +2b>d® (2Bd+3Ae)) x>+
5

le2 (aZBe2+2abe (4Bd+Ae) +2b%d (3Bd+2Ae)) x® +
6

1 1
“be? <4de+Abe+2aBe> x’ + —b’>Be*x®
7 8

Problem 1673: Result more than twice size of optimal antiderivative.

J(A+Bx) (d+ex)7 (a2+2abx+b2x2)2d1x

Optimal (type 1, 206 leaves, 3 steps):
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(bd—ae)4<Bd—Ae) (dJrex)8 (bd—ae)3 (5bBd-4Abe-aBe) (d+ex)9
) 8 eb : 9eb )
b(bd-ae)? (5bBd-3Abe-2aBe) (d+ex)™

5 e®
2b2 (bd-ae) (5bBd-2Abe-3aBe) (d+ex)™

+

11e®
b> (5bBd-Abe-4aBe) (d+ex)'” b*B(d+ex)
+

12 e® 13 e
Result (type 1, 823 leaves):

1
a*Ad’ x+ —a3d°® (4Abd+aBd+7aAe) X2 +
2

Largs (aBd (4bd+7ae) +A(6b*°d*+28abde+21a’e?)) X+
3

1
~ad* (aBd (6b2d2+28abde+21a2e2) +A(4b3d3+42ab2d2e+84a2bde2+35a3e3)) x4+
4

Lo (aBd (4b*d*>+42ab*d’e+84a’bde*+35a°e’) +

i A (b*d*+28ab*d’e+126a°b*d’ e’ +140a’bde’ +35a*e*) ) x° +

L (140a’bde’ (Bd+Ae) +28ab>d’e (Bd+3Ae) +7a%e* (5Bd+3Ae) +

° 42a°b*d’e® (3Bd+5Ae) +b*d* (Bd+7Ae)) x®+

de (30a’b>d*e® (Bd+Ae) +a*e* (3Bd+Ae) +b*d* (Bd+3Ae) +
4a’bde’ (5Bd+3Ae) +4ab’d’e (3Bd+5Ae)) x" +

le2 (140ab>d’e (Bd+Ae) +28a’bde’ (3Bd+Ae) +a*e® (7Bd+Ae) +

i 42a*b*d*e® (5Bd+3Ae) +7b*d* (3Bd+5Ae)) x®+

le3 (a*Be*+35b*d’> (Bd+Ae) +42a*b>de® (3Bd+Ae) +

’ 4a’be® (7Bd+Ae) +28ab’d’e (5Bd+3Ae)) x°+

Lbe4 (4a3Be3+28ab2de (3Bd+Ae) +6a’be? (7Bd+Ae) +7b3d? (5Bd+3Ae))x1°+
10

LbzeS (6a23e2+7b2d (BBd+Ae) +4abe (7Bd+Ae)) Xt
11

1 1
—b’e® (7bBd+Abe+4aBe) x**+ —b*Be’ x*
12 13
Problem 1674: Result more than twice size of optimal antiderivative.

2

J(A+Bx) (d+ex)® (a2+2abx+b?x?)*dx

Optimal (type 1, 206 leaves, 3 steps):
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(bd—ae)4 (Bd—Ae) (d+ex)7 (bd—ae)3 (5de—4Abe—aBe) (dJrex)8
_ N _
7 e 8 eb

2b(bd-ae)® (5bBd-3Abe-2aBe) (d+ex)’

+
9 eb

b2 (bd—ae) (5de—2Abe—3aBe) (d+ex)16

5ef
b> (5bBd-Abe-4aBe) (d+ex)' b*B(d+ex)"
+
11e® 12 e°

Result (type 1, 737 leaves):

a“Ad"’x+la3d5 (4Abd+aBd+6aAe) x2 ¢
2

la2d4 (2aBd (2bd+3ae) +3A(2b2d2+8abde+5a2e2)) x3 +
3
Ead3 <3aBd (2b2d2+8abde+5a2e2) +4A(b3d3+9ab2d2e+15a2bde2+5a3e3)) x4+
4
ld2 (4aBd (b3d3+9ab2d2e+15a2bde2+5a3e3) n
5

A(b4d4+24ab3d3e+9ea2b2d2e2+80a3bde3+15a4e4)) X° +
e’ (3a%e* (5Bd+2Ae) +20a’bde’ (4Bd+3Ae) +30a°b’d’e® (3Bd+4Ae) +
6

12ab3d?e (2Bd+5Ae) +b*d* (Bd+6Ae)) x® +
te (a*e* (6Bd+Ae) +12a’bde’ (5Bd+2Ae) +30a°b*d’e® (4Bd+3Ae) +
7

20ab3d?e (3Bd+4Ae) +3b*d* (2Bd+5Ae)) X7 +
le2 (a4Be4+4a3be3 (GBd+Ae) +18 a%b?de? (5Bd+2Ae) n
8

20ab3d?e (4Bd+3Ae) +5b*d? (3Bd+4Ae)) x& +

lher (4a’°Be’+6a’be’ (6Bd+Ae) +12ab*de (5Bd+2Ae] +5b’d? (4Bd+3Ae)) X+
9

Lopres (6a®Be*+4abe (6Bd+Ae) +3b°d (5Bd+2Ae)) x*+
10

1 1
—b3e® (6de+Abe+4aBe) x + — b* B e® x12
11 12

Problem 1675: Result more than twice size of optimal antiderivative.

J(A+Bx) (d+ex)5 (a2+2abx+b2x2)2dlx

Optimal (type 1, 206 leaves, 3 steps):
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(bd—ae)4<Bd—Ae) (dJrex)6 (bd—ae)3 (5bBd-4Abe-aBe) (d+ex)7
) 6 e : 7 eb )
b(bd-ae)®> (5bBd-3Abe-2aBe) (d+ex)®

4 b
2b2 (bd-ae) (5bBd-2Abe-3aBe) (d+ex)’

+

9ef
b> (5bBd-Abe-4aBe) (d+ex)™ b*B(d+ex)™
+
10e® 11e®

Result (type 1, 615leaves):

1
a*Ad° x+ —a3d* (4Abd+aBd+5aAe) X2 +
2

lag (aBd (4bd+5ae) +2A (3b*d*+10abde+5a*e?)) x>+
3

1
= ad? (aBd (3b2d2+10abde+5a2e2) +A(2b3d3+15ab2d2e+20a2bde2+5a3e3)) x4+
2

L4 (2aBd (2b’d*+15ab’d’e+20a’bde’+5a’e’) +
5

A (b*d*+20ab*d’e+60a*b*d*e*+40a’bde’ +5a*e?)) x° +
: (60a’b>d*e® (Bd+Ae) +20a*bde® (2Bd+Ae) +a*e* (5Bd+Ae) +
6
20ab’d’e (Bd+2Ae) +b*d* (Bd+5Ae))x6+1e (a*Be*+40ab’>d’e (Bd+Ae) +

7

30a’b’de® (2Bd+Ae) +4a’be’ (5Bd+Ae) +5b*d® (Bd+2Ae)) X" +

lbe2 (2a’Be*+5b>d* (Bd+Ae) +10ab’de (2Bd+Ae) +3a’be” (5Bd+Ae)) x*+
4

lb2e3 (6a2Be2+5b2d (28d+Ae) +4abe (SBd+Ae)) x° +
9

1 1
— b3 e? (5de+Abe+4aBe) x'® + —p*Be® x*
10 11

Problem 1676: Result more than twice size of optimal antiderivative.

J(A+Bx) (d+ex)* (a2+2abx+b2x2)2d1x

Optimal (type 1, 204 leaves, 3 steps):

| 335
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(Ab—aB) (bd—ae)4 <a+bx>5 (bd—ae)3 (de+4Abe—5aBe) <a+bx)6

+ +
5 b 6 b®
2e (bd-ae)® (2bBd+3Abe-5aBe) (a+bx)’
7 bt :
e’ (bd-ae) (3bBd+2Abe-5aBe) (a+bx)8
4 b® :

e’ (4bBd+Abe-5aBe) <a+bx)9 B e4 (a+bx)10
+

9 bt 10 b®

Result (type 1, 512leaves):

a“Ad“x+la3d3 (aBd+4A(bd+ae)) x2 +
2

Ea2d2 (2aBd (bd+ae) +A(3b*d*+8abde+3a’e’)) x’+
3

ad (aBd (3b2d2+8abde+3a2e2) +2A<b3d3+6ab2d2e+6a2bde2+a3e3)) x4+

(4aBd (b®d*+6ab’d’e+6a’bde’+a’e’) +

A(b4d4+16ab3d3e+36a2b2d2e2+16a3bde3+a4e4)) x5+1 (a“Be“+4a3be3 (4Bd+Ae) +
6
12a’b*’de® (3Bd+2Ae) +8ab>d’e (2Bd+3Ae) +b*d® (Bd+4Ae)) x°+

Ebe (2a3Be3+3a2be2 (4Bd+Ae) +4ab’de (3Bd+2Ae) +b3d? (2Bd+3Ae)) x7 +
7

lb2e2 (3a2|3e2+2abe (4Bd+Ae) +b2d (3Bd+2Ae)) x& +
4

1 1
~ped (4de+Abe+4aBe) x° + — b*Be* x*°
9 10

Problem 1677: Result more than twice size of optimal antiderivative.

J(A+Bx) (d+ex)? (a2+2abx+b2x2)2d1x

Optimal (type 1, 159 leaves, 3 steps):
(Ab-aB) (bd-ae)’ (a+bx)®> (bd-ae)® (bBd+3Abe-4aBe) (a+bx)°

+ +

5 b 6 b°
3e(bd-ae) (bBd+Abe-2aBe <a+bx)7 e? (3bBd+Abe-4aBe) (a+bx)8 Be3 (a+bx)9

+ +

7 b® 8b° 9b°

Result (type 1, 402 leaves):
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B AdPx s ad (4Abd+aBd+3ahe) x*+
2
a’d (aBd (4bd+3ae) +3A (2b*d*+4abde+a’e?)) x>+
a(3aBd (2b*d*+4abde+a’e’) +A (4b’d’+18ab>d’e+12a*bde’+a*e’)) x* +

(aB (4b’d*>+18ab’d’e+12a’bde’+a’e’) +Ab (b’d®+12ab’d’e+18a’bde*+4a’e’)) x° +

b (4a3Be3+12ab2de (Bd+Ae) +6a’be? (3Bd+Ae) +b3d? (Bd+3Ae)) x® +

RO |RrU[RD|[R WK

|
oy
N

e (6a23e2+3b2d (Bd+Ae) +4abe (3Bd+Ae)) x7 +
7

1 1
~pie? (3de+Abe+4aBe) x8+ = b*Be3x°
8 9

Problem 1678: Result more than twice size of optimal antiderivative.

J(A+Bx) (d+ex)? (a?+2abx+b?x?)?dx

Optimal (type 1, 118leaves, 3 steps):
(Ab-aB) (bd-ae)? (a+bx)® (bd-ae) (bBd+2Abe-3aBe) (a+bx)®

+ +

5 b# 6 b*
e (2bBd+Abe-3aBe) (a+bx>7 B e2 (a+bx)8

+

7 b* 8 b*

Result (type 1, 288 leaves):

1
a*Ad’x+ —a’d (4Abd+aBd+2aAe) x*+
2

la2 (2aBd (2bd+ae) +A (6b’d*+8abde+a’e®)) x>+
3

1, (4Ab (b>d®+3abde-a’e?) +aB (6b2d*-8abde+a’e?)) x* +
4

=" (4aB (b*d*+3abde+a’e?) +Ab (b>d*+8abde+6a’e?)) x>+
5

Ly (6a’Be’+4abe (2Bd+Ae) +b’d (Bd+2Ae)) x®+
6

1 1
—b’e (2bBd+Abe+4aBe) x’+ —b*Be’x°
7 8

Problem 1679: Result more than twice size of optimal antiderivative.

J(A+Bx) (d+ex) (a2+2abx+b2x2)2d1x

Optimal (type 1, 75leaves, 3 steps):



338 | Mathematica 11.3 Integration Test Results for 1.2.1.3 (d+e x)~m (f+g x) (a+b x+c x~2)"~p.nb

(Ab—aB) (bd—ae) <a+bx>5 (de+Abe—2aBe) (a+bx)6 Be (a+bx>7
+ +

5 b3 6 b3 7 b3

Result (type 1, 172 leaves):

1
a*Adx+ — a3 (4Abd+aBd+aAe) X2 +
2

la2 (aB(4bd+ae)+2Ab(3bd+2ae>)x3+1ab(aB(3bd+2ae>+Ab(2bd+3ae))x4+
3 2

lb2 (2aB (2bd+3ae) +Ab (bd+4ae)) x5+1b3 (de+Abe+4aBe) x6+1b4Bex7
5 6 7

Problem 1680: Result more than twice size of optimal antiderivative.
J(A+Bx) (a2+2abx+b2x2)2d1x
Optimal (type 1, 38leaves, 3 steps):

(Ab—aB) (a+bx)5 B(aerx)6
+
5 b2 6 b2

Result (type 1, 84 leaves):
ix (15a* (2A+Bx) +20a’bx (3A+2Bx) +

30
15a*b*x* (4A+3Bx) +6ab>x> (5A+4Bx) +b*x* (6A+5Bx))

Problem 1686: Result more than twice size of optimal antiderivative.

(A +BX) <a2+2abx+b2x2)2
J dx

(d+ex>6

Optimal (type 3, 155leaves, 4 steps):
(Bd-Ae) (a+bx)’ B(bd-ae)®

+

75e (bd-ae) (d+ex)5 74e5 (d+ex)4

4bB (bd-ae)’ 3b?B(bd-ae)’ 4b>B(bd-ae) b*Blog[d+ex]
- + +

3e° (d+ex)’ e® (d+ex)? e® (d+ex) eb
Result (type 3, 332leaves):
-
60e° (d+ex)®
(—Ba“e4 (4Ae+B(d+5ex)) -4a’be’ (3Ae (d+5ex) +2B (d*>+5dex+10e’x*)) -
6a’b’e® (2Ae (d*+5dex+10e’x*) +3B (d*+5d’ex+10de’x*+10e’x*)) -12ab’e
(Ae (d*+5d*’ex+10de*x*+10e’x’) +4B (d*+5d’ex+10d’e*x* +10de’ x> +5e*x*) ) +
b* (-12Ae (d*+5d’ex+10d* e’ x* +10d e’ x* + 5e* x*) +
Bd (137d*+625d> e x + 1160 d* e® x* + 900 d e® x> + 360 e* x*) | + 60 b* B (d+ex>5Log[d+ex])
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Problem 1687: Result more than twice size of optimal antiderivative.

(A +BX) <a2+2abx+b2x2)2
J dx

(d+ex>7

Optimal (type 1, 86 leaves, 3 steps):
(Bd-Ae) (a+bx)®  (5bBd+Abe-6aBe) (a+bx)®

+

6e (bd-ae) (d+ex)6 30e(bd—ae)2(d+ex)5

Result (type 1, 317 leaves):
ot (a*e* (5Ae+B (d+6ex)) +2a’be’ (2Ae (d+6ex) +B (d*>+6dex+15e°x*)) +
30 e (d+ex>6
3a’b’e® (Ae (d*+6dex+15e?x?) +B (d*>+6d*’ex+15de*x*+20e’x’)) +2ab’e
(Ae (d®>+6d*ex+15de*x*+20e>x?) +2B (d*+6d’ex+15d*e*x*+20de* x>+ 15e* x*) ) +
b* (Ae (d*+6d>ex+15d*e*x* +20d e’ x* + 15e* x*) +
5B (d>+6d*ex+15d’e?x*+20d’ e’ x> +15de* x* +6e° X)) )

Problem 1688: Result more than twice size of optimal antiderivative.

(A+BX) <a2+2abx+b2x2)2
J dx

(d+ex>8

Optimal (type 1, 135leaves, 4 steps):
(Bd-Ae) <a+bx)5

- +
7e (bd-ae) (d+ex)7

(5bBd+2Abe-7aBe) (a+bx>5 b(5bBd+2Abe-7aBe) (a+bx)5
+
42e(bd—ae)2(d+ex)6 219e(bd—ae)3(d+ex)5

Result (type 1, 323 leaves):
1

210 e (d+ex)7

(5a%*e* (6Ae+B (d+7ex)) +4a’be’ (5Ae (d+7ex) +2B (d*+7dex+21e*x*)) +
3a’b*e” (4Ae (d®+7dex+21e’x?) +3B (d*+7d’ex+21de’x*+35e’x*)) +2ab’e
(3Ae (d*+7d°ex+21de’x*+35e>x?) +4B (d*+7d’ex+21d*e*x*+35de’*x*>+35e*x*) ) +
b* (2Ae (d*+7d*ex+21d*e®*x*+35d e’ x*>+35e* x*) +
5B (d°+7d*ex+21d’e®x*+35d*e>x*> +35de* x* +21e°%°) ) )

Problem 1731: Result more than twice size of optimal antiderivative.

J<A+BX> (a?+2abx+b2x?)%?
(d+ex>6

dx

Optimal (type 2, 106 leaves, 3 steps):
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(Ab-aB) (a+bx)3\/a2+2abx+b2x2 (Bd-Ae) (a2+2abx+b2x2)5/2

+

4(bd—ae)2(d+ex)4 S(bd—ae)z(d+ex)5

Result (type 2, 229 leaves):
—(( (a+bx)2 (a’e® (4Ae+B (d+5ex)) +a’be® (3Ae (d+5ex) +2B (d*+5dex+10e’x*)) +

ab’e (2Ae (d*+5dex+10e’x*) +3B (d*+5d°ex+10de’x* +10e>x?) ) +
b’> (Ae (d*+5d°ex+10de*x*+10e’ X°) +

4B (d4+5d3ex+10d2e2x2+10de3x3+5e4x4))))/ (20e5 (a+bx) (d+ex)5))

Problem 1738: Result more than twice size of optimal antiderivative.

J(A+Bx) (dJrex)6 (az+23bx+b2x2)5/2d1x

Optimal (type 2, 436 leaves, 3 steps):

(bd—ae)5 (Bd-Ae) (d+ex)7\/a2+2abx+b2x2
7 e7 (a+bx)

(bd—ae)4 (6bBd-5Abe-aBe) <d+ex)8\/a2+2abx+b2x2
8 e’ (a+bx>

+

5b (bd—ae)3 (3de—2Abe—aBe) (d+ex)9\/a2+2abx+b2x2
9 e’ (a+bx)

b2 (bd-ae)? (2bBd-Abe-aBe) (d+ex)®a?+2abx+b?x?

e’ (a+bx)

+

5b*> (bd-ae) (3bBd-Abe-2aBe) (d+ex)11\/a2+2abx+b2xZ
11e’ (a+bx)

b* (6bBd-Abe-5aBe) <d+ex)12\/aZ+Zabx+b2x2 b5 B (d+ex)13\/a2+2abx+b2x2
+
12e7(a+bx) 13e7(a+bx)

Result (type 2, 876 leaves):
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1
72072 (a + bx)

X (a+bx)2 (12872 (8A (7d°+21d°ex+35d*e*x*+35d>e®>x* +21d%e* x* + 7d e® x® + e® X°) +
Bx (28d°+112d°>ex+210d* e’ x*>+224d> e’ x* + 140 d* e* x* +48d e’ x* + 7e®x®) ) +
715a*bx (9A (28d°+112d° ex +210d* e® x* + 224d> e’ x> + 140 d* e* x* + 48d e® x* + 7 e® %) +
2Bx (84d°+378d° ex +756d* e® x* + 840.d’> e X° + 540.d* e* x* + 189 d e® x> + 28 e® x°) ) + 286
a’b*x* (10 A (84d°®+378d° ex + 756 d* e® x* + 840 d> e X°> + 540 d* e* x* + 189 d e® x° + 28 e® x°) +
3Bx (210d°+ 1008 d> e x + 2100 d* e* x* + 2400 d* e* x> + 1575 d* e* x* + 560 d e® x* + 84 e° x°®) ) +
78a%b® x> (11A (210d° + 1008 d° e x + 2100 d* e® x* + 2400 d° e x® + 1575 d* e* x* +
560 d e> x> + 84e°x®) + 4B x (462 d° + 2310 d° e x + 4950 d* e* X* +
5775 d> e® x> + 3850 d* e* x* + 1386 d e x° + 210 e® x°) ) + 13 ab* x*
(12A (462d° + 2310 d° e x + 4950 d* e* x* + 5775 d° e x® + 3850 d* e* x* + 1386 d e® x> + 210 € X°) +
5Bx (924 d°+4752d° e x + 10395 d* e® x* +
12320d>e®x* + 8316 d* e* x* + 3024 d e X° + 462 e® x°) ) +
b> x> (13 A (924d°® + 4752 d° e x + 10395 d* e® x* + 12320 d° e x> + 8316 d* e* x* +
3024de° x° + 462 e°x°) + 6B x (1716 d° + 9009 d> e x + 20020 d* e x* +
24024 d> e® x> + 16380 d* e* x* + 6006 d e° X° + 924 e° Xx°) ) |

Problem 1752: Result more than twice size of optimal antiderivative.

(A+BX) <a2+2abx+b2x2)5/2
J dx

<d+ex>8

Optimal (type 2, 106 leaves, 3 steps):

(Ab-aB) (a+bx)5\/a2+23bx+b2x2 (Bd-Ae) (a2+2abx+b2x2)7/2

+

6(bd-ae)” (d+ex)® 7 (bd-ae)® (d+ex)’

Result (type 2, 465 leaves):
1

742e7 (a+bx) (d+ex)7

(a+bx)* (a°e® (6Ae+B (d+7ex)) +a*be® (5Ae (d+7ex) +2B (d*+7dex+21e?x?)) +
a’b*e’ (4Ae (d*+7dex+21e*x?) +3B (d*+7d°ex+21de’x*+35e>x%) ) +a’b’ e’
(3Ae (d*+7d°ex+21de’x*+35e*x?) +4B (d*+7d’ex+21d*e’x*+35d e’ x* +35e*x*) ) +
ab’e (2Ae (d*+7d’ex+21d*e*x*+35de’*x*>+35e* x*) +
5B (d°+7d*ex+21d>e®x*+35d%e> x> +35de* x* +21e°x°) ) +
b> (Ae (d°>+7d*ex+21d’e*x*+35d% e’ x* +35de* x* +21e®x°) +
6B (d°+7d°ex+21d*e®*x*+35d>e* x> +35d%e* x* +21d e’ x* + 7e° %) ) )

Problem 1753: Result more than twice size of optimal antiderivative.

(A+Bx) (a®+2abx+b?x?)%?
J dx

(d+ex>9

Optimal (type 2, 193 leaves, 4 steps):
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(Bd-Ae) (a+bx)5\/a2+2abx+b2x2 (3bBd+Abe-4aBe) (a+bx)5\/a2+2abx+b2x2

- + +

8e (bd-ae) (d+ex)8 28e(bd—ae>2(d+ex)7

b(3bBd+Abe-4aBe) (a+bx>5\/a2+2abx+b2x2

168 e (bd—ae)3 (d+ex)6

Result (type 2, 466 leaves):
1

168 e’ (a+bx) (d+ex)8
(a+bx)2 (3a°e® (7Ae+B (d+8ex)) +5a*be* (3Ae (d+8ex) +B (d*+8dex+28e*x?)) +
2a’b’e’ (5Ae (d*+8dex+28e*x*) +3B (d’+8d’ex+28de’x*+56e’x*)) +6a°b’ e’
(Ae (d®+8d*ex+28de’x*+56e>x?) +B (d*+8d*ex+28d°e’x* +56d e’ x’ + 70 e* x*) ) +
ab*e (3Ae (d*+8d’ex+28d*e*x*+56de’>x>+70e* x*) +
5B (d>+8d*ex+28d’e*x*+56d* e’ x’ +70de* x* +56e°x°) | +
b> (Ae (d°>+8d*ex+28d’e*x*+56d% e’ x* +70de* x* + 56 €° x°) +
3B (d®*+8d>ex+28d*e?x*+56d>e’*x*>+70d?e* x* + 56 d e’ x° + 28 e® x°®) ) )

Problem 1800: Result more than twice size of optimal antiderivative.
J(A+Bx) (d+ex)7/2 (a2+2abx+b2x2)3dlx

Optimal (type 2, 308 leaves, 3 steps):
2 (bd—ae)6 (Bd-Ae) (d+ex)9/2 Z(bd—ae)5 (7bBd-6Abe-aBe) (d+ex>11/2
- +

9 et 11 e®

6b(bd-ae)* (7bBd-5Abe-2aBe) (d+ex)™?

13 e8 :
2b2 (bd-ae)’ (7bBd-4Abe-3aBe) (d+ex)™?

3e8 )
10b* (bd-ae)? (7bBd-3Abe-4aBe) (d+ex)'?

17 e :
6b* (bd-ae) (7bBd-2Abe-5aBe) (d+ex>19/2

19 e )
2b° (7bBd-Abe-6aBe) (d+ex)?'* 2bSB (d+ex)*?

21 e8 : 23 e8

Result (type 2, 628 leaves):
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—2 (d+ex)9/2 (676039 2°e® (-2Bd+11Ae+9Bex) +
66927861 e

312018a°be’ (13Ae (-2d+9ex) +B (8d*-36dex+99e*x?)) -
156009 a* b’ e* (-5Ae (8d*-36dex+99e’x*) +B (16d>-72d*ex +198de*x* -429¢e> X*) ) +
12236a’b*e® (17Ae (-16d> +72d? ex-198de? x* + 429 € %) +
B (128d*-576d> e x + 1584 d* e* x* - 3432d e X° + 6435 e* x*) | -
483 a’b*e” (-19Ae (128d*-576d”> e x + 1584 d* e® x* - 3432d e* x> + 6435 e* x*) +
5B (256d° - 1152 d* e x + 3168 d’ e x* - 6864 d* e® x° + 12870 d e* x* - 21879e°x°) ) +
138ab’e (7Ae (-256d° + 1152 d* e x - 3168 d> e? x* + 6864 d* e® x* - 12870 d e* x* + 21879 > x°) +
B (1024 d° - 4608 d> e x + 12672 d* e? x> - 27456 d> &> x* +
51480 d* e* x* - 87516 d e> x> + 138567 e® x°) ) +
b® (23Ae (1024 d° - 4608 d° e x + 12672 d* e® x*> - 27456 d° e® x° + 51480 d* e* x* -
87516de° x> + 138567 e® x°) - 7B (2048 d’ - 9216 d® e x + 25344 d> e® X -
54912 d* e’ x> + 182960 d* e* x* - 175032 d* e x° + 277134 d e® x® - 415701’ X’ ) )

Problem 1801: Result more than twice size of optimal antiderivative.
J(A+Bx) (d+ex)®? (a®+2abx+b2x?)° dx

Optimal (type 2, 308 leaves, 3 steps):
2(bd-ae)® (Bd-Ae) (d+ex)”> 2(bd-ae)® (7bBd-6Abe-aBe) (d+ex)”?

+ —

7 e 9 et

6b(bd-ae)* (7bBd-5Abe-2aBe) (d+ex)™?

11 e8 :
10b? (bd-ae)’ (7bBd-4Abe-3aBe) (d+ex)™?

13 e8 .
2b® (bd-ae)? (7bBd-3Abe-4aBe) (d+ex)™?

3e8 :
6b* (bd-ae) (7bBd-2Abe-5aBe) (d+ex)™/?

17 e )

2b° (7bBd-Abe-6aBe) (d+ex)19/2 2b65(d+ex)2”2
+
19 e8 21 e8

Result (type 2, 629 leaves):
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—2 <d+ex)7/2 (46189a°e® (-2Bd+9Ae+7Bex) +
2909907 e

25194a°be® (11Ae (-2d+7ex) +B (8d*-28dex+63e’x*)) -
4845a*b*e* (-13Ae (8d°-28dex+63e*x*) +3B (16d>-56d*ex+126de’x*-231e>x*)) +
1292a°b’ e’ (15Ae (-16d>+ 56 d> e x - 126 d e® x* + 231 e> X*) +
B (128 d* - 448 d> e x + 1008 d* e* x* - 1848 d e’ X° + 3003 * x*) | -
57a*b*e” (-17Ae (128d* - 448 d’ e x + 1008 d* e® x* - 1848 d e’ x> + 3003 e* x*) +
5B (256 d° - 896 d* e x + 2016 d* e® x* - 3696 d” e* x> + 6006 d e* x* - 9809 > x° ) ) +
6ab>e (19Ae (-256d> + 896 d* e x - 2016 d* e* x* + 3696 d* > x> - 6006 d e* x* + 9009 e° X°) +
3B (1024 d® - 3584 d° e x + 8064 d* e* x* - 14784 d° e X +
24024 d* e* x* -36036d e’ x> + 51051 e°x°) ) +
b® (3Ae (1024 d° - 3584 d° e x + 8064 d* e® x* - 14784 d> e* x> + 24024 d* e* x* -
36036de° x° + 51051 e®x°®) + B (-2048d" + 7168 d° e x - 16128 d° e? x* +
29568 d* e® x> - 48048 d” e* x* + 72072 d* > x> - 162102 d e® x° + 138567 ¢’ X ) )

Problem 1802: Result more than twice size of optimal antiderivative.

J(A+Bx) (d+ex)?? (a®+2abx+b2x?)° dx

Optimal (type 2, 308 leaves, 3 steps):

2 (bd-ae)® (Bd-Ae) (d+ex)>* 2(bd-ae)® (7bBd-6Abe-aBe) (d+ex)’’?
) 5 e : 7 e® )
2b(bd—ae)4(7de—5Abe—2aBe) (d+ex)9/2

+
3ed

10b? (bd-ae)’ (7bBd-4Abe-3aBe) (d+ex)™?

11 et
10 b3 (bd—ae)2 (7bBd-3Abe-4aBe) (d+ex)13/2

+

13 et
2b* (bd-ae) (7bBd-2Abe-5aBe) (d+ex)15/2

5 e8
2b° (7bBd-Abe-6aBe) (d+ex)17/2 2b%B (d+ex)19/2

+
17 e8 19 e8

Result (type 2, 629 leaves):
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—2 <d+ex)5/2 (138567 a°e® (-2Bd+7Ae+5Bex) +
4849845 e

92378a°be® (9Ae (-2d+5ex) +B (8d*-20dex+35e*x?)) -
20995a*b”>e* (-11Ae (8d*-20dex+35e’x*) +3B (16d>-40d’ex+70de* x> -105e>x?) ) +
64603’ b’ e* (13Ae (-16d*>+40d*ex-70de*x* + 105 X*) +
B (128 d* - 320d’ e x + 560 d* e* x* - 840 d e x® + 1155 e* x*) ) -
1615a*b*e” (-3Ae (128d*-320d> e x + 560 d* e® x* - 840 d e x® + 1155 * x*) +
B (256 d° - 640 d* e x + 1120 d° e x* - 1680 d” e’ x> + 2310 d e® x* - 3003 &> X°) ) +
38ab°e (17Ae (-256d° + 640 d* e x - 1120 d* e® x* + 1680 d* e x* - 2310 d e* x* + 3003 €* X° ) +
3B (1024 d® - 2560 d° e x + 4480 d* e® x* - 6720 d° e X° +
9240 d* e* x* - 12012d e® x* + 15015e° x°) ) +
b® (19Ae (1024 d® - 2560 d° e x + 4480 d* e* x* - 6720 d° e X° + 9240 d* e* x* -
12012de” x° + 15015e° x®) - 7B (2048 d’ - 5120 d°® e x + 8960 d> e* x* -
13440.d* e®> x> + 18480 d° e* x* - 24024 d* > x> + 30030 d e® x® - 36465 e’ X | |

Problem 1803: Result more than twice size of optimal antiderivative.
J(A+Bx) Vd+ex <a2+2abx+b2x2)3d1x

Optimal (type 2, 308 leaves, 3 steps):
2(bd-ae)® (Bd-Ae) (d+ex)** 2(bd-ae)® (7bBd-6Abe-aBe) (d+ex)”?

+ —

3ed 5e8

6b(bd-ae)* (7bBd-5Abe-2aBe) (d+ex)’?

7 e :
10b? (bd-ae)’ (7bBd-4Abe-3aBe) (d+ex)??

9 e )
10b° (bd-ae)? (7bBd-3Abe-4aBe) (d+ex)™?

118 '
6b* (bd-ae) (7bBd-2Abe-5aBe) (d+ex)™?

13 e )

2b° (7bBd-Abe-6aBe) (d+ex)15/2 2b65(d+ex)17/2
+
15 e8 17 e8

Result (type 2, 628 leaves):
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1
765765 e?
43758a°be’ (7Ae (-2d+3ex) +B (8d*-12dex+15e°x*)) -
36465a*b”>e* (-3Ae (8d°-12dex+15e*x*) +B (16d>-24d’ex+30de*x*-35e’x*) ) +
4420 a3 b3 &3 (11Ae (—16d3+24d2ex—30de2x2+35e3x3) +
B (128d*-192d’ ex +240d* e’ x* - 280de’ x> + 315e* x*) ) -
255a°b*e® (-13Ae (128d*-192d’> ex + 240 d* e’ x*> - 280d e’ x* + 315 e* x*) +
5B (256d° - 384d*ex+480d>e* x> -560d° e x*> + 630de* x* - 693e° x°) ) +102ab’ e
(5Ae (-256d>+384d*ex-480d>e*x* +560d* e’ x> - 630de* x* + 693 e° x°) +B (1024 d° -
1536 d° e x + 1920 d* e® x* - 2240 d> e® x* + 2520 d® e* x* - 2772d e> x> + 3003 e® Xx°) | +
b® (17 Ae (1024 d® - 1536 d° e x + 1920 d* e* x* - 2240 d° e’ X* + 2520 d* e* x* -
2772 d e’ x> + 3003 e® x°) - 7B (2048 d” - 3072 d® e x + 3840 d° e? x* -
4480 d* e X° + 5040 d> e* x* - 5544 d* e* x> + 6006 d e® x° - 6435 e’ x| | )

2 (d+ex)3/2 (51051a°€® (-2Bd+5Ae+3Bex) +

Problem 1804: Result more than twice size of optimal antiderivative.

(A + B X) <a2+2abx+b2x2)3
J dx

\d+ex

Optimal (type 2, 306 leaves, 3 steps):
2 (bd-ae)® (Bd-Ae)+/drex 2(bd-ae)®(7bBd-6Abe-aBe) (d+ex)*?

+ —

e® 3e8
6b(bd-ae)* (7bBd-5Abe-2aBe) (d+ex)®?
5 e :
10b? (bd-ae)’ (7bBd-4Abe-3aBe) (d+ex)’?
7 e )
10b* (bd-ae)? (7bBd-3Abe-4aBe) (d+ex)’?
9 et :
6b* (bd-ae) (7bBd-2Abe-5aBe) (d+ex>11/2
118 )
2b° (7bBd-Abe-6aBe) (d+ex)? 2b°B (d+ex)?
13 e8 : 15 e8

Result (type 2, 628 leaves):
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#zm
45045 e®
(15015a°e® (-2Bd+3Ae+Bex) +18018a°be® (5Ae (-2d+ex) +B (8d*-4dex+3e*x?)) -
6435a*b’e? (-7Ae (8d*-4dex+3e’x?) +3B (16d°-8d’ex+6de?x*-5e>x?)) +
2860 a3 b3 e3 (9Ae (—16d3+8d2ex—6de2x2+5e3x3) +
B (128d*-64d’ex+48d*e’x*-40de’ x’ +35e*x*) ) -
195a°b*e® (-11Ae (128d*-64d’ex+48d* e’ x* -40d e’ x> + 35e* x*) +
5B (256d5—128d4ex+96d3e2x2—80d2e3x3+70de4x4—63e5x5)) +
30ab°e (13Ae (-256d°+128d*ex-96d’ e’ x*+80d* e’ x> -70de*x* + 63> X°) +
3B (1024 d°-512d>ex + 384 d* e® x* - 320d> e®> x* + 280 d* e* x* - 252d e x° + 231 e°Xx°) ) +
b® (15Ae (1024 d®-512d> e x + 384 d* e* x* - 320 d> €®> x> + 280 d* e* x* - 252d e® x° + 231 e® X°) -
7B (2048 d" - 1024 d°e x + 768 d° e x* - 640 d* & x> +
560 d° e* x* - 504 d* e x° + 462 d e® x® - 429 e’ X} | )

Problem 1805: Result more than twice size of optimal antiderivative.

(A + B X) <a2+2abx+b2x2)3
J dx

(d+ex)3/2

Optimal (type 2, 300 leaves, 3 steps):
2 (bd—ae)6 (Bd-Ae) 2 (bd—ae)5 (7bBd-6Abe-aBe)/d+ex
+
e8+/d+ex e?

2b <bd—ae)4 (7de—5Abe—2aBe) (d+ex)3/2

+
e8

2 b2 (bd—ae)3 (7bBd-4Abe-3aBe) (d+ex>5/2

e8

10 b3 (bd—ae)2 (7bBd-3Abe-4aBe) (d+ex)7/2

.
7 e

2b* (bd-ae) (7bBd-2Abe-5aBe) (d+ex)9/2

3e8
2b° (7bBd-Abe-6aBe) (d+ex)1l/2 2b%B (d+ex)13/2

+
11 e8 13 e8

Result (type 2, 624 leaves):
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1

3003 e8+/d+ex
2 (3003a°e® (2Bd-Ae+Bex) +6006a’be® (3Ae (2d+ex) +B (-8d*-4dex+e*x?)) +
3003 a* b’ e* (5Ae (-8d*-4dex+e*x’) +3B (16d°+8d’ex-2de’ X’ + e’ %)) -
1716 a° b’ e® (-7 Ae (16d° +8d*ex-2de’ x* + e X*) +
B (128d*+64d’ex-16d*e*x*+8de’x* -5e*x*)) +
143a°b*e® (9Ae (-128d*-64d’ex+16d*e?x*-8de’ X’ +5e* x*) +
5B (256d5+128d4ex—32d3e2x2+16d2e3x3—16de4x4+7e5x5)) -
26ab°e (-11Ae (256d°+128d*ex-32d° e’ x* +16d*e*x*> - 10de* x* + 7€ x°) +
3B (1024 d°+512d>ex - 128d* e’ x*> +64d> e* x> -40d*e* x* + 28d e’ x> - 21e°x°) ) +
b® (13Ae (-1024d°-512d° ex + 128d*e*x* - 64 d’ e’ x® +40d* e* x* - 28d e* x° + 21 e® X°) +
7B (2048d’ + 1024 d° e x - 256 d° e® x* + 128 d* &® X° -
80d3e4x4+56d2e5x5—42de6x6+33e7x7)))

Problem 1806: Result more than twice size of optimal antiderivative.

(A+Bx) <a2+2abx+b2x2)3
J dx

(d+ex)®?

Optimal (type 2, 302 leaves, 3 steps):
2(bd-ae)®(Bd-Ae) 2(bd-ae)’(7bBd-6Abe-aBe)
3e8 (d+ex)3/2 ) e8/drex
6b(bd-ae)* (7bBd-5Abe-2aBe)/d+ex

8

+
e

10 b2 (bd—ae)3 (7bBd-4Abe-3aBe) (d+ex)3/2

3e?
2b*> (bd-ae)? (7bBd-3Abe-4aBe) (d+ex)®?

8

+

e
6b* (bd-ae) (7bBd-2Abe-5aBe) (d+ex)’/?
7 e }
2b° (7bBd-Abe-6aBe) (d+ex)®? 2b°B (d+ex)'?
9 e : 11 e8

Result (type 2, 624 leaves):
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1

693 e® (d+ex)*?

2 (—231a6e6 (ZBd+Ae+38ex) +1386a°be’ (-Ae (2d+3ex) +B (8d2+12dex+3e2x2)) +
3465a*b*e* (Ae (8d°+12dex+3e’x?) +B (-16d>-24d’ex-6de*x*+e>x°)) +
924a’b’e’ (5Ae (-16d>-24d’ex-6de’ x>+ e’ x*) +

B (128d*+192d’ex+48d*e*x*-8de’ x> +3e* x*)) -
99a*b*e? (-7Ae (128d*+192d>ex+48d*e* x* -8de’* x> +3e* x*) +
5B (256d°+384d*ex+96d’e’x*-16d’e’ x> +6de* x*-3e°x°) ) +
66ab’e (-3Ae (256d°>+384d*ex+96d> e’ x* -16d*e* x> +6de*x* -3e°x°) +
B (1024d6+1536d5ex+384d4e2x2—64d3e3x3+24d2e4x4—12de5x5+7e6x6)) +
b® (11Ae (1024 d°+1536d° ex +384d* e’ x* - 64 d> e’ x> + 24d? e* x* - 12de* x° + 7e° x°) -
7B (2048d’ +3072d° ex + 768 d° e® x* - 128 d* &’ X’ +
48d3e4x4—24d2e5x5+14de6x6—9e7x7)))

Problem 1807: Result more than twice size of optimal antiderivative.

3
dx

J(A+Bx) (a2+2abx+b?x?)

(d+ex)7/2

Optimal (type 2, 304 leaves, 3 steps):
2(bd-ae)® (Bd-Ae) 2(bd-ae)®(7bBd-6Abe-aBe)

.
5e8 (d+ex)5/2 3e8 (d+ex)3/2

6b(bd-ae)* (7bBd-5Abe-2aBe) 10b? (bd-ae)’ (7bBd-4Abe-3aBe)/d+ex

4 _
8
e8+/d+ex e

10 b3 (bd—ae)2 (7bBd-3Abe-4aBe) (d+ex)3/2

N
3 et

6b* (bd-ae) (7bBd-2Abe-5aBe) (d+ex)”?

5e8
2b° (7bBd-Abe-6aBe) (d+ex)7/2 2b%B (d+ex)9/2

+
7 e8 9 e

Result (type 2, 627 leaves):
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1

315e® (d+ex)°’?

2 (21a5e6 (ZBd+3Ae+SBex) +126a°be’ (Ae (2d+5ex) +B (8d2+20dex+15e2x2)) -
315a*b%e* (-Ae (8d°+20dex+15e*x*) +3B (16d> +40d*ex+30de’ x> +5e’>x*) ) +
420a*b*e® (-3Ae (16d>+40d’ex+30de’ x> +5e° X°) +

B (128d*+320d’>ex+240d* e’ x* +40de’x’ -5e*x*) ) -
315a°b*e? (Ae (-128d*-320d’ ex-240d° e’ x* -40d e’ X’ +5e* x*) +
B (256d>+640d*ex +480d>e* x> +80d* e’ X’ -10de* x* +3e° X°) ) +
18ab’e (-7Ae (256d° +640d* ex +480d> e’ x> +80d* e’ x> - 10de* x* +3e° x°) +
3B (1024 d°+ 2560 d° e x + 1920 d* e x* + 320 d> e x*> - 40 d* e* x* + 12de* x° - 5e°x°) ) +
b® (9Ae (1024 d° + 2560 d> e x + 1920 d* e? x* + 320d> e x> - 40 d* e* x* + 12d e’ x* - 5e° x®) -
7B (2048d’ + 5120 d® e x + 3840 d° e* x* + 640 d* e* x> -
80d3e4x4+24d2e5x5—10de6x6+5e7x7)))

Problem 1884: Result more than twice size of optimal antiderivative.
J(A+Bx) (d+ex)” (a2+2abx+b2x2)2dlx

Optimal (type 3, 234 leaves, 3 steps):
(bd-ae)® (Bd-Ae) (d+ex)*™ (bd-ae)’ (5bBd-4Abe-aBe) (d+ex)*"

e (1+m) e (2+m)

2b <bd—ae)2 (5de—3Abe—2aBe) (d+ex)3+m

e® (3+m)

+

2b? (bd-ae) (5bBd-2Abe-3aBe) (d+ex)4”"

e® (4+m)

b*> (5bBd-Abe-4aBe) (d+ex)5*m b* B (d+ex)6*"‘

+
e® (5+m) e® (6+m)

Result (type 3, 635leaves):
1
eb (1+m) (2+m) (3+m) (4+m) (5+m) (6+m)
(d+ex)1*m (a*e® (360 +342m+119m* + 18m> +m*) (-Bd+Ae (2+m) +Be (1+m) x) +
4a*be’ (120+74m+15m + m?)
(Ae (3+m) (-d+e (1+m)x) +B(2d*-2de (1+m) x+e* (2+3m+m?) X)) +
6a’b’e? (30+11m+m?) (Ae (4+m) (2d*-2de (1+m) x+e® (2+3m+m?) x*) +
B(-6d°+6d°e (1+m) x-3de* (2+3m+m’) x>+e’ (6+11m+6m’+m’) x*)) +4ab’e
(6+m) (Ae (5+m) (-6d>+6d*e (1+m) x-3de® (2+3m+m*) x*+e® (6+11m+6m*+m’) x°) +
B (24d*-24d’e (1+m) x+12d*e?® (2+3m+m*) x* -
4de’ (6+11m+6m” +m’) x> +e* (24+50m+35m*+10m> +m*) x*) ) -
b* (-Ae (6+m) (24d*-24d’e (1+m) x+12d*e?® (2+3m+m?) x> -
4de’ (6+11m+6m’+m’) x> +e* (24+50m+35m> +10m> +m*) x*) +
B (120d°-120d%e (1+m) x+60d>e* (2+3m+m?) x*-20d*e® (6+11m+6m* +m*) X° +
5de* (24+50m+35m>+10m> +m*) x* - e (120 +274m+225m* + 85m> + 15m* + m>) x°) ) )
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Problem 1886: Unable to integrate problem.

j(A+Bx) <d+ex)"'d]
X

a?+2abx+b?x?

Optimal (type 5, 112leaves, 3 steps):
(Ab-aB) (d+ex)1*m

- +
b(bd-ae) (a+bx)

b (d
(aBe (1+m) -b (Bd+Aem)) (d+ex)""Hypergeometric2F1[1, 1+m, 2 +m, bd+eX)}J/
~ae

(b (bd—ae)2 (1+m))

Result (type 8, 33 leaves):

J(A+Bx) (d+ex)’"dl
X

a2+2abx+b?x?

Problem 1887: Unable to integrate problem.

J (A+Bx) (d+ex)" ;
X

(a2+2abx+b2x2)2

Optimal (type 5, 126 leaves, 3 steps):
(Ab-aB) (d+ex)"

,3b<bd7ae) <a+bx)37 e’ (b (3Bd-Ae(2-m))-aBe (1+m)) (d+ex)™™"

b (d+ex)

Hypergeometric2F1[3, 1+m, 2 +m,
bd-ae

] /(3b(bd—ae)4(1+m))

Result (type 8, 33 leaves):

J (A+Bx) (d+ex)"
(

a2+2abx+b2x2)2

dx

Problem 1888: Result more than twice size of optimal antiderivative.

J(A+BX) (d+ex)” (a2+2abx+b2x2)5/2d1x

Optimal (type 3, 471 leaves, 3 steps):
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(bd—ae)5 (Bd-Ae) (d+ex)1”"\/a2+2abx+bzx2
e’ (1+m) (a+bx)

(bd—ae)4 (6bBd-5Abe-aBe) (d+ex)2”"\/a2+2abx+b2x2
e’ (2+m) (a+bx)

+

(Sb bd—ae )> (3bBd-2Abe-aBe) (d+ex)3+"‘\/a2+2abx+b2x2

/(€7 (3+m) (a+bx)) -
/(e7 (4+m) (a+bx)) +
/(e7(5+m) (a+bx)) -

b* (6bBd-Abe-5aBe) (d+ex)®*"va?+2abx+b?x? b°B (d+ex)’"a2+2abx+b?x?

+

e’ (6+m) (a+bx) e’ (7+m) (a+bx)

(leb2 (bd-ae)® (2bBd-Abe-aBe) (d+ex)4*m\/a2+2abx+b2x2

(Sb3 (bd-ae) (3bBd-Abe-2aBe) (d+ex)5+m\/a2+2abx+b2x2

Result (type 3, 969 leaves):
1
e’ (1+m) (2+m) (3+m) (4+m) (5+m) (6+m) (7+m) (a+bx)

(a+bx)? (d+ex)™" (a®e® (2520 +2754m+ 1175 m? + 245 m° + 25 m* + m°)
(—Bd+Ae(2+m)+Be(1+m) x)+5a4be4 (840+638m+179m2+22m3+m4)
(Ae<3+m> (—d+e(1+m) x)+B(2d2—2de(1+m)x+e2 (2+3m+m2) X2>>+
10a*b*e® (210 +107m+18m* +m*) (Ae (4+m) (2d*-2de (1+m) x+e® (2+3m+m?) x?) +
B(—6d3+6d2e(1+m)x—3de2 (2+3m+m2)x2+e3 (6+11m+6m2+m3)x3))+
10a*b*e* (42+13m+m?) (Ae (5+m) (-6d>+6d°e (1+m) x-3de® (2+3m+m’) x*+
e (6+1lm+6m’+m*) x*) +B (24d*-24d>e (1+m) x+12d*e? (2+3m+m?) X* -
4de’ (6+11m+6m’+m’) x> +e* (24+50m+35m> +10m> +m*) x*)) +
Sab*e (7+m) (Ae (6+m) (24d*-24d>e (1+m) x+12d*e? (2+3m+m®) X* -
4de’ (6+11m+6m”+m?) x> +e* (24+50m+35m> +10m> +m*) x*) +
B(-120d°+120d%e (1+m) x-60d>e® (2+3m+m*) x> +20d* e (6+11m+6m” +m?) x> -
5de4(24+56m+35m2+10m3+m4) x4 + e® (120+274m+225m2+85m3+15m4+m5)xs))+
b> (Ae (7+m) (-120d° +120d*e (1+m) x-60d>e* (2+3m+m?) x> +
20d*e® (6+11m+6m*+m’) x> -5de* (24+50m+35m” +10m> + m*) x* +
e® (120 +274m+225m* + 85m> + 15m* +m°) X°) +
B (720d°-720d°e (1+m) x+360d*e* (2+3m+m?) x*-120d> e (6+11m+6m* +m>) x> +
30d*e* (24+50m+35m* +10m> +m*) x* - 6de> (120 + 274 m+ 225 m* + 85m> + 15 m* + m*)
x® +e® (720 +1764m+1624m> + 735m> + 175m* + 21 m> + m®) x°) ) )

Problem 1892: Unable to integrate problem.

dx

J (A+Bx) (d+ex)"
(

a2+2abx+b2x2)3/2

Optimal (type 5, 169 leaves, 3 steps):
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(Ab-aB) (d+ex)1”"

+

2b (bd-ae) (a+bx) Vaz+2abx+b2x?

e(b(2Bd-Ae(1-m))-aBe (1+m)) (a+bx) (d+ex)"™"

b (d+ex)

Hypergeometric2F1 [2, 1+m, 2+m,
bd-ae

J

/(Zb (bdfae)g‘ (1+m) \/aerZabXerzx2

Result (type 8, 35leaves):

J (A+Bx) (d+ex)"
(

a2+2abx+b2x2)3/2

dx

Problem 1893: Result unnecessarily involves higher level functions.
J(A+Bx) (d+ex)™ (a®+2abx+b*x*)?dx
Optimal (type 5, 174 leaves, 4 steps):

B (a+bx) (d+ex)1”" (a2+2abx+b2x2)ID
be <2+m+2p)

+

e (a+bx) -2p

(Abe (2+m+2p)-B(ae(1+m)+b(d+2dp))) bd_ae

(d+ex>:L+rn <a2+2abx+b2x2>p

b (d
Hypergeometric2F1[1+m, -2p, 2 +m, %] /(be2 (1+m) (2+m+2p))
~ae
Result (type 6, 204 leaves):
((a+bx)2)p (d+ex)" (BadezAppellFl[Z, -2p, -m, 3, _b_x, _ed_x} /
a
[GadAppellFl[Z, -2p, -m, 3, —b—X, _ed_x] +4bdpxAppellF1[3,1-2p, -m, 4,
a
b x ex b x e X 1
-——, -——] +2aemxAppellF1[3, -2p, 1-m, 4, - —, - — | | +
a d a d e (1+m)
e(a+bx))?P b (d+ex)
_— (d + e x) Hypergeometric2F1[1+m, -2p, 2+m, ———
-bd+ae bd-ae

Problem 1895: Result more than twice size of optimal antiderivative.

J(a+bx) (d+ex)5 (a2+2abx+b2x2) dx

Optimal (type 1, 92 leaves, 3 steps):
(bd—ae)3(d+ex)6 ‘;’»b(bd—ae)z(d+ex)7 3b? (bd-ae) (d+ex)8 b3(d+ex)9
_ N _

+
6 et 7 et 8e? 9 e
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Result (type 1, 267 leaves):
1 1

a*d°x+ — a%d* (3bd+5ae) x?+ —ad? (3b2d2+15abde+10a2e2) X3 +
2 3

1

=d* (b’d®>+15ab*°d’e+30a’bde’+10a%e?) x* +

4

1
de (b3d3+6ab2d2e+6a2bde2+a3e3) x>+ — e? (10b3d3+30ab2d2e+15a2bde2+a3e3>x6+
6

1 1 1
~pel (10b2d2+15abde+3a2e2) x” + = b%e* (5bd+3ae) x8 + = b3e’>x°
7 8 9

Problem 1896: Result more than twice size of optimal antiderivative.

arbx) (drex)? (a2+2abx+b?x?) dx
( ) )

Optimal (type 1, 92 leaves, 3 steps):
(bd-ae)® (d+ex)® b(bd-ae)®(d+ex)® 3b2(bd-ae) (d+ex)’ b (d+ex)®
- " -

+
5e? 2et 7 e* 8 e

Result (type 1, 217 leaves):

1
a’d*x+—a’d’ (3bd+4ae) x*+ad® (b°d*+4abde+2a’e?) X+
2

1 1
=d (b3d3+12ab2d2e+18a2bde2+4a3e3) X+ —e (4b3d3+18ab2d2e+12a2bde2+a3e3) X +
4 5

1 1 1
~be? <2b2d2+4abde+a2e2) x® + = b% e3 (4bd+3ae) x’ + = b3 e* x8
2 7 8

Problem 1905: Result more than twice size of optimal antiderivative.

J(a+bx) (d+ex)6 (a2+2abx+b2x2)2d1x

Optimal (type 1, 143 leaves, 3 steps):
(bd—ae)5<d+ex)7 5b(bd—ae)4(d+ex)8 10b2(bd—ae)3<d+ex>9
_ N _

+

7 e® 8 eb 9eb
b> (bd-ae)? (d+ex)™ 5b*(bd-ae) (d+ex)™ b°(d+ex)®
- +
et 11 e 12 e®

Result (type 1, 501 leaves):
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1 5
a®déx+ —a*d°® <5bd+6ae> x2+ = a3d* (2b2d2+6abde+3a2e2) x3 4+
2 3
5
—a’d® (2b>d*+12ab*d*e+15a’bde*+4a*e®) x* +
4
ad® (b*d*+12ab’d’e+30a°b’d’e®+20a’bde’+3a%e?) x° +
1
=d (b5d5+30ab4d4e+150a2b3d3e2+200a3b2d2e3+75a4bde4+6a5e5) x8 +
6
1
“e (6b5d5+75ab4d4e+200a2b3d3e2+150a3b2d2e3+30a4bde4+a5e5) x7 +
7

5

Zbe? <3b4d4+20ab3d3e+30a2b2d2e2+12a3bde3+a4e4) X8 +
8

5

= p?ed (4b3d3+15ab2d2e+12a2bde2+2a3e3) x2 +

9

1 1 1
—b’e* (3b>d*+6abde+2a’e’) x+ —b*e® (6bd+5ae) x'* + — b>e® x*?
2 11 12

Problem 1906: Result more than twice size of optimal antiderivative.

J(a+bx) (d+ex)5 (a2+2abx+b2x2)2dlx

Optimal (type 1, 146 leaves, 3 steps):
(bd—ae)s(a+bx)6 Se(bd—ae)4<a+bx)7 5e2(bd—ae)3(a+bx)8
+

6 b® 7 b : 4 b® :
10 e3 (bd—ae)z(a+bx)9 e (bd-ae) (a+bx)10 e’ (a+bx)11
+ +
9 bb 2 b® 11 b®

Result (type 1, 413 leaves):

5 5
a*d>x+ —a*d* (bd+ae) x>+ —a3d? (2b2d2+5abde+2a2e2>x3+
2 3

5

= a?d? (b3d3+Sab2d2e+5a2bde2+a3e3) x4+

2

ad (b“d“+10ab3d3e+20a2b2d2e2+10a3bde3+a4e4) X° +

1
= (b5d5+25ab4d4e+100a2b3d3e2+10@a3b2d2e3+25a4bde4+a5e5) x® +
6

5
“be (b4d4+10ab3d3e+20a2b2d2e2+10a3bde3+a4e4) x7 +
7

5

= p2e? (b3d3+5ab2d2e+5a2bde2+a3e3)x8+
4

5 3 43 2 42 2 2 9 1 4 4 10 1 5,45 11
~b3e (2b d>+5abde+2a e)x +—b*e (bd+ae)x + —Db’e’x
9 2 11

Problem 1907: Result more than twice size of optimal antiderivative.

J(a+bx) (dJrex)4 (a2+2abx+b2x2)2dlx

Optimal (type 1, 119leaves, 3 steps):

| 355
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(bd—ae)4 (a+bx>6 4e (bd—ae)3 <a+bx)7

6 b° ' 7 b° i
3e2(bd—ae)2(a+bx)8 4e* (bd-ae) (a+bx)9 e“(aerx)1e
+ +
4 b 9 b> 10 b>

Result (type 1, 301 leaves):

X (252a5 <5d4+10d3ex+10d2e2x2+5de3x3+e4x4) +
1260
210a*bx (15d* +40d>ex+45d*e* x* + 24d e’ x> + 5e* x*) +

1202 b*x* (35d* + 185d° e x + 126 d* e x* + 70 d e x> + 15 e* x*) +

45 a2 b3 x3 (70d4+224d3ex+280d2e2x2+160de3x3+35e4x4) +
10ab* x* (126 d* + 420 d*> e x + 540 d* e* x> + 315d e x> + 70 e* x*) +
b®> x> (210 d* + 720 d°> e x + 945 d* e* x* + 560 d * x> + 126 * x*) )

Problem 1908: Result more than twice size of optimal antiderivative.
J(a+bx) (d+ex)? (a2 +2abx+b?x?)2dx

Optimal (type 1, 92 leaves, 3 steps):
(bd—ae)3(a+bx>6 3e(bd—ae)2<a+bx)7 3e2(bd—ae) (a+bx>8 e3(a+bx>9

+ + +

6 b* 7 b* 8 b* 9 b*

Result (type 1, 235leaves):
1
— X
504
(126aS (4d3+6d2ex+4de2x2+e3x3) +126a* b x (1ed3+2ed2ex+15de2x2+4e3x3) + 84 a3 b? x?
(20d3+45d2ex+36de2x2+1ee3x3) +36a%b3x3 <35d3+84d2ex+70de2x2+20e3x3) +
9ab*x* (56d>+140d*ex+120de’x*>+35e>x*) +b> x> (84d> +216d° ex +189d e’ x> + 56 &> X°) )

Problem 1909: Result more than twice size of optimal antiderivative.
J(a+bx) (dJrex)2 (a2+2abx+b2x2)2dlx

Optimal (type 1, 65leaves, 3 steps):
(bd—ae)z(aerx>6 2e (bd-ae) <a+bx)7 ez(a+bx)8

+ +

6 b3 7 b3 8 b3

Result (type 1, 189leaves):
1 1

a®d’x+—a*d (5bd+2ae) x*+ —a’ (10b’d*+16abde+a’e’) x>+
2 3

5
= a’b (2b2d2+4abde+a2e2) x4 + ab? (b2d2+4abde+2a2e2) x>+
4

1 1 1
~p3 (b2d2+10abde+10a2e2) x®+ =b*e (2bd+5ae) x’ + = b®e? x8
6 7 8
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Problem 1910: Result more than twice size of optimal antiderivative.
J(a+bx) (d+ex) (a2+2abx+b2x2)2d1x
Optimal (type 1, 38leaves, 3 steps):

bd-ae) (a+bx e(a+bx
6+ 7
6 b? 7 b?

Result (type 1, 109 leaves):

asdx+la4(5bd+ae) x2+5a3b(2bd+ae) X3 +
2 3

Eazb2 (bd+ae) x* +ab? (bd+2ae) x5+1b4 (bd+5ae) x6+1b5ex7
2 6 7

Problem 1916: Result more than twice size of optimal antiderivative.

J(a+bx) (d+ex)6 (a2+2abx+b2x2)3d1x

Optimal (type 1, 173 leaves, 3 steps):
(bd—ae)s(a+bx)8 Ze(bd—ae)s(aerx)9 3e2(bd—ae)4(a+bx>1a
+

8 b’ 3 b’ : 2 b’ "
20 3 (bd—ae)3(a+bx)11 5e4(bd—ae)2(a+bx)12 6e° (bd-ae) (a+bx)13 eb (a+bx)14
+ + +

11 b’ 4 b7 13 b’ 14 b’

Result (type 1, 581 leaves):

x (34323’ (7d°+21d°ex+35d*e*x*+35d° e’ x* +21d*e*x* + 7d e’ x* + e x®) +
24024
3003 a°bx (28d°+112d°ex+210d*e* x> + 224 d° &3 x* + 140 d* e* x* + 48d > X* + 7% x®) +
2002 a° b? x*> (84d°® +378d° e x + 756 d* e? x* + 840 d> & x® + 540 d® e* x* + 189 d e® x® + 28 €® x°®) +
1001 a* b3 x3
(210 d°® + 1008 d° e x + 2100 d* e* x* + 2400 d° e X° + 1575 d* e* x* + 560 d e X° + 84 ® x°) + 364 a°
b* x* (462 d°® + 2310 d° e x + 4950 d* e* x* + 5775 d> e x* + 3850 d* e* x* + 1386 d e® x° + 210 e® x°) +
91a’b> x> (924d® +4752d° e x + 18395 d* e® x* + 12320 d° e x° +
8316 d* e* x* + 3024 d e® x° + 462 e® x°) + 14 a b® x°
(1716 d°® + 9009 d> e x + 20020 d* e X* + 24024 d° e® x> + 16380 d* e* x* + 6006 d e® x° + 924 e° x°) +
b7 x7 (3003 d° + 16016 d® e x + 36036 d* e” x* + 43680 d° e x> +
30030d*e* x* +11088d e” x* + 1716 e° x°) |

Problem 1917: Result more than twice size of optimal antiderivative.

a+bx) (d+rex)® (a2+2abx+b?x?)3dx
( ) )7 )

Optimal (type 1, 143 leaves, 3 steps):



358 | Mathematica 11.3 Integration Test Results for 1.2.1.3 (d+e x)~m (f+g x) (a+b x+c x~2)"~p.nb

(bd—ae)5 (a+bx>8 5e (bd—ae)4 <a+bx)9 e? (bd—ae)3 (a+bx>10

+ + +
8 b® 9 bb b®
10 e3 (bd—ae)z(aerx)11 5e* (bd-ae) (a+bx)12 e’ (a+bx)13
+ +
11 b® 12 b® 13 b®

Result (type 1, 493 leaves):

X (1716a7 (6d5+15d4ex+20d3e2x2+15d2e3x3+6de4x4+e5x5) +

10296
1716 a°bx (21d>+70d*ex + 105d> e* x* + 84 d* e’ x> + 35d e* x* + 6 &> X°) +
1287 a° b? x*> (56 d° + 218 d* e x + 336 d> e* x> + 280 d* e x® + 120 d e* x* + 21 €° X°) +
715a*b? x* (126 d° + 504 d* e x + 840 d> * x* + 720 d* * X° + 315d e* x* + 56 €° x°) +
286 a° b* x* (252d> + 1850 d* e x + 1800 d> e* x* + 1575 d* &> x> + 700 d e* x* + 126 €® X°) +
78 a>b® x° (462 d> + 1980 d* e x + 3465 d° e® x* + 3080 d* e x* + 1386 d e* x* + 252 ® x°) +
13ab®x® (792d + 3465 d* e x + 6160 d° e? x* + 5544 d* ® x> + 2520 d ® x* + 462 €° X°) +
b7 x” (1287 d> + 5720 d* e x + 10296 d> e* x* + 9360 d* e X° + 4290 d e* x* + 792 €° X°) )

Problem 1918: Result more than twice size of optimal antiderivative.

J(a+bx) (d+ex)4 (a2+2abx+b2x2)3dlx

Optimal (type 1, 1191leaves, 3 steps):
(bd—ae)“(a+bx)8+4e(bd—ae)3<a+bx)9
8 b° 9b°
3e2 (bd—ae)z(a+bx)m+4e3 (bd-ae) (a+bx)™ e*(a+bx)*

+

5b° 11 b° 12 b°

+

Result (type 1, 405leaves):

X (792a7 <5d4+10d3ex+1@d2e2x2+5de3x3+e4x4) +

3960

924 a® b x (15d4+40d3ex+45d2e2x2+24de3x3+5e4x4) +

7922’ b®>x* (35d* +105d’ ex + 126 d* e* x*> + 7@ d €’ x* + 15 e* x*) +
495 a* b*> x> (70d* + 224 d> e x + 280 d* e x* + 160 d e X + 35 e* x*) +
220a% b* x* (126 d* + 420 d> e x + 540 d* e* x* + 315d e®> x> + 70 e* x*) +
66 a>b> x> (210d* + 720 d®> e x + 945 d* e* x* + 560 d € X° + 126 e* x*) +
12ab®x® (330d* + 1155 d° e x + 1540 d* e* x* + 924 d e X° + 210 &* x*) +
b7 x” (495 d* + 1760 d*> e x + 2376 d* e* x> + 1440 d e’ X° + 330 e* x*)

Problem 1919: Result more than twice size of optimal antiderivative.
J(a+bx) (dJrex)3 (a2+2abx+b2x2)3dlx

Optimal (type 1, 92 leaves, 3 steps):
(bd—ae)3(a+bx>8 e(bd—ae)z(a+bx)9 3e2(bd—ae) (aerx)le e3(a+bx)11
+

+ +

8 b* 3 b* 10 b* 11 b*
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Result (type 1, 360 leaves):
1
a’d®>x+ —a®d? (7bd+3ae) x?+a°d <7b2d2+7abde+a2e2) X3+
2
1
—a* (35b°d’+63ab’d’e+21a’bde’+a’e?) x* +
7 7
—a’b (5b°d*+15ab’d’e+9a’bde’+a’e’) x°+ —a’b* (b>d*+5ab’d’e+5a’bde*+a’e’) x° +
5 2

1
ab3 (b3d3+9ab2d2e+15a2bde2+5a3e3) x’ + = b* (b3d3+21ab2d2e+63a2bde2+35a3e3) X8 +
8

1 1 1
—b%e (b>d*+7abde+7a’e’) xX’+ —bfe® (3bd+7ae) x¥+ —b’e’xM
3 10 11

Problem 1920: Result more than twice size of optimal antiderivative.

a+bx) (drex)? (a2+2abx+b?x?)3dx
( ) )% )

Optimal (type 1, 65leaves, 3 steps):
(bd—ae)z(a+bx)8 2e(bd—ae) <a+bx)9 ez(a+bx)10
+

+

8 b3 9 b3 10 b3

Result (type 1, 229 leaves):

1
— X (120a7 (3d2+3dex+e2x2) +210a%b x (6d2+8dex+3e2x2) +
360

252 a° b? x? (10d2+15dex+6e2x2> +210a* b3 x3 (15d2+24dex+10e2x2) +
120 a3 b* x* (21d2+35dex+15e2x2) +45 a2 b’ x> (28d2+48dex+21e2x2) +
10ab®x® (36d*+63dex+28e*x*) +b’x’ (45d*+80dex+36e”x*))

Problem 1921: Result more than twice size of optimal antiderivative.
J(a+bx) (d+ex) (a2+2abx+b2x2)3d1x
Optimal (type 1, 38 leaves, 3 steps):

(bd—ae) (a+bx)8 e(a+bx)9
+
8 b? 9 b2

Result (type 1, 151 leaves):

a7dx+1a6 (7bd+ae) x2+za5b (3bd+ae> x3+za4b2 (5bd+3ae) x* +7a%b3 (bd+ae) x> +
2 3 4

Zazb“(Bbd+5ae> x® +ab® (bd+3ae) x7+lb6 (bd+7ae) x8+lb7ex9
6 8 9
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Problem 1924: Result more than twice size of optimal antiderivative.

b 2.2abx+b2x?)3
J(a+ x)<a+ abx+ x) i

(d+ex>2

Optimal (type 3, 186 leaves, 3 steps):

21b% (bd-ae)’x (bd-ae)’ 35b°(bd-ae)*(d+ex)? 35b* (bd-ae)’(d+ex)’
) e’ +eg(d+ex)+ 28 ) 3 et
21b5(bd—ae)2(d+ex)4 7b° (bd-ae) (d+ex)5 b7(d+ex)6 7b(bd—ae)6Log[d+ex1

+ +
4 e8 5 e8 6 e® e8

+

Result (type 3, 387 leaves):
o
60 e8 (d+ex)

1260a° b’ e® (-d>+dex+e?x?) +1050a* b’ e* (2d’-4d’ex-3de* x> +e*x?) +

700a°b* e’ (-3d*+9d’ex+6d* e’ x*-2de’x® + e x*) +

105a°b°e® (12d°-48d*ex-30d’ e’ x* +10d*e* x> -5de* x* +3e° x°) +

42ab%e (-10d°+50d°ex+30d*e’x*-10d’ e’ x® +5d*e* x* -3d e’ x* +2e°x°) +

b’ (60d” -360d°ex-210d> e’ x*+70d*e® x> -35d% e* x* +21d*e*x° - 14de®x° + 10 e’ X) +

420b (bd-ae)® (d+ex) Log[d+ex])

(420a6bde6—6@a7e7+

Problem 1925: Result more than twice size of optimal antiderivative.

(a+bx) (a2+2abx+b2x2)3
J dx

(d+ex)3

Optimal (type 3, 185leaves, 3 steps):
35b% (bd-ae)*x (bd-ae)’ 7b(bd-ae)® 35b*(bd-ae)’(d+ex)?

e’ +2e8(d+ex>2 es(d+ex) 2 e8

+

7b° (bd-ae)? (d+ex)® 7b° (bd-ae) (d+ex)® b’ (d+ex)® 21b%(bd-ae)’Log[d+ex]

e® 4 8 : 5 e8 . e®
Result (type 3, 388 leaves):

- (—1Oa7e7—70a6be6 (d+2ex) +

20€® (d+ex)?

210a°b*de® (3d+4ex) +350a*b’e? (-5d*-4d’ex+4de’x*+2e’ %) +

350a°b*e’ (7d*+2d’ex-11d*e*x* -4de’ x’ +e*x*) +

70a*b’e? (-27d>+6d*ex+63d’e®x*+20d*e’> x> -5de*x* +2e°x°) +

35abe (22d°-16d>ex-68d*e?x*-20d’e* x>+ 5d%e*x* - 2d e’ x* + e x®) +

b7 (-130d’ + 160 d° e x + 500 d° e* x* + 140 d* e x*> - 35d° e* x* + 14d* > x* - 7d e® x® + 4 e’ X’ -
420b% (bd-ae)® (d+ex)®Log[d+ex]
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Problem 1946: Result more than twice size of optimal antiderivative.

dx

J (a+bx) (d+ex)?
(

aZJrZabXerzxz)3

Optimal (type 1, 28 leaves, 2 steps):

(d+ex>4

4 (bd-ae) (a+bx)*

Result (type 1, 91 leaves):
1

4 (a+bx)*

(a®e®*+a’be? (d+4ex) +ab’e (d*+4dex+6e’x*) +b? (d3+4d2ex+6de2x2+4e3x3))

Problem 1981: Result more than twice size of optimal antiderivative.

(a+bx) <a2+2abx+b2x2)3/2
J dx

(d+ex>6

Optimal (type 2, 41 leaves, 1step):

(a2+2abx+b2x2)5/2

5(bd-ae) (d+ex)”
Result (type 2, 158 leaves):
—(( (a+bx)? (a*e*+a’be® (d+5ex) +
a’b*e? (d*+5dex+10e*x*) +ab’e (d®*+5d’ex+10de*x*+ 10’ X°) +

b* (¢ +5d ex10d7e?x2 - 10d e+ Setxt)) |/ [ses (arbx) (d+ex)5)]

Problem 1988: Result more than twice size of optimal antiderivative.

J(a+bx) (d+ex)9 (a2+2abx+b2x2)5/2dlx

Optimal (type 2, 362 leaves, 4 steps):
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(bd—ae)6 (d+ex)1e\/a2+2abx+b2x2
10e’ (a+bx)

6b (bd—ae)5 (d+ex)11\/a2+2abx+b2x2 5 b2 (bd—ae)4 (d+ex)12\/a2+2abx+b2x2
. _

11 €7 (a+bx) 4¢7 (a+bx)

20 b3 (bd—ae)3 (d+ex)13\/a2+2abx+b2x2 15 b* (bd—ae)2 (d+ex)14\/a2+2abx+b2x2
N _

13 e’ (a+bx) 14 7 (a+bx)

2b° (bd-ae) (d+ex)™®+a?+2abx+b2x*> b° (d+ex)'®Va2+2abx+b?x2
+
5e’ (a+bx) 16e’ (a+bx)

Result (type 2, 756 leaves):
o
80080 (a+b x|

X (a+bx)2 (8008 a° (10d” + 45d® e x + 120 d” ® x* + 210 d® ® x? + 252 d> e* x* + 210 d* > x> +
120d°e®x®+45d* e’ x” +10de® x® + e x°) + 4368 a° bx (55d° +330d® e x + 990 d” €2 x* +
1848 d° e® x* + 2310 d° e* x* + 1980 d* e® x° + 1155 d> e® x® + 440 d* e’ x” + 99d e® x* + 18 e’ X°) +

1820 a* b* x* (220 d° + 1485 d® e x + 4752 d” e® x* + 9240 d° e x* + 11880 d° e x* +
10395 d* e® x® + 6160 d> e® x® + 2376 d* e’ x” + 540 d e® x® + 55 e° x°) +

560a° b’ x> (715d° + 5148 d® e x + 17160 d” e* x* + 34320 d° e x° + 45045 d> e* x* +
40040 d* e° X° + 24024 d> e® x® + 9360 d* e’ X’ + 2145d e® x® + 220 € X°) +

120 a* b* x* (2002 d° + 15015 d® e x + 51480 d” e? x* + 185105 d° e* x> + 140140 d> e* x* +
126126 d* e* x> + 76440 d> e® x° + 30030 d* e’ X" + 6930 d e® x®* + 715 X°) +

16 a b’ x> (5005 d° + 38610 d® e x + 135135 d” e® x* + 280280 d° e* x> + 378378 d°> e* x* +
343980 d* e® x° + 216210 d” e® x° + 83160 d* e’ x” + 19305 d e® x* + 2002 ° x°) +

b® x® (11440 d° + 90090 d® e x + 320320 d” e x* + 672672 d° e* x> + 917280 d> e* x* +
840840 d* e* x> + 517440 d° e® x° + 205920 d* e’ X’ + 48048 d e® x® + 5005 e” x° ) )

Problem 2005: Result more than twice size of optimal antiderivative.

(a+bx) <a2+2abx+b2x2)5/2
J dx

(d+ex)8

Optimal (type 2, 41leaves, 1step):

<32+Zabx+b2X2>7/2

7 (bd-ae) (d+ex)’

Result (type 2, 289 leaves):
1

7¢” (a+bx) (d+ex)7

(a+bx)2 (a®e®+a’be® (d+7ex) +a*b*e* (d*+7dex+21e*x*) +a’b’ e’
(d*+7d’ex+21de’x*+35e°°) +a’b*e? (d*+7d’ex+21d*e*x*> +35de>x® + 35e* x*) +

ab’e (d®>+7d*ex+21d’e®*x* +35d*e’> x> +35de* x* +21e° x°) +

b® (d®+7d>ex+21d*e®x*+35d’ e’ x* +35d*e*x* + 21de® x° + 7 e x%) )
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Problem 2006: Result more than twice size of optimal antiderivative.

b 2,2abx+b2x2)%?
J(a+ x) <a+ abx+ x) i

(d+ex>9

Optimal (type 2, 98 leaves, 4 steps):

(a+bx)®+a?+2abx+b?x? b (a+bx)®Va2+2abx+b?x2
+

8 (bd-ae) (d+ex)8 56(bd—ae)2(d+ex)7

Result (type 2, 295 leaves):
1

56’ (a+bx) (d+ex)8
(a+bx)2 (7a6e6+6a5be5 (d+8ex) +5a*b?e* (d2+8dex+28e2x2) +4a3b3e?
(d*>+8d*’ex+28de*x*+56e>x*) +3a’b*e® (d*+8d’ex+28d*e*x*+56de’>x>+70e*x*) +
2ab’e <d5+8d4ex+28d3e2x2+56d2e3x3+70de4x4+56e5x5) +
b® (d®+8d>ex+28d* e’ x*+56d> e’ x> +70d* e x* + 56 d e x° + 28 e x°) )

Problem 2146: Result more than twice size of optimal antiderivative.
J(a+bx) (d+ex)" (a2+2abx+b2x2)3dlx

Optimal (type 3, 239 leaves, 3 steps):
(bd—ae)7 (d+ex)™™ 7b (bd—ae)6 (d+ex)2+n1

e® (1+m) e® <2+m>

21 b2 (bd—ae)s(d+ex)3+m 35b3 (bd—ae)“(d+ex)4+m 35 b4 (bd—ae)B(d+ex)5+m
+ - +
e (3+m) e (4+m) e (5+m)
21b° (bd—ae)z(d+ex)6*"‘ 7b° (bd-ae) <d+ex)7”" b’ (d+ex)8*"‘
- +

ed (6+m) e® (7+m) e® (8+m)

Result (type 3, 896 leaves):
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1
e (1+m) (2+m) (3+m) (4+m) (5+m) (6+m) (7+m) (8+m)

<d+ex)1”" (a” e’ (40320 + 69264 m + 48860 m* + 18424 m> + 4025 m* + 511 m° + 35m® +m’) -

7a°be® (20160 + 24552 m + 12154 m* + 3135m> + 445m* + 33 m°> +m®) (d-e (1+m) x) +

21a°b®e® (6720 + 5944 m + 2070 m* + 355 m> + 3@ m* + m’)

(2d*-2de (1+m) x+e* (2+3m+m?) x*) +35a% b’ e* (1680 + 1866 m + 251 m> + 26 m*> + m*)

(-6d>+6d%e (1+m) x-3de? (2+3m+m?) x*+e> (6+11lm+6m*+m’) X>) +

35a’b*e?® (336 +146m+21m? +m’) (24d*-24d>e (1+m) x+12d%e® (2+3m+m?) x* -
4de’ (6+11m+6m>+m’) x> +e* (24+50m+35m* +10m> +m*) x*) + 21 a*b> e® (56 + 15m + m*)

(-120d°+120d%*e (1+m) x-60d>e® (2+3m+m*) x> +20d*e® (6+11m+6m” +m’) x> -5d
e* (24+50m+35m* +10m*> +m*) x* + > (120 + 274 m+225m* + 85m> + 15m* +m*) x°) +7ab® e

(8+m) (720d6—720d5e(1+m)x+360d“e2 (2+3m+m2)x2—120d3e3 (6+11m+6m2+m3)x3+
30d*e* (24 +50m+35m* +10m> +m*) x* - 6de> (120 +274m+225m> + 85m> + 15m* + m>) x> +
e® (720 + 1764 m + 1624 m* + 735m* + 175 m* + 21m> + m®) x°) -

b7 (5040 d” - 5040 d°e (1+m) x +2520d° e® (2+3m+m*) x> -840d*e® (6+11m+6m* +m’) x> +
210d*e* (24 +50m+35m* + 10m> + m*) x* - 42d* e (120 + 274 m + 225m*> + 85m> + 15m* + m°)
x> +7de® (720 +1764m+1624m> + 735m> + 175m* + 21 m> + m®) x° -
e’ (5040 + 13068 m + 13132 m” + 6769 m> + 1968 m* + 322m°> + 28 m® +m’) x’) |

Problem 2147: Result more than twice size of optimal antiderivative.

J(a+bx) (d+ex)” (a2+2abx+b2x2)2dlx

Optimal (type 3, 175leaves, 3 steps):
(bd-ae)® (d+ex)™™ 5b(bd-ae)* (d+ex)*" 10b? (bd-ae)’ (d+ex)>"
_ N _

e (1+m) e (2+m) e® (3+m)
10b* (bd-ae)? (d+ex)*" 5b*(bd-ae) (d+ex)>" b°(d+ex)®"
- +
e® (4+m) e® (5+m) e® (6+m)

Result (type 3, 449leaves):
1

e (1+m) (2+m) (3+m) (4+m) (5+m) (6+m)

(d+ex)™™ (a°e® (720 + 1044 m + 580 m? + 155 m + 20 m* + m°) -

5a*be* (360 +342m+ 119 m* + 18 m* + m*) (d—e(1+m) x) +

10a*b*e® (120 +74m+15m”> +m*) (2d*-2de (1+m) x+e* (2+3m+m?*) x*) +10a° b’ e?

(36 +11m+m®) (-6d>+6d*e (1+m) x-3de® (2+3m+m*) x>+ e (6+11m+6m” +m) x3) +

Sab%e (6+m) (24d*-24d>e (1+m) x+12d*e® (2+3m+m?) x* -
4de’ (6+11m+6m>+m’) x> +e* (24+50m+35m> +10m> +m*) x*) -

b> (120d° -120d*e (1+m) x+60d>e? (2+3m+m?) x*-20d*e> (6 +11m+6m> +m’) x> +
S5de* (24+50m+35m”+10m> +m*) x* - e> (120 + 274 m +225m* + 85m> + 15m* + m>) x°) )
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Problem 2150: Unable to integrate problem.

dx

j (a+bx) (d+ex)"
(

a2+2abx+b2x2)2
Optimal (type 5, 54 leaves, 2 steps):

e? (d+ex)""Hypergeometric2F1[3, 1+m, 2 +m, bej*i)—]
-ae

(bd—ae)3 (1+m)

Result (type 8, 33 leaves):
J (a+bx) (d+ex)"

(a2+2abx+b2x2)2

dx

Problem 2155: Unable to integrate problem.

dx

J (a+bx) (d+ex)"

(a2+2abx+b2x2)3/2

Optimal (type 5, 76 leaves, 3 steps):

e (a+bx) (d+ex)""Hypergeometric2F1[2, 1+m, 2+m, J—Lbbjizz ]

(bd—ae)2 (1+m) Jaz+2abx+b2x?

Result (type 8, 35leaves):

J (a+bx) (d+ex)"
(

a2+2abx+b2x2)3/2

dx

Problem 2156: Unable to integrate problem.

dx

J (a+bx) (d+ex)"
(

2
a2+2abx+b2x2)5/

Optimal (type 5, 78leaves, 3 steps):

o3 (a 4 bx) (d + ex)l*m Hyper‘geometr‘icZFl[4, 1+m, 2+m, bfgfﬁq

(bdfae)4 (1+m) Va2 +2abx+ b2 x?

Result (type 8, 35leaves):
j <a+bx> <d+ex)m
(

a2+2abx+b2x2)5/2

dx
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Problem 2172: Result unnecessarily involves imaginary or complex numbers.

J(d+ex)3 (f+egx) \/cdz—bde—bezx—cezx2 dx

Optimal (type 3, 414 leaves, 7 steps):

1
7(2cd-be)® (4cef+2cdg-3be b+2cx)+/d(cd-be)-be’x-ce?x® -
512 ¢ e ( ) recae g) (br2cx)\/d( )
! 2 2 2 ,2)3/2
192c4ez7<2cd—be) (4cef+2cdg-3beg) (d(cd-be)-be’x-ce*x*)”"" -
7<2cd—be) (4cef+2cdg—3beg) (d+ex) (d (cd—be)—bezxfce2x2>3/27

160 c3 e?

(4cef+2cdg-3beg) (d+ex>2(d (cd—be)—bezx—cezxz)z’/2

20 c?e?
g(d+ex)’ (d(cd-be) -be*x-ce?x?)?? 1
.
6 ce? 1024 c11/2 @2

e (b+2cx)

Z\EJd (cd-be) -be?x-ce?x?

7 (2cd-be)® (4cef+2cdg-3beg) ArcTan|

]

Result (type 3, 500 leaves):

! \/(d+ex> (-be+c (d-ex))

15360

— (315b° e’ g-420b*ce* (ef+7dg) -512c°d* (17ef+11dg) +56b> c*de’
c e

(65ef+193dg) +16bc*d’e (1118ef+1047dg) - 16b* > d*e® (749e f+1213dg)) +

“L4(—105b“e4g—240c4d3 (-2ef+7dg) +28b>ce’ (5ef+31dg) +
cte

16bc’d’e (179ef+227dg) -8b*c*de’ (133ef+335dg))x+i3
C
16 (21b*e’g+128c>d* (7ef+dg) -4b*ce® (7ef+38dg) +4bc’de (46ef+95dg)) x*+
1 2 52 2 3
—32e(-9b%e’gr4bce (3ef+14dg) +20c’d (18ef+17dg)) x* +
C
256e? (beg+12c (ef+3dg)) x*

+2560 e3 g x° -
C

ie(b+2cx) .
Ve
Zm\/—be+c (d-ex) ]J/ (cll/zezm\/—be+c (d-ex)

105i (-2cd+be)® (4cef+2cdg-3beg) Log|[-

Problem 2173: Result unnecessarily involves imaginary or complex numbers.

J(d+ex)2 (f+gx) \/cdszdefbezx—cezx2 dx
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Optimal (type 3, 339 leaves, 7 steps):

128c4e<2Cd_be>2 (10cef+4cdg—7beg) (b+2cx) \/d (Cd—be) belx_cely?®

S 2(2cd—be) (1lecef+4cdg-7beg) (d (cd—be)—bezx—ce2x2>3/2_
48 c’ e

(1ocef+4cdg-7beg) (d+ex) (d (cd-be) -be2x-ce2x?)*?

40 c? e?
g(drex)?(d(cd-be)-be?x-ce?x?)>? )
5ce? ! 256 ¢9/2 2

(chfbe)“(10cef+4cdg—7beg)ArcTan[ e (b+2cx) ]
2\/?\/d (cd—be) _be2x-ce2x?

Result (type 3, 376 leaves):

4 @2 256d3 (10ef+7d
i\/(dJrex) (fbe+c(d7ex>) _21eb*e’g ( ef+ g)+
3840 4 o2

20b*e (15ef+76dg) 16bd? (285ef+274dg) 8b’d (250ef+499dg)
. _

+
c3 ce c? cGe

4 (35b°e’g-120c>d®> (-3ef+2dg) -2b’ce® (25ef+108dg) +4bc’de (70ef+109dg))
16 (-7b’e?g+32c*d (S5ef+2dg) +2bce (5ef+18dg)) x?

1

X +

C2

%e (beg+l0c (ef+2dg))x®

+768e%gx*+
C

15i (-2cd+be)* (1ecef+4cdg-7beg) Log|

ie (b+2cx)

C

+2+/d+ex \/7be+c (d-ex) ]J/ (cg/zezx/dJrex \/7be+c (d-ex)

Problem 2174: Result unnecessarily involves imaginary or complex numbers.

J(d+ex) (f+gx) \/cdszdefbezxfcezx2 dx

Optimal (type 3, 223 leaves, 4 steps):

13 (2cd-be) (8cef+2cdg-5beg) (b+2cx) \/d (cd-be) -be*x-ce*x* +
64 c’e

(5beg-8c(ef+dg)-6cegx) (d(cd-be) -be?x-ce?x?)>? 1
N
24c?e? 128 c7/2 @2
b+2
(2cd-be)’ (8cef+2cdg-5beg) ArcTan| e (br2cx) ]

Z\E\/d (cd-be) -be?x-ce?x?

Result (type 3, 270leaves):
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1
a\/(d+ex) (-be+c (d-ex))

(3eb3eg 128d? (ef+dg) 8b?(6ef+19dg) 8bd (28ef+29dg)
- - +
3

+

C e? c? ce

2g be(8cf-5b
L[ 1248 e(8c g)

+d (48'F+

+

e c?

20bg)] 16 (beg+8c (ef+dg)) x?
X +
C

C

9%6egx®-[3i(-2cd+be)’ (8cef+2cdg-5beg) Log|

je(b+2cx)

- +2+/d+ex /-be+c (d-ex
e e\/ec(e)]

/(c7/2e2\/m\/—be+c (d-ex)

Problem 2175: Result unnecessarily involves imaginary or complex numbers.

J(w‘%gx) Vcd?-bde-be2x-ce?x?
dx

d+ex

Optimal (type 3, 192 leaves, 4 steps):

(4cef-2cdg-beg) \/d (cd-be) -be?x-ce?x? g(d(cd-be)-be2x-ce2x?)*?
- +
4ce? 2ce? (d+ex)

e<b+2cx)

2\/?\/d (cd-be) -be?x-ce?x?

(2cd-be) (4cef-2cdg-beg) ArcTan|

]

8 c3/2 e2

Result (type 3, 157 leaves):
1

8 e?

(d+ex) (-be+c (d-ex)) (8ef8dg+ 2beg
c

+4egx-

ie (b+2cx)

+2+/d+ex \/—be+c (d-ex) |

(J‘L (2cd-be) (-4cef+2cdg+beg) Log|-

/

C

(c3/2\/d+ex \/—be+c (d—ex)

Problem 2176: Result unnecessarily involves imaginary or complex numbers.

J(f+gx) Vcd?-bde-be?x-ce?x?
dx

<d+ex)2

Optimal (type 3, 200 leaves, 4 steps):
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(2cef-4cdg+beg) \/d (cd-be) -be?x-ce?x?

e’ (2cd-be)
2 (ef-dg) (d(cd-be) -be?x-ce?x?)*?

e? (2cd—be> (d+ex)2

(2cef-4cdg+beg) ArcTan| e (br2cx)
2\/?\/d (cd-be)-be?x-ce?x?

2+/c e?

Result (type 3, 147 leaves):

4(-ef+d
. (d+ex) (-be+c (d-ex)) (2g+M—
2 e? d+ex

ie(b+2cx)

|

Problem 2177: Result unnecessarily involves imaginary or complex numbers.

(J‘L (2cef-4cdg+beg) Log|- +2/d+ex \/—be+c (d-ex) |

/

C

(\/?\/dJrex \/7be+c (d-ex)

J(f+gx) Vcd?’-bde-be?x-ce?x?

dx
<d+ex)3
Optimal (type 3, 168 leaves, 4 steps):
Zg\/d (cd-be)-be’x-ce?x?
) e? (d+ex) :
ArcT e (b+2cx)
2 (ef-dg) (d(cd-be) —bezx—ce2x2>3/2 Ve ghnc an[zﬁ\/d(cdfbe)—bezx—cezxz ]
3e? (2cd-be) (d+ex)? e?

Result (type 3, 164 leaves):

2 (-ef+d
1 Tavex) [percacex)] |2lefrdel
3e? (d+ex)2

2(cef-7cdg+3beg) Bj\EgLog[—i—e(\%AL+2\/d+ex \/—be+c (d-ex) |

(-2cd+be) (d+ex) Jd+ex \/—be+c<d—ex)

Problem 2183: Result unnecessarily involves imaginary or complex numbers.

J(d+ex)3 (-F+gx) (Cdz—bde—bezx—ce2x2)3/2dx

Optimal (type 3, 488 leaves, 8 steps):
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1
——— 9 (2cd-be)’ (16cef+6cdg-1lbe b+2cx)./d(cd-be)-be?x-ce?x?
16384 cSe ( ) rhcade g) (b+2cx)/d| ) +
B (2cd-be)® (16cef+6cdg-11beg) (b+2cx) (d (cd-be) -be?x-ce?x?)¥?-
2048 c° e

! 2 2 2 ,2)\5/2
64@C4e23<2Cd_be) (16cef+6cdg-11beg) (d(cd-be)-be’x-ce?x?)>'" -

! 3(2cd-be) (16cef+6cdg-1lbeg) (d+ex) (d (cd—be)—bezx—cezxz)suf
448 c3 e?
1121cze2(16cef+6cdg—11beg) <d+ex)2(d (cd—be)—bezx—ce2x2>5/2_
g<d+ex>3<d (cdfbe)fbezx—cezxz)sn 1

N
8ce? 32768 c13/2 g2

e<b+2cx)

2\/?\/d (cd—be) -be2x-ce?x?

]

9 (2cd—be)7 (16cef+6cdg-11beg) ArcTan|

Result (type 3, 739 leaves):
1
32768

((d+ex) (-be+c (d-ex)))*?

1

2 (-3465b" e’ g+210b°ce® (24ef+218dg+1legx) -
35c°e? (d+ex) (-cd+be+cex)

84b>c’e® (3057d*g+2e*x (20f+11gx) +de (760 +334gx)) +
128 ¢’ (1664d’ g+320de®x* (7f+6gx) +80e’ x® (8 F+7gXx) -
16d*e*x? (175f+136gx) +8d* e’ x* (208 f +175gx) -8d> e’ x (245f + 176 g x| +
d®e (2944 f +945gx) - 2d* e’ x* (2624 f +1925gx) ) + 24b* > e*
(32924d°g+2e>x* (56 f+33gx) +8de?x (203 f+107gx) +3d’e (4704 f+1963gX) ) +
64bc®e (-13647d°g+80e®x> (20f+17gx) +6d* e’ x (-116f+123gXx) +
48de’x* (164 f+135gx) +8d> e’ x* (1574 + 1187 gx) + 8d* e* x> (1882 + 1483 gX) -
2d°e (9812 +3263gx)) -16b>c*e’ (89587 d* g+8e*x* (18 F+11gXx) +
8de’x* (222 f+125gx) +12d*e*x (960 f +479gx) +4d>e (15072 f + 5887 gx) ) +
32b*c’e” (47490d°g+8e°x* (8Ff+5gx) +16de* x> (43F+25gx] +
12d*e® x> (308 f +163gx) +8d> e®x (1748 f+ 809 gx) +d*e (48712 f +17401gX))) +
. , ie(b+2cx)
9i (2cd-be)’ (16cef+6cdg-11beg) Log]-—— +

Nry
zm\/—be+c (d-ex) ])/ (c13/2e2 (d+ex)*? (-be+c (d—ex))3/2)]

Problem 2184: Result unnecessarily involves imaginary or complex numbers.

J(d+ex)2 (f+gx) (Cdz—bde—bezx—ce2x2)3/2dlx

Optimal (type 3, 413 leaves, 8 steps):
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(ch—be)4 (14cef+4cdg-9beg) (b+2cx) \/d (cd-be) -be*x-ce*x* +

1024c%e
" (2cd—be)2(14cef+4cdg—9beg) (b+2cx) (d (Cd—be>—b62X—ce2x2)3/2_
384 c*e
126c3€2(2cd—be) (14cef+acdg-9beg) (d(cd-be) -be*x-ce?x?)”?-
(14cef+4cdg-9beg) (d+ex) (d (cd-be) -be2x-ce?x?)”?
84 c? e?
g<d+ex>2<d (cdfbe)fbezx—cezxz)sn 1
+
7 ce? 2048 c11/2 g2

b+2
(2cd-be)® (14cef+4acdg-9beg) ArcTan| e(br2cx)

]

2\/?\/d (cd—be)—bezx—cezx2

Result (type 3, 599 leaves):

ﬁ (<d+eX) (—be+c (d—ex)>)3/2

1
105c°e? (d+ex) (-cd+be+cex]
64c® (432d°g+112de’*x* (6f+5gx) +42d°e (16Ff+5gx) +40e°X° (7f+6gX) -
2d%e*x* (35f+24gx) -28d>e’*x* (48f+35gx) -3d*e’x (315f+208gx)) +
28 b* c*e* (1708 d*g+e*x (35f+18gx) +de (560 f +226gXx) ) +
48b*c*e® (3037d*g+2e*x? (7f+4gx) +4de’x® (35F+18gX) +
14d*e*x (52f+23gx) +4d’e (763 f+255gx)) -16b> > e
(7090d> g+ e*x* (49F+27gx) +4de’x (147 f+71gx) +2d*e (2107 f+ 786 gX) ) +
32bc’e (-3054d°g-123d*e (35f+11gx) +12d’ e’ x (91 f+75gx) +
8e’x* (91f+75gx) +4de*x® (707 f+556gx) +2d* e’ x* (1911 f +1409¢gx))) +

i b+2
[Ji (—2cd+be)6 (14cef+4cdg-9beg) |_‘_-,g{_w+

\/?
Zm\/fbeJrc (d-ex) ]]/ (cll/ze2 (d+ex)®? (-be+c (dex))3/2)]

2 (945b°e®g-210b°ce’ (7ef+50dg+3egx] +

Problem 2185: Result unnecessarily involves imaginary or complex numbers.

J(d+ex) (f+gx) (Cdzfbdefbezx—cezxz)”zdlx

Optimal (type 3, 297 leaves, 5steps):
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512c4e<2cd—be)3 (12cef+2cdg-7beg) (b+2cx| \/d (cd-be) -be*x-ce*x* +

; (2cd-be) (12cef+2cdg-7beg) (b+2cx) (d(cd-be) -be’x-ce*x?)*?+
192c’ e

(7beg-12c (ef+dg) -10cegx) (d (cd-be) -be?x-ce?x?)*?

1
.
60 c2 e? 1024 c®/2 2

b+2
(2cd-be)® (12cef+2cdg-7beg) ArcTan| e (b+2cx)

]

2\/?\/d (cd—be) ~-beZx-ce?x?

Result (type 3, 475leaves):
1

m ((d+ex) (—be+c (d—ex)))3/2

1

Vo (-216b°e®g+20b%ce? (18ef+94dg+7egx) -
(d+ex) (-cd+be+cex]

16b*>c*e® (407d°g+e’x (15f+7gx) +3de (65Ff+23gx)) +
96b>c?e? (111d’g+e’x* (2f+gx) +de*x (19f+8gx) +d*e (107 f+33gx]) +
64c> (48d°g+12de*x® (5f+4gx) +8e’x* (6f+5gx) +3d*e (16Ff+5gx) -6d>e?x
(25F+16gx) -2d*e*x* (48f+35gx)) +32bc*e (-273d*g-6d’e (57 Ff+17gx) +
4e*x® (33f+26gx) +6d*e’x (43f+29gx) +4de*x* (93f+68gx))) +
ie(b+2cx)
- +
Ve
Zm\/fbeJrc (d-ex) ]]/ (<d+ex)3/2 (-be+c (dex))3/2)]

15i (2cd-be)® (-7beg+2c (6ef+dg)) Log|-

Problem 2186: Result unnecessarily involves imaginary or complex numbers.
J(f+gx) (cd?>-bde-be?x-ce?x?)??

dx
d+ex

Optimal (type 3, 266 leaves, 5 steps):

; (2cd-be) (8cef-2cdg-3beg) (b+2cx) \/d (cd-be) -be*x-ce*x* +
64 cce

(8cef-2cdg-3beg) (d(cd-be) -be?x-ce?x?)* > g(d(cd-be)-be?x-ce?x?)®?

24 c e? } 4ce2(d+ex) '

e (b+2cx>

Z\E\/d (cd—be) —be?x-ce?x?

(2cd-be)’ (8cef-2cdg-3beg) ArcTan|

]

128 c%/2 g2

Result (type 3, 296 leaves):
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1

384 c>/2 g2

((d+ex) (-be+c (d-ex)))*? [((Z\E (-9b*e’g+6b’ce’ (Aef+b6dgregx) +8c°

(8d>g-4de’x (3f+2gx) +2e’x* (4f+3gx) -d’e (8F+3gXx))+
abc’e (-19d°g+2de (2f+gx) +2ex (14f+9gx))))/

((d+ex) (be+c(dex)>))(31’1 (2cd-be)’ (-8cef+2cdg+3beg)

je(b+2cx)

+2/drex \/—be+c (d-ex) |

Log|-

/((d+ex)3/z (-be+c (d—ex>)3/2)]

C

Problem 2187: Result unnecessarily involves imaginary or complex numbers.

(f+gx) (cd®*-bde-be?x-ce?x?)??
J dx

(d+ex)2

Optimal (type 3, 278 leaves, 5 steps):

(6cef-4cdg-beg) (b+2cx| \/d (cd-be) -be’x-ce?x?

N
8ce

(6cef-4cdg-beg) (d(cd-be) —bezx—ce2x2)3/2
3e? (2cd-be)

+

2 (ef-dg) (d(cd-be) -be?x-ce?x?)%? 1
.
e? (2cd—be> (d+ex)2 16 c3/2 o2

e (b+2cx)

Z\E\/d <cd7be) ~be?x-ce?x?

(2cd-be)? (6cef-4cdg-beg) ArcTan|

]

Result (type 3, 231 leaves):
1

m((d+ex) (-be+c(d-ex)))??

(((2% (3b?e?’g+2bce (15ef-14dg+7egx) +4c?

(ted’g-6de (2f+gx) +e’x (3f+2gX)>)>/((d+ex) (-be+c (d*ex)))) B
(Bj <_2Cd+be>2 <‘6ce‘c+4Cdg+beg) Log[—MJr

Ve
/((d+ex>3/2 (-be+c <dex>>3/2)J

2+/d+ex \/7be+c (d-ex) |
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Problem 2188: Result unnecessarily involves imaginary or complex numbers.

f d>-bde-be?x-ce?x?)??
J( +gx) (c e-be?x-ce?x?) ix

(d+ex)3

Optimal (type 3, 271 leaves, 5steps):

3(4cef-6cdg+beg) \/d (cd-be) -be?x-ce?x?
) 4 e2 .
(4cef-6cdg+beg) (d(cd-be) —bezx—ce2x2)3/2

2 2 (ch—be) (d+ex) )

2 (ef-dg) (d(cd-be)-be2x-ce?x?)*? 1
e? (2cd-be) (d+ex)? 8+/c e?

e (b+2cx>

3(2cd-be) (4cef-6cdg+beg)ArcTan|
Z\E\/d (cd-be) -be?x-ce?x?

J

Result (type 3, 214 leaves):

1 3/2
;((d+ex) (-be+c(d-ex)))

(—((2 (8 (2cd-be) (ef-dg)+ (5beg+4c(ef-3dg)) (d+ex) +2cegx (d+ex>))/

((d+ex)2(—be+c(d—ex))>)—

ie(b+2cx)
(31‘1 (2cd-be) (4cef-6cdg+beg) Log]-————

+2/d+ex \/7be+c (d-ex) |

/

C

(\/? (d+ex)3/2 (-be+c (d—ex))3/2)]

Problem 2189: Result unnecessarily involves imaginary or complex numbers.

(f+gx) (cd>-bde-be?x-ce?x?)>?
J dx

(d+ex)?

Optimal (type 3, 276 leaves, 5 steps):
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c(2cef-8cdg+3beg) \/d (cd-be) -be?x-ce?x?

+

e? (ch—be)

2 (2cef-8cdg+3beg) (d(cd-be) -be?x-ce?x?)*?

3e? (2cd-be) (d+ex)2
2 (ef-dg) (d(cd-be)-be2x-ce?x?)*?

+

3 g2 <2cd—be) (dJrex)4

Vc (2cef-8cdg+3beg) ArcTan| e (br2cx)
Z\E\/d (cd-be)-be?x-ce?x?

2 e?

Result (type 3, 207 leaves):

[jl ((d+ex) (~besc (d-ex]))*? [21‘1\/—be+c [d-ex)

(-2be (2dg+e (f+3gx)) +c (19d°g+e*x (-8Ff+3gx) +de (-4Ff+26gx))) +

3+/c (2cef-8cdg+3beg) (d+ex)??

Log[—w+2\/d+ex \/—be+c (d-ex) |

<6e2 (d+ex)® (-be+c (dfex>)3/z)

Problem 2190: Result unnecessarily involves imaginary or complex numbers.

f d>-bde-be?x-ce?x?)??
J< +gx) (c e-be?x-ce?x?) ix

(d+ex)5

Optimal (type 3, 214 leaves, 5steps):

2cg\/d (cd-be) -be’x-ce’x’ 2g(d(cd-be)-be?x-ce?x?)??

e2 (d+ex) 3 g2 (d+ex)3

3/2 ArcT e (b+2 cx)
2 (effdg) (d (cdfbe) ~be?x-ce? x2>5/2 o oeare an[zﬁ\/d(cdfbe)—bezx—cezxz
+

5e? (2cd-be) (d+ex)5 e?

Result (type 3, 225leaves):
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1
15 e?

((d+ex) (-be+c (d-ex)))*?

~[(2(3(-2cd+be)? (ef-dg) + (2cd-be) (-6cef+16cdg-5beg) (d+ex) +c

(3cef-43cdg+20beg) (d+ex)?]) /((2cd-be) (d+ex)* (-be+c (d-ex)]])+
151c3/2gLog[—M%L+2\/d+ex \/—be+c (d-ex) |

(d+ex)*? (-be+c (d-ex))??

Problem 2195: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(d+ex)3 (f+gx) (Cdz—bde—bezx—cezxz)s/zd]x

Optimal (type 3, 562 leaves, 9 steps):

—— 11 (2cd-be)’ (20cef+6cdg-13be b+2c d(cd-be) —be2x-ce?x?
evpst )7 +6cdg g) (b+2cx)+/d ) -belx-ce?x® 4

#11<2cdfbe)5(20cef+6cdg—13beg> (b+2cx) (d(cd-be) -be?x-ce*x?)>?+
49152 cbe
#11(2cd—be)3(20cef+6cdg—13beg) (b+2cx) (d(cd-be) -bex-ce?x?)”?-
15360 c’ e
= 11 (2cd-be)?(20cefi6cde-13be dlcd-be) —be2x_ce2x2)7/?2_
4480 c* 2 ( ) rocde g) (d | ) )
5aap 3 a2 2 2 ,2\7/2
2889c3ez11(2cdfbe) (20cef+6cdg713beg) (d+ex) (d (cdfbe) -be’x-ce x) _

1

20cef+6cdg-13be direx)?(d(cd-be)-be2x-ce?x?)”/?_

189C2e2( * g g>< + ) ( ( > >
g(d+ex)3<d (cdfbe)fbezx—cezxz)”z 1

+

10 c e? 262144 c15/2 2
e (b +2cx)

2\/?\/d <cd—be) ~be?x-ce?x?

11 (2cd—be)9 (20cef+6cdg-13beg) ArcTan|

]

Result (type 3, 1491 leaves):
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1

(d+ex)2 (cd—be—cex)2
1

41287680 c’ e?
157489280 b3 c®d° e* f - 93114560 b* c®> d* e” f + 35402400 b° c* d> e® f -
8445360 b°% c3d?e’ f+1155000b” c2de® f-69300b8 ce’®f-9830400c°d° g+
51078400b c®d® e g-117794560b% c’ d’ e? g +156115200b3 c®dbe3 g -
130302400b% c®>d>e* g+ 71145184 b°> c*d*e® g-25545168b° 3 d®>ef g +
5835984 b7 c*d*e’ g- 771540 b% cde® g+ 45045b% e’ g) +

1

20643840 c e
21264960 b3 c®> d*e* f-9217120b% c*d>e® f+2431440b° 3> d?e® f -
360360b°c2de’ f+23100b” ce® f-2661120c%d®g+12622080bc’d’ eg-
24504320b% c®d®e? g+ 25880640 b3 c>d®>e®g-16587360b% c*d*e? g+
6720560 b° > d> e® g - 1688544 b° c>d®e®g+241164b" cde’ g-15015b%e®g) x +
1

5160960 c°
1415360 b3 c*d®e? £-417120b% 3 d? e® f+67320b° c2de® f-4620b°ce’ f+
1966080 c’ d’ g-3081920bc®dPeg-336000b%c°d®e?g+2246160b%c*d*e3g-
1045120 b* > d® e* g+ 291324 b° c>*d’ e’ g-45144b° cde®g+3003 b’ e’ g) x* +

(719095440 c®d®ef+87795200bc®d’ e? f-161137920b%c’ d®e3 f+

(11773449 c®d’ef-14992640bc’ d®e? f-10945920b%2 c®d° e f +

(6553600 c’d®ef-16717440bc®d’ e? f+9107520b%>c>d*e3 f+

e (981120c°d° e f-7859520b c* d" e’ f + 7487040 b7 cd? e’ f +
2580480 c

151520 b3 c3d? e* f-26840b* c>de® f +1980b°> ce® f + 2358720 d® g -
6092160bc>d> eg+3484080b%2c*d*e?g+339840b3c3dPedg-
1
322560 c3
e? (337920 c>d*ef +46560bc*d®e® f-730320b° > d® e’ f - 2760 b> c>de* f +
220b*ce®f-92160c>d>g+762000b c*d*eg-733200b% c3d3e?g-
1
161280 c?
e’ (-144480c*d*ef+278160bc>d* e’ f+147720b° c*d e’ f + 100 b’ c e f -
140112 c*d*g- 16176 b’ d> e g+ 298968 b> > d* e’ g+ 780 b’ cde’ g - 65b* e g) X +

106540 b* c* d* e* g + 18040 b° cde® g - 1287 b%e® g) X -

9960 b* c*d* e’ g+ 1860 b* cde*g-143b° e’ g) x* +

———e* (5120 c>d’ef+47800bc*de’ f+ 6180 b’ ce’ f-30720c>d’ g+
40320 ¢

1

2880
e’ (1080 c’def+740bce’f+324c?d’g+2976bcdeg+383b*e’g) x’ +

59396 bc*d’eg+31264b°cde’g+15b°e’g) x®+

1 1
——ce® (20cef+60cdg+4lbeg) x®+ —c?e’gx’
180 10

((dvex) (-be+c (d-ex)))*?-

(111‘1 (—2cd+be)9 (20cef+6cdg-13beg)

((d+ex) (-be+c (d-ex)))*?

Log|- +23/d+ex Vcd-be-cex |

/

C
(262144c15/2e2 (d+ex)5/2 (cd—be—cex)5/2>
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Problem 2196: Result unnecessarily involves imaginary or complex numbers.

J(d+ex)2 (F+gx) (Cdz*bdefbezxfcezxz)sudx

Optimal (type 3, 487 leaves, 9 steps):

! 5 (ch—be)6 (18cef+4cdg-11beg) (b+2cx] \/d (cd-be) -be*x-ce*x* +

32768 c5e
és 2cd-be)* (18cef+4cdg-1lbeg) (b+2cx) (d (cd—be)_beZX_cerz>3/2+
12288 c° e
(ch—be)z(18cef+4cdg—11beg) (b+2cx) (d (Cd—bE)—beZX—ce2x2>5/2_
768 c* e
ron 0 a2 2cd-be) (18cef+4cdg-11beg) (d (cd-be) -be?x-ce?x?)’? -
(18cef+4cdg-1lbeg) (d+ex) (d (cd—be)—bezx—cezxz)”2
144 c? e?
g(d+ex)® (d(cd-be)-be?x-ce?x?)’? 1
.
9ce? 65536 c13/2 2

e<b+2cx)

Z\EJd (cd—be) -beZx-ce?x?

]

5(2cd-be)® (18cef+4cdg-11beg) ArcTan|

Result (type 3, 895 leaves):
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1
65536

((d+ex) (-be+c (d-ex)))>?

1

2 (-3465b%e®g+210b7 ce’ (27ef+248dg+1legx) -
63c®e? (d+ex)? (-cd+be+cex)?

84b°c®e® (4037d*g+e’x (45F+22gx) +6de (165F+64gx)) +72b° > e’
(17298d°g+2e>x* (21 f+11gx) +2de*x (357 f+166gx) +d*e (7287 f+2663gXx) ) -
256 c® (1408 d°g-288de’ x° (8f+7gx) -112e®x” (9f+8gx] +
18d7 e (128 f+35gx) +48d°e®x* (144 f+119gx) +8d? e®x® (189 f + 168 g X) +
6d*e*x? (315 +256gx) -12d° e’ x* (576 f + 413 g x) - d®e?x (5229 f + 3328 gx] ) +
192b*c®e® (-17681d°g-38d e (639 +182gx) +8e®x* (243 f +206gx) +
16de’ x* (603 f +494gx) +8d’ e’ x* (2097 f + 1546 g x) + d* e® x (1215 f + 2198 g x| +
4d*e*x® (4707 f +3674gx) ) +128bc’ e (12938d" g-78d° e® x (225f + 154gX) +
16 e’ x® (297 f + 259 g x) +24d*e®> x* (549 f +457gx) - 24d>e* x® (837 f+ 646 g X) +
16de® x> (1053 f + 898 g x) - 18d* e® x* (2235 f + 1613 gx) + d®e (21357 f+ 5837 gx) ) +
32b*c®e® (123452d°g+8e’x* (9F+5gx) +24de? X (39f+20¢gx) +
4d*>e’x* (1539 f+713gx) +4d>e*x (7173 +2884gx) +3d*e (40875 +12587gx) ) -
16b* c*e* (175531d*g+2e* x> (81f+44gx) +4de’x* (594 f +295gx) +
3d°e®x (6147 f+2684gx) +2d>e (57726 f+19583gx) ) ) +

ie(b+2
[5]1 (-2cd+be)® (18cef+4cdg-11beg) Log[—u+

Ve

/ (c13/2e2 (d+ex>5/2 (_be+c (d—ex)>5/2)

2+/d+ex \/—be+c (d-ex) |

Problem 2197: Result unnecessarily involves imaginary or complex numbers.

J(d+ex) (frgx) (cd®-bde-be?x-ce?x?)”?dx

Optimal (type 3, 371 leaves, 6 steps):

1
—————5(2cd-be)® (16cef+2cdg-9be b+2cx)+/d(cd-be)-be?x-ce?x?
163845 e ( ) recde g) (b+2cx)\/d| ) *
—_— - 3 . _ a2y a2 y2)3/2
6144c4e5(2cd be)’ (16cef+2cdg-9beg) (b+2cx) (d(cd-be)-be’x-ce?x?*)™ "+
! (2cd-be) (16cef+2cdg-9beg) (b+2cx) (d(cd-be) -be’x-ce?x?)*?+
384c3e
(9beg-16c (ef+dg) -14cegx) (d (Cd—be)—bezx—ce2x2)7/2 1

+

112 c? e? 32768 c11/2 g2
e (b +2¢ x)

5(2cd-be)’ (16cef+2cdg-9beg) ArcTan|

]

2\/c_\/d (cd-be) -be?x-ce?x?

Result (type 3, 741 leaves):
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1
d+ex) (-be+c (d-ex >/2
L ((arex) (berc(aex)))
! 2 (945b" e’ g-210b°ce® (8ef+58dg+3egx) +

21c%e? (d+ex)? (-cd+be+cex)?
28b° c?e® (2363d°g+38de (20f+7gx) +2e*x (20f+9gX)) -
128 ¢’ (384d"g-64de®x® (7f+6gx) -48e’x® (8Ff+7gx) +
3d°e (128 f+35gx) -24d°e’x (77f+48gx) +16d>e* x> (91f+72¢gx) +
8d’e’x* (144f+119gx) -2d*e®x* (576 f +413gx]) ) +64bc’e
(2967 d°g-8d*e* X (30 f+19gx) +16e°x° (116 f+99gx) +6d° e (692 f + 181 g X
16de’ x* (284 f+235gx) -24d>e’*x* (374f+269gx) - 6d* e”x (1156 f + 739 g x|
16b*c*e® (20779d* g+ 24e* x> (2f+gx) +8de’ x* (74f+33¢gx) +
20d*e®x (192f+73gx) +4d’e (5024 f+1431gx) ) +
32b%c’e? (-10434d° g+ 1224d° e®x (4f+3gx) +8e°x* (296 f + 243 gx) +16de* X
(583 f +455gx) -3d*e (4616 f + 1227 gx) +4d* e> x* (3276 f + 2375gx) ) -8b* > e*
(24372d°g+2e’x* (56 f+27gx) +8de*x (203f+85gx) +d’e (14112 f+4523gx))) +
[5]‘1 (ch—be)7 (-9beg+2c (8ef+dg)) Log[—M
e

) +

+

zm\/—be+c (d-ex) ])/ (c”/ze2 (d+ex)>? (-be+c (d—ex))s/z)

Problem 2198: Result unnecessarily involves imaginary or complex numbers.

(f+gx) (cd?*-bde-be?x-ce?x?)®?
J dx
d+ex

Optimal (type 3, 346 leaves, 6 steps):
2cd-be)’ (Sbeg-2c(6ef-dg)) (b+2cx) /d(cd-be) -be*x-ce?x? -

s12cte
2cd-be) (5beg-2c(6ef-dg)) (b+2cx) (d (Cd*be)fbezx—cezxz)”%r
192 c?e
(12cef-2cdg-5beg) (d(cd-be) -be?x-ce?x?)®? g(d(cd-be)-be*x-ce?x?)”?
60 c e? 6ce? (d+ex)
b+2
- (2Cd‘be>5<5b98—2c(66f—dg))Ar‘cTan[ e(b+r2cx) ]

1024 c7/2 2 Z\E\/d(cdfbe>—be2x—cezxz

Result (type 3, 476 leaves):
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1

m ((d+ex) (—be+c (d*éX)))S/Z

1

Ve (150b°e®g-20b*ce* (18ef+62dg+5egx) +
(d+ex)2 (—cd+be+cex)2

8ob>c?e’ (47d*’g+e*x (3f+gx) +de (39F+9gx)) -
64c° (48d°g+12de* X’ (5f+4gx)-8e°x* (6f+5gx) -3d*e (16Ff+5gx) -
6d’e’x (25F+16gx) +2d* e’ x* (48F+35gx)) +32bc*e (207d*g+4de’ X
(3f+2gx) -6d>e (7f+3gx) +4e*x’ (63f+50gx) -6d*e’x (107 f+67gXx)) -
96b>c?e? (67d’g+d*e (43f+9gx) -e>x* (62f+45gx) -de’x (109 f+68gx])) -
ie (b+2cx)

\/? +
Zm\/—be+c (d-ex) ]]/ ((d+ex>5/z (-be+c (d—ex)>5/z)

15i (2cd-be)’ (Sbeg+2c (-6ef+dg)) Log|-

Problem 2199: Result unnecessarily involves imaginary or complex numbers.

f d>-bde-be?x-ce?x?)*?
J( +gx) (c e-be?x-ce?x?) ix

(dJrex)2

Optimal (type 3, 354 leaves, 6 steps):

128c2e<2cdfbe)2 (1ecef-4cdg-3beg) (b+2cXx) \/d (cd-be)-be?x-ce?x? +

(lecef-4cdg-3beg) (b+2cx) (d(cd-be) —bezx—ce2x2)3/2+
48 ce

(lecef-4cdg-3beg) (d (cd-be) —bezx—ce2x2>5/2
15e* (2cd-be)

+

2(e-F—dg) (d (cdfbe)fbeZX,cezxzy/z )
.
3e? (2cd-be) (d+ex)? 256 ¢5/2 @2
b+2
<2Cd’be>4(1ecef*4Cdgf3beg)ArcTan[ e( * CX) }

2\/c_\/d (cd—be) -be2x-ce?2x?

Result (type 3, 381 leaves):
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1
3840 c%/2 2

(—cd+be+cex)2\/(d+ex) (-be+c (d-ex))

1

Ve (-9eb*e*g+60b ce® (5ef+8dg+egx) -32c* (56d*g+
(-cd+be+cex)?

20de’x* (4f+3gx)-10d>e (8Ff+3gx) -6e*x® (5f+4gx) -d°e’x (45f+32gx)) +
16bc’e (174d°g+2e’>x*> (85f+63gx) -d*e (195f+71gx) -2de’x (125F+82gx] ) +
8b?c?e? (-199d’g+de (70f+32gx) +e?x (295f+186gx) ) ) +

Ve
Zm\/—be+c<d—ex) ]J/(m(—be+c(d—ex))5/2)

15i (-2cd+be)* (10cef-4cdg-3beg) Log|-

Problem 2200: Result unnecessarily involves imaginary or complex numbers.

(F+gx) <cd2—bde—be2x—ce2x2>5/2
J dx

(d+ex)3

Optimal (type 3, 354 leaves, 7 steps):

5(2cd-be) (8cef-6cdg-beg) (b+2cx) \/d (cd-be)-be’x-ce?x? +

64ce
5(8cef—6cdg_beg> (d (cd—be)—beZX—ce2x2)3/2+ 1
24 e? 4e’(2cd-be)
(8cef-6cdg-beg) (cd-be-cex) (d(cd-be) -be?x-ce?x?)>?+
2 (ef-dg) (d(cd-be)-be?x-ce?x?)”/? 1
e? (2cd-be) (d+ex)? "2 ce

e (b+2cx)

2\/?\/d (cd—be) ~be?x-ce?x?

5 (2cd—be)3 (8cef-6cdg-beg) ArcTan|

]

Result (type 3, 295 leaves):
1

m<<d+ex) (—be+c (d—ex)>)5/2

(\/? (30b*e’g+4b’ce” (132ef-118dg+59egx) - 16
(72d>g+12de’x (3f+2gx) -2e’x* (4f+3gx) -d®e (88Ff+45gx)) +
8bc’e (173d2g+2e>x (26 F+17gx) -2de (106-F+51gx))))/

((d+ex)2 (—cd+be+cex)2) - 151 (2cd—be)3 (-8cef+6cdg+beg)

Jie(b+2cx)

Log|- +2/d+ex \/—be+c(d—ex)]

C

/((d+ex)5/2 (-be+c (d—ex))S/Z)]
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Problem 2201: Result unnecessarily involves imaginary or complex numbers.

f d>-bde-be?x-ce?x?)*?
J< +gx) (c e-be?x-ce?x?) i

(dJrex)4

Optimal (type 3, 342leaves, 6 steps):

5(6cef-8cdg+beg) (b+2cXx) \/d (cd-be) -be?x-ce?x?
_ . _
5c(6cef-8cdg+beg) (d(cd-be) -be?x-ce?x?)*?

3e2(2cd—be) )

2 (6cef-8cdg+beg) (d(cd-be) -be?x-ce?x?)”?

e’ (2cd-be) (d+ex)2
2 (ef-dg) (d(cd-be)-be2x-ce?x?)’? 1
e? (2cd-be) (d+ex)* 16 \/c e?

e (b+2cx)

5(2cd-be)® (6cef-8cdg+beg) ArcTan|
2\/?\/d (cd-be) -be’x-ce?x?

]

Result (type 3, 273 leaves):
1
48 e?

((d+ex) (-be+c (d-ex)))*?

((szez (-16ef+27dg+1legx) +4bce (-176d*g+de (123f-67gx) +e’>x (27f+13gx)) +
8c’ (94d’g+e’x* (3f+2gx)-de’x (21f+10gx) +d’e (—72F+34gx>))/

15 1 (—2cd+be)2 (6cef-8cdg+beg)

/

((d+ex)3 (—cd+be+cex)2> -

Jie(b+2cx)

Log|- +2+/d+ex \/—be+c(d—ex)]

C

(\E (d+ex)5/2 (-be+c (dex))S/z)]

Problem 2202: Result unnecessarily involves imaginary or complex numbers.

f d>-bde-be?x-ce?x?)*?
J< +gx) (c e-be?x-ce?x?) ix

(d+ex)5

Optimal (type 3, 350 leaves, 6 steps):
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5c(4cef-10cdg+3beg) \/d (cd-be) -be?x-ce?x?

+
4 e?

5c(4cef-16cdg+3beg) (d(cd-be) —bezxfcezxz)”2
6e’ (2cd-be) (d+ex)

+

2(4cef-10cdg+3beg) (d(cd-be) 7be2x7ce2x2)5/2

3e? (2cd-be) <d+ex)3

Z(ef—dg) (d (cd—be)_beZX_ce2X2>7/2 1

+

3e2<2cd—be) (d+ex)5 8 e?

e (b+2cx)

2\/?\/d (cd-be) -be?x-ce?x?

5+/c (2cd-be) (4cef-10cdg+3beg) ArcTan|

]

Result (type 3, 260 leaves):
1

24 e2 (d+ex)4 (-be+c (dfex))S/2

i((d+ex) (-be+c (d-ex)))*?

21‘1\/—be+c (d-ex) (8 (—2cd+be)2 (ef-dg) +8(2cd-be) (-7cef+13cdg-3beg)

(d+ex) -3c (9beg+4c (ef-5dg)) (d+ex)2—6c2egx(d+ex)2)+
15+/c (2cd-be) (4cef-10cdg+3beg) (d+ex)??

telbr2ex) o avex berc(dex) |

Log|-
c

Problem 2203: Result unnecessarily involves imaginary or complex numbers.

f d>-bde-be?x-ce?x?)*?
J( +gx) (c e-be’x-ce?x?) ix

(d+ex)6

Optimal (type 3, 352 leaves, 6 steps):

c?(2cef-12cdg+5beg) \/d (cd-be) -be?x-ce?x?

e? (ch—be)

2c (2cef-12cdg+5beg) (d (cd-be) —bezxfcezxz)”2

+

3e? (2cd-be) (d+ex)2

2 (2cef-12cdg+5beg) (d(cd-be) -be?x-ce?x?)*?

15e* (2cd-be) (d+ex)4

2 (ef-dg) (d(cd-be)-be2x-ce2x?)”?

5e? (2cd-be) (d+ex)6

c*?2 (2cef-12cdg+5beg) ArcTan| e (br2cx) ]
ZF\/d (cd-be)-be?x-ce?x?

2 e?
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Result (type 3, 244 leaves):

1 5/2
—30e2((d+ex) (-be+c(d-ex)))

2(6(-2cd+be)? (ef-dg)+2(2cd-be) (-11cef+2lcdg-5beg) (d+ex) +
(2 (s )
2c(23cef-93cdg+35beg) (d+ex)2—15c2g(d+ex)3))/

((d+ex)5 (7cd+be+cex)2) +]15ic*? (Sbeg+2c (ef-6dg)) Log|

_je(b\/%zcx)+2\/m\/—be+c (d-ex) ]J/ ((d+ex)5/2 (-be+c (d—ex))S/z)}

Problem 2204: Result unnecessarily involves imaginary or complex numbers.

(f+gx) (cdz—bde—bezx—ce2x2>5/2
J dx

(d+ex)’

Optimal (type 3, 264 leaves, 6 steps):

2c2g\/d (cd-be) -be?x-ce?x?

N
e? (d+ex)

2cg(d(cd-be)-be?x-ce?x?)”? 2g(d(cd-be)-be?x-ce?x?)>?

3 e2 (d+ex)3 5e2(d+ex)5

5/2 ArcT e (b+2cx)
2(ef-dg) (d(cd-be) —bezx—ce2x2>7/2 o oeae an[zﬁ\/d(cd—be)—bezx—cezxz

7e’ (2cd-be) (d+ex)7 e?
Result (type 3, 266 leaves):
((d+ex) (-be+c (d-ex)))*?

—((2 (15 <2cd—be)3 (ef-dg)+3 (—2cd+be)2 (-15cef+29cdg-7beg) (d+ex) +

c(2cd-be) (45cef-199cdg+77beg) (d+ex)2—c2 (15cef-337cdg+16lbeg)
(d+ex)3))/(105e2 (2cd-be) (d+ex)6<—cd+be+cex)2))—

iCS/szog[,MijL+2\/m\/—be+c (d-ex) |
C

e? (d+ex)5/2 (-be+c (d—ex))S/2

Problem 2209: Result unnecessarily involves imaginary or complex numbers.

J <d+ex)3(f+gx) ix
v cd?

-bde-be?x-ce?x?
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Optimal (type 3, 340 leaves, 6 steps):
! 5 (ch—be)2 (Bcef+6cdg-7beg) \/d (cd-be) -be*x-ce*x* -

64 c* e?
! 5(2cd-be) (8cef+6cdg-7beg) (d+ex) \/d (cd-be)-be*x-ce?x? -

96 3 e?
(8cef+6cdg-7beg) (d+ex>2\/d (cd-be) -be?x-ce?x?
24 c? e?
g(d+ex)3Jd(cdfbe)7be2x7ce2x2 1
4ce? : 128 c%/2 e?
e (b+2cx) ]

5(2cd-be)’ (8cef+6cdg-7beg) ArcTan]
2\/?\/d (cd-be) -be?x-ce?x?

Result (type 3, 293 leaves):
1

384c9/2e2\/(d+ex) (-be+c(d-ex))
(2\/?(d+ex) (-be+c(d-ex)) (-165b>e*g+10b>ce® (12ef+58dg+7egx) -

4bc?e (259d°g+2e’x (186f+7gx) +2de (76 F+39gx)) +
8c’ (72d°g+12de*x (3f+2gx) +2e>x? (4f+3gx) +d’e (88Ff+45gx))) +

151 (2cd—be)3 (Bcef+6cdg-7beg)Vd+ex \/7be+c (d-ex)

te(br2ex)  gvex [ -bec (d-ex |

C

Log|-

Problem 2210: Result unnecessarily involves imaginary or complex numbers

J <d+ex)2(f+gx) i
Vcd?-bde-be?x-ce?x?
Optimal (type 3, 265 leaves, 6 steps):
(2cd-be) (6cef+4cdg-5beg) \/d (cd-be) -be?x-ce’x?
8 c3e?
(6cef+4cdg-5beg) (d+ex) \/d (cd-be) -be?x-ce?x?
12 c?e?
g(d+ex)2\/d(cdfbe)7be2x7ce2x2 1
N
3ce? 16 c7/2 2
e (b+2cx) ]

(2cd-be)? (6cef+dcdg-5beg) ArcTan|
Z\E\/d (cd-be) -be?x-ce?x?

Result (type 3, 228 leaves):



Mathematica 11.3 Integration Test Results for 1.2.1.3 (d+e x)~m (f+g x) (a+b x+c x~2)~p.nb | 387

[—2\/? (d+ex) (-be+c (d-ex))

(15b*e’g-2bce (9ef+26dg+5egx) +4c* (lod°g+6de (2f+gx) +e?x (3f+2gx))) +
31 (—2cd+be)2 (6cef+4cdg-5beg)/d+ex \/7be+c (d-ex)

L2 arew [ bere(a-ex) ||/

Log|-

a2 [[dvex) [berc(dex)] |

Problem 2211: Result unnecessarily involves imaginary or complex numbers.

J (d+ex) (f+gx) i
\cd?

-bde-be?x-ce?x?

Optimal (type 3, 149leaves, 3 steps):

(3beg-4c (ef+dg)-2cegXx) \/d (cd-be)-be’x-ce?x? 1
4C292 " 8C5/2e2

e (b+2cx)

2\/c_\/d (cdfbe) ~be?x-ce?x?

(2cd-be) (4cef+2cdg-3beg) ArcTan|

}

Result (type 3, 184 leaves):

[Z\E (d+ex) (-be+c(d-ex)) (-3beg+2c (2ef+2dg+egx)) +

i (2cd-be) (4cef+2cdg-3beg)Vd+ex \/—be+c (d-ex)

220002, rer herc(aen 1|/

Log|-

sc2er [{dvex) [-bevc(d-ex)] |

Problem 2212: Result unnecessarily involves imaginary or complex numbers.

f+gx

J dx

(d+ex)Vcd?-bde-be?x-ce?x?
Optimal (type 3, 121 leaves, 3 steps):

g ArcTan e 2ox

2 (ef-dg) \/d (cd-be) -be?x-ce?x? {zﬁ\/d(cd,be%bez#cezxz

- +
e’ (2cd-be) (d+ex) Ve e?

Result (type 3, 156 leaves):
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[—2\/? (ef-dg) (-cd+be+cex)-i(2cd-be)gVd+ex

ie(b+2cx)

\/7be+c(dfex) Log|- +2+/d+ex \/7be+c(dfex)]

/

C

(\Eez (-2cd+be)\/(drex) (-be+c (d-ex)) )

Problem 2217: Result unnecessarily involves imaginary or complex numbers.

dx

J (d+ex)3(f+gx)
(cd?

—bde—bezx—ce2x2>3/2

Optimal (type 3, 287 leaves, 5 steps):
2 (cef+cdg-beg) (d+ex)3

+

c e? (ch—be) \/d (cd—be) -be?x-ce?x?

3(4cef+6cdg-5beg) \/d (cd-be) -be?x-ce’x?

+

4 c3 e?
(4cef+6cdg-5beg) (d+eXx) \/d (cd-be) -be?x-ce?x? 1
2c?e? (2cd-be) 8 c7/2e?

e (b+2cx>

Z\E\/d (cd—be) —be?x-ce?x?

3(2cd-be) (4cef+b6cdg-5beg) ArcTan|

]

Result (type 3, 229 leaves):
2+/c (d+ex)2 (—be+c (d—ex))

(15b*e*g+bce (-12ef-43dg+5egx) +2c? (14d*’g+5de (2f-gx) -e*x (2f+gx))) -
3i(2cd-be) (4cef+b6cdg-5beg) (drex)’? (-be+c(d-ex))>?

ieloo2ex e Theveaten] ]|/

Log|-

(8c7/2e2 ((d+ex) (-be+c (d—ex))>3/2)

Problem 2218: Result unnecessarily involves imaginary or complex numbers.

dx

j (d+ex)2(f+gx>
(cd?

7bdefbe2x7ce2x2)3/2

Optimal (type 3, 213 leaves, 4 steps):
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2 (cef+cdg-beg) (d+ex)2

+

ce? (chfbe) Jd (cdfbe) -be?x-ce?x?

2cef+4cdg-3be d(cd-be)-be?x-ce?x?
( g-3beg)/d| )

c2e? (2cd—be)

(2cef+4cdg-3beg) ArcTan| e (br2cx) ]
Z\E\/d (cd-be)-be?x-ce?x?

2 CS/Z e2

Result (type 3, 162leaves):

2+/c (d+ex) (-3beg+c (2ef+3dg-egx))-i(2cef+4cdg-3beg)Vd+ex

/

ie(b+2cx)

\/—be+c(d—ex) Log| - +2+/d+ex \/—be+c(d—ex)]

C

(2c5/2e2\/(d+ex> (-be+c(d-ex)) )

Problem 2219: Result unnecessarily involves imaginary or complex numbers.

J (d+ex) (f+gx)
(cd?

—bde—bezx—ce2x2)3/2

dx

Optimal (type 3, 129 leaves, 3 steps):

gArcTan| e (br2ex)
Z\E\/d (cd-be)-be?x-ce?x?

c e? (ch—be)Jd(cd—be)—bezxfcezx2 c3/2 g2

2 (cef+cdg-beg) (d+ex)

Result (type 3, 155leaves):

[—2\/? (cef+cdg-beg) (d+ex) +i (2cd-be)g/d+ex

ie(b+2cx)

\/—be+c(d—ex) Log|- +2+/d+ex \/—be+c(d—ex)]

/

(cs/zez (72cd+be) \/(d+ex) (7be+c (d—ex)) )

Problem 2223: Result unnecessarily involves imaginary or complex numbers.

J (d+ex)5(1:+gx)
(cd?

—bde—bezx—ce2x2>5/2

dx

Optimal (type 3, 364 leaves, 6 steps):
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2 (cef+cdg-beg) (d+ex)5

3ce? (2cd—be) (d (cd—be) —bezx—ce2x2)3/2

2(4cef+10cdg-7beg) (d+ex)3

3c?e? (2cd-be) \/d (cd-be) -be?x-ce?x?

5(4cef+l0cdg-7beg) \/d (cd-be) -be?x-ce?x?

4 c*e?
5(4cef+l0cdg-7beg) (d+ex) \/d (cd-be) -be?x-ce?x? 1
6c3e? (2cd-be) +8c9/2e2

e(b+2cx)

2\/?\/d (cd—be) -be2x-ce?x?

5(2cd-be) (4cef+10cdg-7beg) ArcTan|

]

Result (type 3, 291 leaves):
1

3 c%e?

2 <d+ex)3 (-cd+be+cex) (-105b°e’g+10b°ce’* (6ef+43dg-1l4egx) +

2c® (118d°g+23d%e (2f-7gx) +3e>x* (2f+gx) +4de’x (-17f+6gx)) +
1

C9/2 @2

5i(-2cd+be) (4cef+10cdg-7beg) <d+ex)5/2 (-be+c (d—ex))S/2

M+zm\/fbe+c(d’ex) ) /

bc?e (-561d*°g+e’*x (80 f-21gx) +de (-160f+438gXx))) -

Log[—
c

(8 ((d+ex) (-be+c (d—ex))>5/2)

Problem 2224: Result unnecessarily involves imaginary or complex numbers.

dx

J (d+ex)4(f+gx>
(cd?

7bdefbe2x7ce2x2)5/2

Optimal (type 3, 291 leaves, 5steps):
2 (cef+cdg-beg) (d+ex)4

3ce? (2cd—be) (d (cd—be) —bezx—ce2x2)3/2

2(2cef+8cdg-5beg) (d+ex)2

3c?e? (2cd-be) \/d (cd-be) -be?x-ce?x?

2cef+8cdg-5be d(cd-be) -be2x-ce?x?
( g-Sbeg)/d| )

+

c3e? (ch—be)

(2cef+8cdg-5beg) ArcTan| e lbr2cx)
2\/c_\/d (cd-be)-be?x-ce?x?

2 C7/2 e2

Result (type 3, 219leaves):
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[2\/? (d+ex)3 (-be+c(d-ex)) (-15b”e’g+2bce (3ef+17dg-10egXx) +
c* (-19d*’g+e’x (8F-3gx) +de (-4f+26gx)))+3i (2cef+8cdg-5beg)

relbr2ex) L grex [ berc (d-ex) |

(d+ex)*? (-be+c (d-ex))*? Log|-

/

<6c7/ze2 ((d+ex) (-be+c (d—ex))>5/2)

Problem 2225: Result unnecessarily involves imaginary or complex numbers.

dx

J (d+ex)3(f+gx)
(cdszde—bezx—cezxz)S/2
Optimal (type 3, 177 leaves, 4 steps):

2 (cef+cdg-beg) (dJrex)3

3ce?(2cd-be) (d(cd-be) 7be2x7ce2x2)3/2

gAr‘cTan[ e (br2cx)
2g(d+ex) 2\/?\/(1(cd—be)—bezx—cezx2

.
5/2 x2
czez\/d(cd—be)—bezx—cezx2 crre

Result (type 3, 202 leaves):
[-ézﬁ (d+ex)3 (-be+c(d-ex))
2cd-be
(3b’e’g+4bceg (-2d+ex) +c? (5d°g-e*fx-de (f+7gx))) +

Mum\/fbeu (d-ex) |

3ig(d+ex)®? (-be+c(d-ex))*?Log|-

/

<3c5/2e2 ((d+ex) (7be+c (d,ex>)>5/2)

Problem 2292: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

j(d+ex)’3’2p (f+gx) (d(ef+dg+dgp) +e(ef+3dg+2dgp) x+e?g (2+p)x?)"dx

Optimal (type 3, 64 leaves, 1step):
1

—7(d+ex>’3’2p (d (e-F+dg(1+p)) +e (ef+dg(3+2p)) x+e2g(2+p) X2>1+p
e? <2+p)

Result (type 5, 139leaves):
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—([g (dvex) 2P ((d+ex) (dg (1+p) +e (Frg(2+p) x)))*P

p

2 d
g(2+p) [drex) Hypergeometric2F1|[1 +p,

-ef+dg

o2, dg (1+p) :c(f;gg (2+p) x) })}/(ez (ef-dg)? (1+p))]

(e-F—dg+g(2+p)2 (d+ex)

Problem 2301: Result unnecessarily involves imaginary or complex numbers.

J(1+x)3/2 (a+bx) (1-x+x2)*%dx

Optimal (type 4, 365 leaves, 6 steps):

54bvV1+x V1i-x+x2 18V1+x V1-x+x2 (91ax+55bx?)
.
91 (1+ﬁ+x) 5005

i\/1+x AJ1-x+x2 (13ax+11bx2) (1+5%) -

143

B 2
27 31/4\/2\Eb<1+x>3/2x/1x+xz\|1 X

(1+\E+X)2

+

EllipticE[Ar‘cSin[@],—7—4\5] / o1 | 1TX (1+3) | +
1+\/?+X (1+\/?+X)2

18 33/4+/244/3 (91a-55(1-\/?)b) (1+x)3/2x/1x+x2J1X+X2

(1+\/?+x>2

1—\/?+X
1+\/?+X

EllipticF[ArcSin|

|, -7-4+/3] / 5905\](1+j/+—3x+x)2 (1+x3)

Result (type 4, 437 leaves):
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2x/1+x V1-x+x2 (91a (14+5x%) +55bx (16 + 7 x3) )

5005
i _ 2 .
660 —e b (1-x+x?) . 3].1+\/?_fl
9 (1+x)%2 |- N 1651\/?(1+\/?)b —Ix
(1+x)? 1+x 3i+4/3
\/47 o _ 61
-31+V3 + 313 31 3 1
1 EllipticE[i ArcSinh| s 1+\/7]+
—31i++/3 1+x 3i-4/3  1+x

3]'14—\/?—ﬂ —3]'14—\/?+ﬂ
1+X 1+Xx
3]'1+\E —3]1+\E

\E(—lszj\/?aJrSS (37]1\/?) b)

6 i
3i+/3 33 3 .
E1lipticF [i ArcSinh| ], 2+ +V—] / 10010 | —— 1 _x+x2
1+x 3i-4/3 3i+4/3

Problem 2302: Result unnecessarily involves imaginary or complex numbers.
J\/1+x (a+bx)/1-x+x* dx

Optimal (type 4, 326 leaves, 5steps):

_ 2
6bV/1+x V1-x+x c 2 Trx A1 oxex (7ax+5bx) -
7(1+\/?+x) 35

B 2
3. 3V44/2_4/3 b(1+X)3/2\/1—X+X2 _boxExt

(1+\/?+x)2

1—\/?+X
1+\/?+X

EllipticE [ArcSin|

, -7-44/3 7 — 2 100
] ]/ (1+\/?+x)2 < )

2 334 2.4/3 (73*5(17\/?)b) <1+X>3/2m &
(1+\/?+X)2

1—\/?+X
1+\/?+X

EllipticF [Ar‘cSin [

, ~7-4+/3 3 | — 2 10
] ]/ (1+\E+X2 ( >
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Result (type 4, 423 leaves):

iX\/1+x <7a+5bx) AJ1-x+x2 -

35
_ i _ 2 )
60 —e b(l x+x) . 3i+\/?_f1
(1+x)%2 |- N 151ﬁ(i+ﬁ)b X
(1+x)? Vi+x 3i+4/3
Nt __6i
-31+ 3 424 3i+/3 3 j 3 1
———— % EllipticE[i ArcSinh| , 1+W]+
-3i++/3 1+x 3i-+/3 1+x
3]'1+\/?—ﬂ —3]'14—\/?4—ﬂ
\/7(—14]‘1\Ea+5(3—11\5) b) Lix Lix
3i+4/3 \  -3i+v3
__6i
3]'1+\E 33 3 :
E1lipticF [i ArcSinh| ] “r] /79 [P S PR
1+Xx 3i-+/3 31+/3

Problem 2303: Result unnecessarily involves imaginary or complex numbers.

a+bx
J dx
Vivx V1-x+x2
Optimal (type 4, 275 leaves, 4 steps):
2b (1+x3)

V1+Xx (1+\/?+X) V1-x+x2 i

Cxex? .
34[2 V3 byTex | EllipticE[Ar‘cSin[@],—7—4\/?]/
(1+\E+X)2 1+\/?+X

#m +]24/2+4/3 (a_(l_\/?)b) 1+X &

(1+\/?+X) (1+\/?+X)2

EllipticF[Ar‘cSin[@],—7—4\/?] / 31/4 _tex A1 - X+ %2
1++/3 +x (1+\/?+X>2

Result (type 4, 389leaves):
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i

2
12 -5 b (1-x+x?) . 35443 _ 5t
S (2ex)?2 - + 31ﬁ(i+\/?)b — X
(1+x)? V1+x 3i+4/3
61
731'L+\/?+6]‘l _3j1+\/? .
— 1% EllipticE[i ArcSinh| B 31093,
-3i++/3 1+x 3i-4/3

1 3i++/3 - &4 “3i+4/3 + &-
ﬁ(—zjx/?a+(3—j\/?)b) Lex Lex
1+x 3J'l+\/? 73]'1+\/?

6 i
31'1+\/? 31 3 .
EllipticF[i ArcSinh] ]s ]H\/_} / 6 |-— 2 J1_x+x?
1+x 3i-+/3 3i+4/3

Problem 2304: Result unnecessarily involves imaginary or complex numbers.

J a+bx dx
(1+x>3’/2 (1—x+x2)3/2

Optimal (type 4, 304 leaves, 5 steps):
2x (a+bx) 2b (1+x3)

3V/1+x V1-x+x2  34/1+x (1+\/?+x)\/1—x+x2

+

XX -
V2 V3 byTex | X EllipticE[Ar‘cSin[@},—7—4\/?}/
(1+\/?+X)2 1+\/?+X

| A e | a2evE (asbovE ) viex | 2
(1+ﬁ+x) (1+\/?+X>

EllipticF[Ar‘cSin[@],—7—4\/?] / EE TR S S PR
1++/3 +x (1+\/?+X)2

Result (type 4, 417 leaves):
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12 —jix(a+bx)—12 SR b(1-x+x2)+3]1\/?(]1+\/?)b(1+x)3/2
3i+4/3 3i++/3

61
3i+4/3 - &4 -3i+4/3 + &4 T 303 3i++/3
Lx | L2 EllipticE [i ArcSinh| ], = +

3i+4/3 3i-+/3 1+x 3i-+/3

3i+4/3 - 8% 3443 4+ &L
V2 (283 ax (3143 ) b) (14x)? 1o | o

3i++/3 3i-/3
__6i
3]‘l+\/? 31 3 :
EllipticF[i ArcSinh| B 1+\ﬁ} / 18 [-—— J1+x A/1-x+2
1+x 3i-+/3 3i+4/3

Problem 2305: Result unnecessarily involves imaginary or complex numbers.

j a+bx dx
(1+x)%2 (1-x+x2)°2

Optimal (type 4, 351 leaves, 6 steps):
2x (7a+5bx) 2x (a+bx) 10b (1+x3)

27V1ox Vi-x+x2  9VI+x Vi-x+x® (1+x3) 27+/1+x (1+\/?+x)x/1—x+x2

+

Cxax? -
5\2-v3 byIix | — X EllipticE[ArcSin[g},—7—4\/?]/

(1+\/?+X)2 1++3 +x
9 334 1+—Xw/1—x+x2 +
(1+\/?+X)2
2+/2+3 (7a+5(17\/?)b) 1+x 1ox:x
(1+\E+X)2

EllipticF[ArcSin[@],—7—4\/?] / 27 3ve |11 e
143 +x (1443 +x)?

Result (type 4, 435 leaves):
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2x (bx (8+5x3) +a (10+7x3))

.
27 (1+x)3/2 (1—x+x2)3/2

60 |- —1 b (1-x+x?)

3i:v3 1 3]'1+\/?7167jl
(14x)%2 |- . 1557 [i+V3 )b | 2
(1+X>2 V1+Xx 3J'l+\/?
N __6i
-31i++V3 + 2% 3i+/3 31 3
———— EllipticE[i ArcSinh| )5 - +V—] +
-3i++/3 1+x 3i-+/3

1+x
31i+\/? —31'1+\/?

1+Xx

3i++/3 &L | _3444/3 4+ 8L
\/7(1411\Ea+5(3j\/?)b)J 1:x J

6i
3i+/3 3 i 3 :

EllipticF[i ArcSinh| B 1+V—] / 162 |- ———— J1-x+x2
1+x 3i-+/3 3i++/3

Problem 2318: Result more than twice size of optimal antiderivative.
J(A+Bx) (d+ex)5 (a+bx+cx2)2dlx
Optimal (type 1, 304 leaves, 2 steps):

(Bd-Ae) (cdz—bde+ae2)2(d+ex)6 1

6 e® 7 e

(cd®>-bde+ae®) (2Ae (2cd-be)-B (5cd’-e (3bd-ae))) (d+ex)7—%
8e

(B(10c*d>+be® (3bd-2ae)-6cde (2bd-ae)) -Ae (6c*d*+b’e’-2ce (3bd-ae)))

(d+ex)87%(2Ace (2cd-be) -B (16c*d?+b?e?’-2ce (4bd-ae))) (d+ex)9f
9e

c(5Bcd-2bBe-Ace) (d+ex>10 B c2 (d+ex)11
+

10 e® 11 e®

Result (type 1, 665 leaves):
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1
a?Ad°x+ —ad? <2Abd+aBd+5aAe> x2 +
2

§d3 (aBd (2bd+5ae) +A (b*d*+10abde+2a (cd2+5ae2)))x3+41d2
(b*d*> (Bd+5Ae) +2bd (Acd*+5aBde+10aAe’) +2a (Bcd>+5Acd’e+5aBde’+5aAe’))
Xt 2 (5b°d’e (Bd+2Ae) +10aBde (cd®>+ae’) +
2b5d (Bcd®>+5Acd’e+10aBde’+10aAe’) +A (c>d*+20acd’e®*+5a%e?)) x° +
: (B(c*d>+10cd’e (bd+2ae) +5de* (2b>d*+4abde+a’e?)) +
i Ae (5c*d*+20cd’e (bd+ae) +e® (16b*d*+18abde+a’e’))) x°+
%e (Ae (16c*d’>+10cde (2bd+ae) +be® (5bd+2ae)) +
B(5c*d*+20cd’e (bd+ae) +e? (10b2d2+10abde+a2e2)))x7+§e2
(Ae (16c*d*+b’e®*+2ce (5bd+ae)) +B(18c*d’+10cde (2bd+ae) +be* (5bd+2ae)))

NINEIC (Ace(s5cd+2be) +B (10c’d*+b’e’+2ce (Sbd+ae))) x’+
9

1 1
—cet (SBcd+2bBe+Ace) x® . —Bc2e’xit
10 11

Problem 2333: Result more than twice size of optimal antiderivative.
J(A+Bx) (d+ex)® (a+bx+cx2)3dlx

Optimal (type 1, 555 leaves, 2 steps):
(Bd-Ae) (cd®*-bde+ae?)’ (d+ex)® 1

6e8 _7e8
(cdz—bde+ae2)2 (3Ae<2cd—be) —B<7cd2—e(4bd—ae))) (d+ex)7—
1
—3 (cdz—bde+ae2)
8 el
(B (7c2d3—cde (8bd—3ae) +be? <2bd—ae)) -Ae (5c2d2+b2e2—ce<5bd—ae)))
(d+ex)87%(Ae (2cd-be) (10c?d?+b?e*-2ce (5bd-3ae)) -
9e
B (35c3d4—b2e3 <4bd—3ae) -30c?d%e (Zbd—ae) +3ce? (10b2d2—8abde+a2e2)))

(d+ex)9—

(B (35c3d3—b3e3+3bce2 (5bd—2ae)—15c2de(3bd—ae))—
10 et

1

11 e8
3c (Ace(2cd-be)-B (7c?d*+b’e’-ce (6bd-ae))) (d+ex)11—

c? (7Bcd-3bBe-Ace) <d+ex)12 B c3 (d+ex)13
+

3Ace(5c2d2+b2e2—ce(5bd—ae))) (d+ex)1e—

12 et 13 e8

Result (type 1, 1178 leaves):
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1
a>Ad° x+ —a*d* (3Abd+aBd+5aAe) x2 +
2

lad3 (aBd (3bd+5ae) +A(3b°d*+15abde+a (3cd*+10ae’))) x*+
3

ld2 (A (b3d3+15ab2d2e+5a2e (3cd2+2ae2) +6abd (cd2+5ae2)) +
4
aBd (3b*d*+15abde+a (3cd’*+10ae?))) x* s L d (b*d® (Bd+5Ae) +
5
3b2d? (Acd2+5aBde+1eaAe2) +6abd (Bcd3+5Acd2e+5aBde2+5aAe3) +

a(5aBde (3cd®+2ae’) +A(3c?d*+30acd’e’+5a%e*))) x° +

(5b°d’e (Bd+2Ae) +3b*d* (Bcd®+5Acd’e+16aBde’+10aAe?) +

[N

3bd (10aBde (cd’+ae?) +A (c?d*+20acd’e’+5a%e?)) +
a(Ae (15c2d4+30acd2e2+a2e4) +B (3c2d5+30acd3e2+5a2de4))) X% +

(10b3c12e2 (Bd+Ae) +15b%de (Bcd3+2Acd2e+2aBde2+aAe3) +

N

aBe (15c’d*+30acd’e®*+a’e?) +Acd (c?d*+30acd*e’+15a%e?) +
3b(Ae (5c*d*+20acd’e’+a’e?) +B (c?d®+20acd’e’+5a°de*) ) x’ +
1 (Ae (5cd*+30c?d’e (bd+ae) +b’e’ (5bd+3ae) +3ce? (10b*d*+10abde+a’e?)) +
B(c?d®*+15c*d’e (bd+2ae) +15cde® (2b*d*+4abde+a’e?) +
be® (16b*°d*+15abde+3a’e’))) x®+
—e(Ae(10c’d®+b*e’+15c*de (2bd+ae) +3bce® (5bd+2ae)) +
B(5c*d*+30c’d’e (bd+ae) +b’e® (5bd+3ae)+3ce’ (18b>d*+10abde+a’e?))) x°+
L (Ace (18c*d*+3b’e*+3ce (5bd+ae)) +
v B(1ec’d®+b*e*+15c*>de (2bd+ae) +3bce* (5bd+2ae))) x*+

Lce3 (Ace(5cd+3be)+B(10c2d2+3b2e2+3ce(5bd+ae)))x”+
11

1
— et (5Bcd+3bBe+Ace) x12 4
12

l B C3 e5 X13
13

Problem 2372: Result more than twice size of optimal antiderivative.

dx

J(d+ex)3 (f+gx)

(a+bx+cx2)3

Optimal (type 3, 195leaves, 4 steps):
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i (d+ex)3 (bf-2ag+ (2cf-bg)x)

2 <b2—4ac) (a+bx+cx2)2

3(2cdf-bef-bdg+2aeg) (d+ex) (bd-2ae+ (2cd-be)x)

2 (b2—4ac)2 (a+bx+cx2)

6 (cdz—bde+ae2) (2cdf—bef—bdg+2aeg) APcTanh[&}

b2-4ac

<b2—4ac)5/2

Result (type 3, 550leaves):
1 1

2 | ¢3 (b2—4ac)2 (a+x (b+cx))

(p®e*g+b’ce (-8ae’g+3cd(ef+dg))-b*ce* (3dg+e (f+2gx)) -
4c*(-3c*d’fx-3acde (ef+dg) x+a’e® (4ef+12dg+5egx)) +
b>c* (ae* (5ef+15dg+16egx) -3cd (3def+d*g-2e*fx-2degx)) +
2bc? (11a*e’g+3ace (d*>g-e*fx+de (f-3gx))+3c?d* (-3efx+d (f-gx))))+

(b*e*gx+b’e® (aeg-c (ef+3dg)x)-b’ce(-3cd(ef+dg)x+ae(ef+3dg+degx))+
2c® (Pd’fx+a’e® (3dg+e (f+gx))-acd (d*g+3e*fx+3de (F+gx)))+
bc(73a2e3g+c2d2(73efx+d(ffgx))+3ace(d2g+e2fx+de(f+3gx))))/
3(-p2+4 +x (b+cx))? +;

@ (9 a0e] faxforex) )

12 (cd*+e (-bd+ae)) (2cdf+2aeg-b (ef+dg))ArcTan[b+$
V-b%2+4ac

]

Problem 2482: Result more than twice size of optimal antiderivative.

J(A+Bx) (d+ex)2

(a+bx+cx2)5/2

dx

Optimal (type 2, 121 leaves, 2 steps):
2 (Ab-2aB- (bB-2Ac) x| (d+ex)2

3 (b2-4ac) <a+bx+cx2)3/2

8 (de—ZAcd+Abe—2aBe) (bd—Zae+ (ch—be) x)

3 (b2—4ac)2\/a+bx+cx2

Result (type 2, 314 leaves):
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1

3(b2-4ac)? (a+x (b+cx))*?
(2A(-b3 (d>+6dex-3e>x2) +4b (2a2e2+2c2dx2 (3d-2ex) +3ac (d—ex)z) N
8c(-2a*de+2c?d* X’ +acx (3d>+e?x?)) +
b2 (-4ae (d-3ex) +2cx (3d2—12dex+e2x2>)) -
2B (16a3e2+bx(8c2d2x2+4bcdx (3d-ex) +b* (3d°-6dex-e*x*)) +
8a’ (be (-2d+3ex) +c (d*+3e*x?)) +
2a (—8c2dex3’+6bcx(dfex)erb2 (dzflzdex+3e2x2))))

Problem 2488: Result more than twice size of optimal antiderivative.

dx

J(A+BX) <d+eX)5

(a+bx+cx2)7/2

Optimal (type 3, 942 leaves, 5steps):
(2 (d+ex)4 (2ac (Bd+Ae) -b (Acd+aBe) - (sze—bc (Bd+Ae) +2¢C (Acd—aBe)) x))/
1

(SC (b>-4ac) <a+bx+cx2>5/2) +
15 c2 (b2—4ac)2 (a+bx+cx2)3/2

2 (d+ex)? (b*Be (3cd®-5ae?) -4b?cd (2Bcd?*+4Acde+aBe?) -
l6ac’e (5aBde+2A (cd*+ae’)) +4bc (9aBe (cd®+ae?) +4Acd (cd*+3ae?)) +
(2b®Bcde*-5b*Be’+2b’ce (7Bcd*+8Acde+19aBe’) -8bc” (2Bcd’+6Acd’ e+
7aBde*+2aAe’) +8c* (5aBe (cd’-ae’) +4Acd (cd*+ae?))) x) +
1
15¢ (b2-4ac)’Va+bx+rcx?
32b>c*>d* (2Bcd’+8Acd’e+17aBde’+16aAe?) +
6h4acie (4A(cd2+ae2)2+5aBde (cd2+4ae2)) -
8b’ce (16Ac*d’e+B (11c*d*+7acd’e’-20a%e?)) -
16bc? (8Acd (c*d*+6acd’e®+5a’e*) +aBe (18c*d*+71acd’e®+33a’e*)) +
(10b58cde4—15b68e5+2b4Bce3 (3cd*+85ae?) +16b°c*de”* (6Bcd*+8Acde-

2 (4b*Bc?d?e?+5b°Bée3 (cd2—3ae2)+

7aBe2) -32¢3 (8Acd (cd2+ae2>2+5aBe(2c2d4+5acd2e2—3a2e4)) -
16 b%c?e (16Acde (2cd2+ae2) +B (15c2d4+29acd2e2+39a2e4)) +
32bc? (4Ae (5c2d4+6acd2e2+a2e4> +B (4c2d5+28acd3e2+29a2de4>)>

b+2cx

2+/c ~Ja+bx+cx?

c’/2

B 5 ArcTanh|

x)+

Result (type 3, 2431 leaves):
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1

(a+x (b+cx))7/2

(a+bx+cx2)4 = 2 (Abc*d>-2aBc®d®>+5abBc*de-
5c¢° (-b2+4ac) (a+bx+cx2)3
10aAc’d*e-10ab’Bc>d’e?+10aAbc*d®e?+20a’Bc*d3e?+10ab?>Bc?d?e®-
10aAb2c3d?e®*-30a2bBc3d?e®+20a?Ac*d?e®-5ab*Bcde*+5aAb3c?det+
20a’b?Bc?de*-15a2Abc>de*-10a*Bc>de*+ab’Be’-aAb*ce’-5a’b*Bce’+
4a2Ab?c?e’+5a°bBc?e’-2alAcce®-bBc®d®x+2Ac®d®x+5b*Bc*d*ex-
5Abc’d*ex-10aBc’d*ex-10b>Bc3d3e?x +10Ab2c*d3e?x+30abBc*d3e?x -
20aAc®d®e?x+10b*Bc?d’e®>x-10Ab>c3d?e®>x-40ab’Bc3d?edx+
30aAbc*d?e*x+20a?Bc*d?e*x-5b°Bcde*x+5Ab*c?de*x+25ab3Bc?de?x -
20aAb’c3de*x-25a’bBc3de*x+10a2Ac*de*x+b®Be®>x-Ab°ce’x-
6ab4Bce5x+5aAb3c2e5x+9a2b2Bczesx—SazAbc3e5x—2a3Bc3e5x) +
1

2 (-8b°Bc®d®+16Abc®d>+15b°Bc*d*e -

15 ¢5 (—b2+4ac)2 (a+bx+cx2)2
40Ab%c>d*e+20abBc’d*e-30b*Bcd*e?+30Ab3c*d?e? +140ab?Bc*d3e? +
40aAbc’d3e?-400a2Bc’d?e?+30b°Bc?d?e®-30Ab*c3d?e®-220ab3>Bc>d?ed+
140 aAb%2c*d’e®+560a°bBc*d?e®-400a2Ac*d?’e®-15b°Bcde*+15Ab° c2de? +
150 ab*Bc?de*-110aAb3c3de*-500a%b?Bc3de*+280a2Abc*de* +400a°Bc*de? +
3b’Be’-3Ab%ce®-38ab’Bce’+30aAb*c?e®+157a’b3>Bc2e’-100a2Ab%c3e’-
196a>bBc®e®+80aAc*e®-16bBc®d®x+32Ac’d°>x+30b°Bc>d*ex-80Abcod*ex+
40aBc®d*ex-10b3Bc*d®e?x+60Ab>c°d*e?x-120abBc’d®e?x+80aActd®e?x-
40b*Bc3d?e3x-10Ab3c*d?e3x+360ab?Bc*d?e3x-120aAbc®d?e3x-
480a’Bc’d’e®>x+45b°Bc?de*x-20Ab*c*de*x-350ab3>Bc3de* x+
180 aAb?c*de*x+600a’bBc*de*x-240a’Acde*x-14b°Bce’x +9Ab° c? e’ x +
114ab*Bc’e’x-70aAb’c’ e’ x-246a*b*Bc’ e’ x+120a*Abc*e®x+88a’Bc* e’ x| +

1

15 ¢4 (—b2+4ac)3 (a+bx+cx2)
320Ab%c*d*e+160abBc’d*e-40b*Bcd3e?+240Ab3c*d3e?-480ab’Bc*d3e?+
320aAbc’d?e?-10b°Bc?d?e®*-40Ab* c>d?e3+240ab>Bc3d? e’ -

480 aAb’c*d?e®+480a2bBc*d?e®+30b°Bcde*-5Ab°c?de*-350ab*Bc’de* +
120aAb3c3de*+1200a%2b*Bc>de* +240a2Abc*de* -2400a°Bc*de? -

11b’Be’ +6Ab%ce®+141ab’>Bce’®-70aAb*c?e®-624a2b3Bc?e’ +

240 a’ Ab® e’ +1072a*bBc3 e’ -480a3Ac*e®-128bBc®d’> x+ 256 Ac’ d° x +
240b°Bc’d*ex-640Abcbd*ex+320aBc®d*ex-80b3Bc*d*e?x +
480Ab2c’d*e?x-960abBc’d®e?x+640aAc®de?x-20b*Bc>d?edx-
80Ab3c*d?e®x+480ab?Bc*d’e®>x-960aAbc’d?’e3x+960a2Bc°d?e’x-
15b°Bc?de*x-10Ab*cPde*x+200ab>Bc>de*x+240aAb>c*de* x -
1200a’bBc*de*x +480a2Ac°de*x+23b°Bce’x-3Ab°c?2e®x-258ab*Bc2e’x+

2 (-64b*°Bc>d®+128Abc®d>+120b>°Bc*d*e -

46aAb3c3e5x+912a2b2Bc3e5x—246a2Abc4e5x—736a3Bc4e5x) +

B e5 (a+bx+cx2)7/2Log[b+2cx+2\/?\/a+bx+cx2}

7’2 (a+x (b+cx))7/2
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Problem 2489: Result more than twice size of optimal antiderivative.

dx

J(A+Bx) <d+ex)4

(a+bx+cx2)7/2

Optimal (type 2, 210leaves, 3 steps):
2 (Ab-2aB- (bB-2Ac)x) (d+ex)”

5 (b2-4ac) <a+bx+cx2)5/2
(16 (bBd-2Acd+Abe-2aBe) (d+ex)2 (bd-2ae+ (2cd-be) x))/
(15 (b2—4ac)2 (a+bx+cx2)3/2) n

(128 (bBd-2Acd+Abe-2aBe) (cd’-bde+ae?) (bd-2ae+ (2cd-be) x))/
(15 (b2—4ac)3x/a+bx+cx2

Result (type 2, 1196 leaves):
1
15 (b2-4ac)’® (a+x (b+cx))>?
(—ZA (b5 (3d*+20d>ex+90d?e>x?-60d e’ x> -5e*x*) +16b (8a4e4+
8c*d’x* (5d-4ex) +15a*c? (d—ex)4+4a3ce2 (9d*-10dex+5e*x*) +4ac’dx?
(15d3—20d2ex+15de2x2—6e3x3)) +8b3 (—Sac (d—ex)2 (d*+14dex-3e*x%) +

6a’e’ (d*-10dex+5e’x*) +2c*dx? (5d3—60d2ex+45de2x2—2e3x3>) +
32c (-8a*de’+8c*d'x*+4ac?d®x® (5d*+3e’x?) -4a’cde (3d*+5e*X*) +
3ac?x (5d*+10d*e’*x*+e*x*)) +16b* (4a’e’ (-3d+5ex) +
2c2d? %’ (15d°-40dex+9e’x*) +6a’ce (-2d’+15d*’ex-10de*x* +5e>x?) +
3ac’x (5d*-40d’ex+30d°e’x*-20de’ X’ +e* x*)) +
2b* (4ae (d>+15d’ex-45de*x* +5e>x%) -
cx (5d4+80d3ex—276d2e2x2+40de3x3+e4x4))) N
2B (256a5e4+128a4e2 (be (-4d+5ex) +c (3d*+5e*x?)) +
bx (128 c*d*x*+64bc>d® X’ (5d-3ex) +48b*>c*d*x*> (5d*°-10dex+e’x*) +
8b’cdx (5d°-45d*ex+15de*x*+ e’ X°) +
b* (-5d*-60d’ex+90d*e*x*+20de’ x> +3e* x*)) +
32a% (b*e* (9d*°-40dex+15e’x*) +2bce (-6d>+15d*ex-20de’*x*+ 15> X°) +
3¢ (d*+10d*e’*x*+5¢e*x*)) - 16 a?
<715bc2x (d—ex)4+8c3dex3 (5d>+3e’x*) +b*e (2d>-45d°ex+60de’ x* -5e>x*) -
3b%c (d*-20d>ex+30d?e’x? -40de’ X’ +5etxt) | -
2a (128c4d3ex5+20b3cx(d—ex)2 (-3d*+14dex+e*x?) -
32bc®d?x® (5d*-16dex+9e’x*) +48b>c?dx® (-5d>+10d’ex-15de*x* +2e>x*) +
b* (d4+40d3ex—270d2e2x2+80de3x3+5e4x4))))
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Problem 2490: Result more than twice size of optimal antiderivative.

dx

J(A+Bx) <d+ex)3

(a+bx+cx2)7/2

Optimal (type 2, 264 leaves, 3 steps):
2 (Ab-2aB- (bB-2Ac)x) (d+ex)’

5 (b2—4ac) <a+bx+cx2)5/2
(4 (d+ex)? (4aAce+b? (4Bd+3Ae) -8b (Acd+aBe) -

(b>Be-8bc (Bd+Ae) +4c (4Acd+3aBe)) x))/(lS (b2—4ac)2 (a+bx+cx2>3/2) -
(16 (b*>e (5Bd+3Ae) +4c (4Acd*+3aBde+aAe’)-8b (Bcd’+2Acde+aBe?))

(bd-2ae+ (2cd-be) x))/ (15 <b2—4ac)3x/a+bx+cx2

Result (type 2, 965 leaves):
1

15 (b2—4ac>3 (a+x (b+cx))5/2

2 (A(Bb5 (d3+5d2ex+15de2x2—5e3x3> +32¢ (—2a4e3+8c4d3x5+15a2c2dx(d2+e2x2) +

2ac’dx® (10d*+3e*x*) -a’ce (9d*+5e?x?)) +16bc (2a3e2 (9d-5ex) +
8c’d’x* (5d-3ex) +15a%*c (d—ex)s—Gaczx2 (—10d3+10d2ex—5de2x2+e3x3)) -
48b* (e’ +c>dx® (-10d*+20dex-3e*x*) +a’ce (3d*-15dex+5e’x*) +
S5ac’x (-d’+6d*’ex-3de’x*+e*x?)) +
2b* (3ae (d*+16dex-15e*x?) -5¢cx (d*+12d*ex-27de*x* +2e> %)) +
8b° (3a%e? (d-5ex) +c?x* (10d’-90d’ex+45de’x* - e’ x*) -
S5ac (d3+9d2ex—15de2x2+5e3x3))) +B (64a4e2 (-3cd+2be) -
16a* (b*e* (9d-20ex) -2bce (9d*-15dex+10e’x*) +6c* (d*+5de*x?)) +
24 3% (16bc2x (-d+ex)’+acex® (5d2+e?x?) +
b*e (d*-15dex+10e*x*) -2b’c (d3-15d2ex+15de2x2-1ee3x3>) -
bx (128 c*d®x*+16bc>d* x> (26d-9ex) +24b>c?dx* (10d*-15d e x + e? x?) -
5b* (d*+9d’ex-9de’x*-e?x?) +2b>cx (20d®>-135d*’ex+30de*x*+e’ X)) +
2a (96c*d’ex’-16bc’>dx® (10d*>-15dex+9e*X?) +
24p*c?x* (-10d*>+15d°ex-15de* x* + e’ x?) +
60b°cx (-d>+5d?ex-5de?x*+e*x*) + b <d3+30d2ex—135de2x2+20e3x3))))

Problem 2575: Result unnecessarily involves imaginary or complex numbers.

dx

J 5++4/35 +10x
V1+2x (2+3x+5x2)

Optimal (type 3, 105leaves, 6 steps):
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10 \V2+V35 -+vV10+ 20X
-2 | ———— ArcTan| |+
~2+35 A -2++/35
10
2 -

2+435 +410+20x
Ar‘cTan[ }
2435 J-24435

Result (type 3, 1301leaves):
(—211+\/H—i\/¥)Ar‘cTan[M] (2i+\/¥+i\/¥)Ar‘cTan[@}

5 5 “2-i+/31 A —2+i4/31
— +
31
-2-1+31 -2+1+31

Problem 2630: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(A+BX) (d+ex)3/2 4
X

Va+bx+cx?
Optimal (type 4, 545leaves, 7 steps):
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2(3Bcd-4bBe+5Ace)/d+ex vJa+rbx+cx?2 2B (d+ex)3/2\/a+bx+cx2

+ +

15 c? 5c

V2 A/b*-4dac (10Ace (2cd—be) +B (3c2d2+8b2e2—ce (13bd+9ae))) d+ex

c (a+bx+cx?) Vb?-dac 2V/b2 4ac e
- EllipticE[ArcSin] ]s - ] /
b2_4ac 2 2cd—(b+\/b2—4ac)e

c<d+ex)
15c3e Ja+rbx+cox? | -
2cd—(b+\/b2—4ac)e

c(d+ex)

22 +/b2-4ac <3Bcd—4bBe+5Ace) (cdz—bde+ae2)
2cd—(b+\/b2—4ac)e

b+y/b*-4ac +2cx
b 2 \/b%-4ac A h2 _
_clarbxs+cx) EllipticF [ArcSin| ], - 2Vb7 fdace ]/
b2-4ac V2 2cd—(b+\/b2—4ac)e

(15c3e\/d+ex \Ja+bx+cx?

Result (type 4, 4932 leaves):
m(2(6Bcd—4bBe+5Ace) +28ex) (a+bx+cx2) 1

15 ¢? 5¢
+

a+x(b+cx) 15 c2e? a+x(b+cx)
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2+/a+bx+cx?

(3Bc2d2—13bBcde+20Ac2de+8b2Bez—leAbceZ—Qchez)

(d ex)a/z [c cd? bde ae? 2cd be /
+ + _ + _ +
(d+ex)2 (d+ex)2 <d+ex)2 d+rex d+ex
2 d \2 eb7&+fi
(d+ex) c(—1+d+ex) " e .
C e2 . ( bd ae |
C -
2 2
(cd*-bde+ae?) (d+ex) [c+ cd? _bde _ ae 2cd _ be

(d+ex)2 (d+ex>2 (d+ex>27d+ex d+ex

2 (cdz—bde+ae2)

1-

3iBc2d? (2cd—be+x/b2e2—4ace2

(2cd—be—x/b2e2—4ace2) (d+ex)

2(cd2—bde+ae2)
(chfbe+\/b2e274ace2> <d+ex)

1- EllipticE[i ArcSinh|

\/? _ cd*-bde+ae?
2cd-be-~/b*e*-4ace? 2cd-be-+/b%?e?2-4ace?

] | - EllipticF[i

Vd+ex 2cd-be++vbZe?-4ace?

ﬁ _ cd’-bde+ae?
2cd-be-~/b2e?-4ace? 2cd7bE—\/m} /

Ar‘cSinh[ ]:

Vd+ex 2cd-be++Vb2e?-4ace?

cd’-bde+ae?

2cd-be-+/b%2e?2-4ace?

Z\E(cdszdeJraez) -

| 407
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cd’-bde+ae? -2cd+be .
C+ + -|113ibBcde

(d+exf d+ex

2 (cd’-bde+ae?
(2cd—be+\/b2e2—4ace2) 1- ( )

(ch—befx/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)
(2cd—be+\/b2e2—4ace2) (d+ex)

1-

EllipticE[i ArcSinh|

2cd-be-+/b2e*-4ace? 2cd-be-+vb2e2-4ace?

] | - EllipticF[i

Vd+ex 2cd-be+Vb2e?-4ace?

/2 \/_ cd’-bde+ae?

\/? _ cd’-bde+ae?
2cd-be-v/b?e’-4ace? 2cd-be-+/b2e2_4ace? } /

ArcSinh| ]s

Vd+ex 2cd-be++vb2e?-4ace?

cd’-bde+ae?

2cd-be-+b2e?-4ace?

2\/7(cd2—bde+ae2) -

cd’-bde+ae? -2cd+be
c+ + +|51+v2 Ac?de

(d+ex)2 d+ex

2(cd2—bde+ae2)
(2cd—be+xlb2e2—4ace2) 1-
(ch—be—\/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) (d+ex)

1-

/ \/ cd’*-bde+ae?

2cdbe/b?e?4ace’ 2cd—be—\/b2e2—4ace2]

EllipticE[i ArcSinh| B

\d+ex 2cd-be+Vb%2e?-4ace?
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2cd-be-/b2e?-4ace?

E1lipticF [i ArcSinh| ]s

Vd+ex

[ \/ cd’-bde+ae?

2cd-be-+b2e2-4ace? ]

/ (cdz—bde+ae2)
2cd-be+Vb2e2-4ace?

cd’-bde+ae? cd’>-bde+ae? -2cd+be ]
- C+ + + 212
2cd-be-+/b2e2_-4ace? (dJrex)2 d+ex

b2 B e?

2 (cd*’-bde+ae?
2cd—be+xlb2e2—4ace2) 1- ( )

(ch—be—\/b2e2—4ace2) (d+ex)

2 (cdz—bde+ae2)

1-
(2cd—be+\/b2e274ace2) (d+ex)
/ cd’*-bde+ae?
E11ipt] E['A < h 2cd-be- b2e24ace2 } 2cd-be-+b%2e2_4ace? ]
1pTic 1 Arcs>1n > _
Vd+ex 2cd-be+b2e?-4ace?
\/7 B cd’-bde+ae?
2cd-be-+/b%e?-4ace?
E1lipticF[i ArcSinh| )5

\Vd+ex

2cd-be-+b%2e?-4ace? ]

/ (cd*>-bde+ae?)
2cd-be+Vb2e2-4ace?
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Problem 2631: Result unnecessarily involves imaginary or complex numbers.

J(A+Bx) \Vd+ex q
Vva+bx+cx?

Optimal (type 4, 452 leaves, 6 steps):

X
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Result (type 4, 781 leaves):




414 | Mathematica 11.3 Integration Test Results for 1.2.1.3 (d+e x)~m (f+g x) (a+b x+c x~2)"~p.nb

2By d+ex (a+bx+cx2) 1
+
3¢ a+x(b+cx) (d+EX)2[C(71+d+ix)z+eib7§;ﬁ]]
3c2e?Ja+x (b+cx) -
e
p ) e( 7ﬂ+£)
2(d+ex>3/2xla+bx+cx2 (Bcd-2bBe+3Ace) c(—1+ + drex dvex) |,
d+ex d+ex
1 sl 2 (cd?+e(-bd+ae))
22 cd?e (-bd+ae) Vdiex (2cdfbe4r (b2—4ac>e2 (d+ex)
-2cd+be+ (b274ac)e2
.. 2(cd2+e(—bd+ae))
(—2cd+be+ (b2—4ac)e2>(d+ex)
(—Bcd+2bBe—3Ace) (2cd—be+ (b2—4ac)e2)
\/? cd’-bde+ae?
—2cd+be+ (b2—4ac)e2 -2cd+be+ <b2—4ac)e2
EllipticE|i ArcSinh]| |, - |+
Vd+ex 2cd-be+./(b*-4ac)e?

(ZbZBeZ—be(BBcd+3Ace+ZB (b2—4ac)e2)+

c(fzaBeerBd (b 4ac) +3Ae(2cd+ <b274ac)e2)))

/2 \/ cd’-bde+ae?

“2cdsber/ (b?-dac)e? -2cd+be+,/(b?2-4ac) e
EllipticF[i ArcSinh] |, -

Vd+ex 2cd-be+./(b>-4ac) e

Problem 2632: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

A+BX
J dx
VJd+ex Va+bx+cx?

Optimal (type 4, 393 leaves, 5 steps):
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Problem 2633: Result unnecessarily involves imaginary or complex numbers.

J A+BX g
X
(d+ex)3/2\/a+bx+cx2

Optimal (type 4, 460 leaves, 6 steps):

/

/
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Problem 2634: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

j A+BX N
X
(d+ex>5/2\/a+bx+cx2

Optimal (type 4, 591 leaves, 7 steps):
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L 2(cd2—bde+ae2)

(chfbe+\/b2e274ace2) <d+ex)
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[2 \/_ cd’-bde+ae?

2cd-be/b?eldace? 2cd-be-+/b%2e?-4ace?

E1lipticF [i ArcSinh| ]s

Vd+ex 2cd-be++vVb2e?-4ace?

-2cd+be

2cd-be-+/b2e?-4ace? (d+exf

V3—J cd’-bde+ae? (Jc+cd2—bde+ae2+

d+ex

1/

Problem 2635: Result unnecessarily involves complex numbers and more than

twice size of optimal antiderivative.

dx

J(A+Bx) (d+ex)®?

(a+bx+cx2)3/2

Optimal (type 4, 678 leaves, 7 steps):



Mathematica 11.3 Integration Test Results for 1.2.1.3 (d+e x)~m (f+g x) (a+b x+c x~2)~p.nb | 427

(2 (d+ex)3/2 (2ac (Bd+Ae)-b(Acd+aBe) - (b’Be-bc (Bd+Ae)+2c (Acd-aBe)) x))/
1

(c (b>-4ac)a+bx+cx? _—
3¢2 (b2—4ac)
2e(4bZBe—3bc (Bd+Ae) +2¢C (3Acd—5aBe)) VJd+ex \Ja+bx+cx? -

+

V2 (8b*Be?-b?ce (13Bd+6Ae) -2c? (3Acd*-20aBde-9aAe?) +

c (a+bx+cx?)

bc (38cd2+6Acde—29aBe2)) Vd+ex \/—

b2-4ac
b+y/b2-4ac +2cx
Joraac 2/b?-4ac e
EllipticE [ArcSin| ], - ] /
N2 2cd- (b+\/m) e

d
[3c3x/b24acJ c(drex) rJa+bx+cx?

2cd—(b+\/b274ac)e

22 (cdz—bde+ae2) (4b2Be—3bc (Bd+Ae) +2c (3Acd—5aBe))

\I c (d+ex) \/ ¢ (a+bx+cx?) Jb*aac

EllipticF[ArcSin| B
2cd- (b+\/b2—4ac ) e

b2-4ac V2

2vVb2-4ac e
- ) ]/[3c3x/b2—4ac Vd+ex \Ja+bx+cx?
e

2cd- (b+\/b2—4ac
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Result (type 4, 7589 leaves):
[\/d+ex (a+bx+cx2)2

[ZBeZ

3 ¢?

+(2(Abc*d*-2aBc*d*+2abBcde-4aAc’de-ab’Be’+aAbce’+2a’Bce’-

|/

bBc?d?’x+2Ac*d’x+2b’Bcdex-2Abc’dex-4aBc’dex-b>Be?x+

Abzce2x+3abBcezx—ZaAczezx))/(c2 (—b2+4ac) <a+bx+cx2))

(a+x(b+cx))3/2+ 1

3c¢2(-b?+4ac)e (a+x (b+cx>)3/2
2

(a+bx+cx2)3/2

[(3bBc2d26Ac3d213szcde+6Abc2de+

40ch2de+8b3Be2—6Ab2ce2—29abBce2+18aAc2e2)

(d ex>3/2 {c cd? bde ae? 2cd be /
+ + _ 4 _ +
(d+ex)2 (dJrex)2 <d+ex)2 d+ex d+ex
2 g V2 efb-2Ll,2e
<d+ex> C(_1+d+ex) d+e x 1
C e2 . ( bd ae |
c 2
e
2 2
(cd>-bde+ae?) (d+ex) [c+ cd __bde _ ae 2cd  be

<d+ex)2 (d+ex>2 (d+ex)2_d+ex d+ex

2 (cd*-bde+ae?)

1-

3ibBc?d? (2cd—be+\/b2ez—4ace2

(2cd—be—x/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)

2cd—be+\/b2e2—4ace2> (d+ex)

1-
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2cd-be-\/b2e?-dace? 2cd-be-+b2e2_-4ace?

EllipticE[i ArcSinh] |, ] -

Vd+ex 2cd-be+Vb2e2-4ace?

/2 \/ cd’-bde+ae?

2cd-be-+/b%e?-4ace?

E1lipticF [i ArcSinh| ]

Vd+ex

/2 \/ cd’-bde+ae?

2cd-be-+b2e2-4ace? ]
2cd-be+Vb2e2-4ace?

/ 242 (cdz—bde+ae2)

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -
2cd-be-+/b%2e2-4ace? (d+ex)2 d+ex

2(cd27bde+ae2)

(ch—befx/b2e274ace2) (d+ex)

1-

3iAc3d? [chfbe+\/b2e2—4ace2

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) <d+ex)

1- EllipticE[i ArcSinh|

\/7 _ cd’-bde+ae?
2cd-be-+/b2e*-4ace? 2cd-be-vVb2e2-4ace?

|» | - EllipticF[i

Vd+ex 2cd-be++Vb2e2-4ace?

\/? _ cd’-bde+ae?
2cd-be-+/b?e?-4ace? 2cd-be-+/b%?e?2-4ace? } /

ArcSinh| ]

Vd+ex 2cd-be++vbZe?-4ace?

cd?’-bde+ae?

2cd-be-+b2e2-4ace?

\/7<cd2—bde+ae2) -

cd’-bde+ae? -2cd+be _
C+ + - 1131 b°Bcde

(d+ex)2 d+ex
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2(cd2—bde+ae2)
(2cd—be+xlb2e2—4ace2) 1-
(ch—be—\/b2e2—4ace2) (d+ex)

2(cd2—bde+ae2)
(chfbe+\/b2e274ace2) <d+ex)

1-

EllipticE|i ArcSinh|

\/? _ cd*-bde+ae?
2cd-be-r/b?e’-d4ace? 2cd-be-+b2e?-4ace?

] | - EllipticF[i

Vd+ex 2cd-be++vVbZe?-4ace?

\/7 B cd’-bde+ae?
2cd-be[b2erdace 2cd4—beng57E7i7f527§r} //

Ar‘cSinh[ ]:

Vd+ex 2cd-be+Vb2e2-4ace?

cd’-bde+ae?

2cd-be-+/b2e?2-4ace?

Z\E(cdszdeJraez) -

cd’-bde+ae? -2cd+be . 5
C+ + +|31Abc°de

(d+ex)? d+ex

2 (cd’-bde+ae?
(2cd—be+\/b2e2—4ace2) 1- ( )

(chfbefx/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) (d+ex)

1-

EllipticE[i ArcSinh|

2cd-be-+/b?e?-4ace? 2cd-be-+/b2e?2-4ace?

]» | - EllipticF[i

Vd+ex 2cd-be+Vb2e?2-4ace?

/2 _ cd’>-bde+ae’
2cd-be-/b*e?-4ace? 2cd-be-+b2e?-4ace? } /

ArcSinh| ],

Vd+ex 2cd-be++vb2e?-4ace?

/2 \/_ cd’-bde+ae?
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cd’-bde+ae?

2cd-be-+b%2e?-4ace?

\E(Cdz—bde+ae2) -

cd’-bde+ae? -2cd+be
C+ i + : +|101+2 aBc?de

(d+ex)2 d+ex

2 (cd?’-bde+ae?
(2cd—be+x/b2e2—4ace2) 1- ( )

(ch—be—\/b2e2—4ace2) (d+ex)

2(cd2—bde+ae2)

1-
(2cd—be+x/b2e2—4ace2) (d+ex)
\/— cd’-bde+ae?
2cdben/b’e? 4ace’ 2cd-be-+/b2e?_4ace?
EllipticE[i ArcSinh| B ] -

Vd+ex 2cd-be++b*e?-4ace?

/2 _ cd’-bde+ae?
2cd-be-+/b%e*-4ace?

Vd+ex

EllipticF[i ArcSinh]

]

2cd-be-+/b2e?2-4ace? ]

/ (cdz—bde+ae2)
2cd-be++/b2e?2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be .
- C+ + +l2i/2
2cd-be-+Vb%eZ-4ace? (d+ex)? d+ex

2(cd2—bde+ae2)

(2cd—be—m) (d+ex)

b>Be? [2cd-be++/b%e?-4ace? 1-

2(cd2—bde+ae2)

(2cd—be+\/b2e2—4ace2) <d+ex)

1-
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ﬁ B cd*-bde+ae?
2cd-be-\/b2e?-dace? 2cd-be-+b2e2_-4ace? ]

EllipticE[i ArcSinh] B

Vd+ex 2cd-be+Vb2e2-4ace?

2cd-be-+/b%e?-4ace?

E1lipticF [i ArcSinh| ]

Vd+ex

/2 \/ cd’-bde+ae?

2cd-be-+b2e2-4ace? ]
2cd-be+Vb2e2-4ace?

/ (cdz—bde+ae2)

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -
2cd-be-+/b%2e2-4ace? (d+ex)2 d+ex

2 (cdszde+ae2)

1-

3iAb%ce? (2cd—be+x/b2e2—4ace2

(ch—bef\/b2e274ace2) (d+ex)

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) <d+ex)

1- EllipticE[i ArcSinh|

\/7 _ cd’-bde+ae?
2cd-be-+/b2e*-4ace? 2cd-be-vVb2e2-4ace?

] | - EllipticF[i

Vd+ex 2cd-be++Vb2e2-4ace?

\/? _ cd*-bde+ae?
2cd-be-v/b2e?-4ace? 2cd-be-+b2e2-4ace? } /

ArcSinh]| ]

Vd+ex 2cd-be++vbZe?-4ace?

cd?’-bde+ae?

2cd-be-+b2e2-4ace?

\/7<cd2—bde+ae2) -

cd’-bde+ae? -2cd+be . 5
C+ + -|291abBce

(d+ex)? d+ex
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2(cd2—bde+ae2)
(2cd—be+xlb2e2—4ace2) 1-
(ch—be—\/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)

1-
(2cd—be+\/b2e2—4ace2) (d+ex)
/ cd®*-bde+ae?
S~ E['A o h 2cdbe/b’e>dace’ } 2cd-be-+b2e2-4ace? ]
ipticE|i ArcSin s -
Vd+ex 2cd-be+Vb%2e?-4ace?
\/? _ cd’-bde+ae?
2cd-be-+/b2e?-4ace?
EllipticF i ArcSinh]| ]

Vd+ex

2cd-be-+b%2e2-4ace? ]

/ 2+/2 (cd*>-bde+ae?)
2cd-be+Vb2e?-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C + + +
2cd-be-+vb2e2-4ace? (d+ex)2 d+ex

2 (cdz—bde+ae2)

(ch—be—\/b2e2—4ace2) (d+ex)

1-

91aAc?e? (2cd—be+x/b2e274ace2

2(cd2—bde+ae2)

1,
(chfbe+\/b2e274ace2) <d+ex)
\ﬁ cd*-bde+ae?
Ellipti E['A <i h 2cd-be-/brelaace } 2cd-be-+/b%2e?-4ace? ]
ipticE |1 ArcSin , -

Vd+ex 2cd-be+Vb2e2_4ace?

[ _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

EllipticF[i ArcSinh | ]

Vd+ex
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2cd-be-\/m]

/ \/T(Cdz—bde+ae2)
2cd-be+V/b%2e?2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+vb2e2-4ace? (dJrex)2 d+ex

2 <cd2—bde+ae2)

(chfbefm) (d+ex)

3ibBc?d |1-

2(cd2—bde+ae2)

(2cd—be+\/b2e2—4ace2> <d+ex)

1-

/ cd*-bde+ae?
2cdbe/b’e dace’ ] 2cd—be—x/b2e2—4ace2}/

EllipticF[i ArcSinh|

Vdrex 2cd-be+Vb2e?-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
\/7 - : C + h + * _
2cd-be-+vb2e2-4ace? (d+ex>2 d+ex

2(cd2—bde+ae2)

(chfbefx/b2e274ace2) (d+ex)

3i+v2 Ac3d |1-

2(cd2—bde+ae2)

1_
(2cd—be+\/b2e2—4ace2) <d+ex)
\/7 cd’-bde+ae?
2cdbe/b’e 4ace’ 2cd-be-+/b%?e?-4ace?
E1lipticF[i ArcSinh | ] ] /
Vd+ex 2cd-be++vVbZe?-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
C+ + -

2cd-be-+b2e2-4ace? (d+ex)2 d+ex
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2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

2i+/2 b?Bce [1-

2 (cdszde+ae2)

1-
(2cd—be+\/b2e274ace2) (d+ex)
\/— cd®’-bde+ae?
2cd-be- bze2 4ace? 2cd—be—\/m
EllipticF[i ArcSinh] |s ] //
Vd+ex 2cd-be+vVb2e2-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C + + +
2cd-be-+vb2e2-4ace? (d+ex)2 d+ex

2 (cd*-bde+ae?)

(2cd—be—\/b2e2—4ace2) (d+ex)

3iAbc’e |[1-

2 (cdszde+ae2)

(2cd—be+\/b2e274ace2) (d+ex)

1-

[2 cd’-bde+ae?
2cd-ber[b2erdace? ] 2cdfbe7VFﬁFfZ§a?d /

EllipticF[i ArcSinh]

3
Vd+ex 2cd-be+/b2e?2_4ace?
Nl B cd’-bde+ae? c+cd27bde+ae2+72cd+be N
2cd-be-+/b2e2-4ace? <d+ex>2 d+ex

2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

5i+2 aBc?e [1-

2 (cdszde+ae2)
2cdfbe+\/b2e274ace2) (d+ex)

1-
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2 _ cd’-bde+ae?
2cd-be-/b*e*-4ace? 2cd-be-+b2e?-4ace? } /

E1lipticF [i ArcSinh| ]s

Vd+ex 2cd-be++vVb2e?-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ +
2cd-be-+/b2e?2-4ace? (d+ex>2 drex

Problem 2636: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J(A+Bx) (d+ex)??

(a+bx+cx2)3/2

Optimal (type 4, 530 leaves, 6 steps):
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(2\/m<2ac(8d+Ae)fb<Acd+aBe)—(b2Be—bc (Bd+Ae) +2c (Acd—aBe))x))/

[c (b2—4ac> rJa+bx+cx?

+

c (a+bx+cx2)

b2-4ac

V2 (2Ac*d+2b?Be-c (bBd+Abe+6aBe)) /d+ex J

b+y/b%2-4ac +2cx
Jbaac 2+/b2-4ac e ] /
)e

EllipticE[ArcSin| ], -

)
2 2cd—(b+\/b2—4ac

+

c?+/b*-4ac c(d+ex) \Ja+bx+cx?
2cd—(

b+ b2—4ac)e

d b 2
2\/7<bB—ZAC) (cd®>-bde+ae?) c(d+ex) \/_C(a+ X +Cx?)
2cd—(b+\/m)e b>-4ac
Joane -
E1lipticF [ArcSin| ] 2+/b?-4ac e | /

NES J72cd—(b+\/m)e

(cleb2—4ac vd+ex Ja+rbx+cx?

Result (type 4, 4019 leaves):

(2\/d+ex (Abcd—2aBcd+abBe—ZaAce—bBcdx+2Ac2dx+b2Bex—Abcex—2aBcex)
1

(a+bx+cx2))/(c (-b*+4ac) (a+x <b+cx>)3/2) . (-b2+4ac)e(a+x (b+cx))>?
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2(a+bx+cx2)3/2 (-bBcd+2Ac?*d+2b?’Be-Abce-6aBce) (d+ex)3/2
[c c d? bde ae? 2cd be /
+ - + - +
(d+ex)2 (d+ex)2 (d+ex)2 d+ex d+ex
bd ae
(d+ex)2 C(71+ d )2+e b+‘)
d+e x d+e x 1
C ez ; { bd ae |\
(drex)? [c (~ret )t e )
c =
2 2
(cd®>-bde+ae®) (d+ex) [c+ cd __bde ,2¢ 2¢cd . be

<d+ex)2 (d+ex>2 (d+ex)27d+ex d+ex

2 (cdz—bde+ae2)

1-

- J'lecd(2cd—be+xlb2e2—4ace2

(2cdfbefx/b2e274acez) (d+ex)

2 (cdz—bde+ae2)

(2cd—be+\/b2e274ace2) (d+ex)

1- EllipticE[i ArcSinh|

[ _ cd’-bde+ae?
2cd-be-+/b?e?-4ace? 2cd-be-+b%2e?-4ace?

| | - EllipticF|

Vd+ex 2cd-be+b2e2-4ace?

NP cd’-bde+ae?
2cd-be-\/b?e*-4ace? 2cd-be-+b2e2-4ace? ] /

i ArcSinh| B

Vd+ex 2cd-be+Vb2e?-4ace?

cd?’-bde+ae?

2cd-be-+b2e?-4ace?

2\/7<cd2—bde+ae2) -
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cd’-bde+ae? -2cd+be
C+ + +

(d+ex)2 d+ex

2(cd2—bde+ae2)

(ch—be—\/b2e2—4ace2) (d+ex)

1-

iAc’d (2cd—be+xlb2e2—4ace2

2 (cd*-bde+ae?)

1_
(2cd—be+\/b2e2—4ace2) <d+ex)
\/_ cd®’-bde+ae?
Ellioti E['A . h 2cdbe/b’e?4ace’ } 2cd-be-+b2e2-4ace? ]
ipticE|i ArcSin s -
Vd+ex 2cd-be+Vb2e2-4ace?
\/? _ cd’>-bdetae’
2cd-be-+/b2e?-4ace?
E1lipticF [i ArcSinh| ]s

Vd+ex

2cd-be-+b2e2-4ace? ]

/ \E(Cdz—bde+ae2)
2cd-be+Vb2e2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+vb%e?-4ace? (d+ex)? d+ex
2 (cd’-bde+ae?
ib?Be |2cd-be++/b?e?-4ace? 1- ( )
(chfbefx/b2e274ace2) (d+ex)
L 2(cd2—bde+ae2)

(chfbe+\/b2e274ace2) <d+ex)

2cd-be-/b2e?-4ace? 2cd-be-+/b2e?2-4ace?

EllipticE|i ArcSinh| B ] -

Vd+ex 2cd-be+/b%2e?-4ace?

/2 \/ cd’-bde+ae?
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2cd-be-/b2e?-4ace?

E1lipticF [i ArcSinh| ]s

Vd+ex

/2 \/ cd’-bde+ae?

2cd-be-+b2e2-4ace? ]

/ \E(Cdz—bde+ae2)
2cd-be+Vb2e2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -
2cd-be-+/b%2e2-4ace? (d+ex)2 d+ex
2(cd27bde+ae2)
iAbce 2cd—be+xlb2e2—4ace2) 1-
(2cd—be—\/b2e2—4ace2) (d+ex)
1 2(cd2—bde+ae2)

(chfbe+\/b2e274ace2> <d+ex)

/ cd*-bde+ae?
2cdben/b’e? 4ace’ 2cd-be- b2e2—4ace2]

EllipticE|i ArcSinh| |

Vd+ex 2cd-be+/b2e?2-4ace?

/2 B cd’-bde+ae?
2cd-be-+/b%e?-4ace?

E1lipticF[i ArcSinh | ]

Vd+ex

2cd-be-+/b2e?2-4ace? ]

/ 22 (cd*-bde+ae?)
2cd-be+/b%2e?-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -
2cd-be-+/b2e?2-4ace? (d+ex)2 d+ex

2(cd2—bde+ae2)

3iaBce|2cd-be++/b%2e?-4ace? 1-

(ch—be—\/b2e2—4ace2) (d+ex)
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2(cd2—bde+ae2)

1_
(2cd—be+\/b2e2—4ace2) <d+ex)
\ﬁ cd*-bde+ae?
E1lipt] E['A <i h 2cdber/bleraace } 2cd-be-+/b%2e?-4ace? ]
ipticE|i ArcSin s -
Vd+ex 2cd-be+Vb2e2_-4ace?
\/? _ cd*-bde+ae?
2cdbe/ble’ dace’
E1lipticF [i ArcSinh| )5

Vd+ex

2cd-be-+b2e2_4ace? ]

/ \/7<cd2—bde+ae2)
2cd-be+Vb2e2_-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -
2cd-be-+/b2e2-4ace? (d+ex)2 d+ex
2(cd2—bde+ae2>
ibBc |1-
(ch—be—\/b2e2—4ace2) (d+ex>
1 2(cd27bde+ae2)

(chfbe+\/b2e274ace2) (d+ex)

2 \/ cd’-bde+ae?

2cd-be/b2erdace? 2cd-be-+b2e?2-4ace?
EllipticF[i ArcSinh| | }/
Vd+ex 2cd-be+Vb2e2-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
\E - : C+ : + : +
2cd-be-+/b2e?2-4ace? (d+ex>2 d+ex

2 (cdz—bde+ae2>

(ch—befx/bzezfélacez) (d+ex)

iv2 Ac? |1-
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2 (cdz—bde+ae2)

1_
(2cd—be+\/b2e2—4ace2) <d+ex)
\/— cd’-bde+ae?
2cdbe/b’e dace’ 2cd-be-+b2e2-4ace?
EllipticF [i ArcSinh| ] ] /

Vd+ex 2cd-be++vVbZe?-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ +
2cd-be-+/b2e2-4ace? (d+ex>2 d+ex

Problem 2637: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(A+Bx) \Vd+ex

3/2

dx
(a+bx+cx2)

Optimal (type 4, 460 leaves, 6 steps):



Mathematica 11.3 Integration Test Results for 1.2.1.3 (d+e x)~m (f+g x) (a+b x+c x~2)~p.nb | 443

2(Ab-2a8 (6B 2Ac)x) Vaiex mbg_m)mJ-

c (a+bx+cx2>

(b2—4ac)\/a+bx+cx2 b2-4ac
Vb*-dac 2+/b2-4ac e
EllipticE[ArcSin| ]s - }/
2 2cd—(b+\/m)e
c (d+ex)
c\/b*>-4ac Ja+rbx+cox? |+
\Ich(b+\/b24ac)e
d b 2
2ﬁ(de—2Acd+Abe—2aBe) ¢ (d+ex) \/_c<a+ X+ cx?)
2cd—(b+\/b2—4ac)e b’>-4ac
b+y/b%-4ac +2cx
\/b%*-4ac 2 _
E1lipticF [ArcSin| |, —2ybi-dace }/
V2 2cd7(b+m)e
(Cx/b2—4ac Vd+rex Ja+bx+cx?
Result (type 4, 5246 leaves):
2(—Ab+2aB+be—2Acx) Vd+ex (a+bx+cx2)
N
(b?-4ac) (a+x(b+cx>)3/2
! 2(a+bx+cx2>3/2
(7b2+4ac)e(a+x(b+cx)>3/2
2 2
b8-2ac) (d-ex)??|c. ST 208 28 2cd 2 ||/
(d+ex)2 (dJrex)2 <d+ex)2 direx d+ex
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bd ae

d 2 e |b-——+
C (—1+ ) + =
d+e x d+e x 1

(d+ex)2

e? ba se
a 2 elbi J
) L\ diex diex)

d+ex

(d+ex)? [c (—1+

d+ex

e2

c d? bde ae? 2cd be
(d+ex) C+ - + +

(drex)? (dvex)? (drex)? drex drex

2 (cd*-bde+ae?
- JibBch(2cd—be+w/b2e2—4ace2) 1- ( )

(ch—be—\/b2e2—4ace2) (d+ex)

2 (cdz—bde+ae2)

1- EllipticE|i ArcSinh|
(2cd—be+\/b2e2—4ace2 ) (d+ex)
\/7 _ cd’*-bde+ae?
2cd-be-/b*e*-4ace? 2cd-be-+b2e?-4ace?
], | - EllipticF|
Vd+ex 2cd-be++vVb2e?-4ace?
\/? _ cd’>-bde+ae?
2cd-be-\/b2e’-4ace? 2cd-be-+/b%?e?2-4ace?
jAr‘cSinh[ ], ] /

Vd+ex 2cd-be+/b2e?2-4ace?

cd’-bde+ae?

2cd-be-+/b%2e?-4ace?

zﬁ(cdszdeJraez) -

cd’-bde+ae? -2cd+be
C + + +

(d+ex)2 d+ex

2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

1-

iAc?d? (2cd—be+\/b2e2—4ace2
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(2cd—be+\/b2e2—4ace2) <d+ex)

1-

\ﬁ cd’-bde+ae?
2cdbe/b’e? 4ace’ 2cd-be-+/b%2e?-4ace?

EllipticE|i ArcSinh| ] ] -

Vd+ex 2cd-be+Vb2e2_-4ace?

[ _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

E1lipticF [i ArcSinh| )5

Vd+ex

2cd-be-+b2e2_4ace? ]

/ \/7<cd2—bde+ae2)
2cd-be+Vb2e2_-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
C+ + +

2cd-be-+/b2e2-4ace? (d+ex)2 d+ex

2 (cdz—bde+ae2>

ib?Bde [2cd-be++/b?e?-4ace? 1-
(ch—be—\/b2e2—4ace2) (d+ex)
L 2(cd27bde+ae2)

(chfbe+\/b2e274ace2) (d+ex)

/ cd*-bde+ae?
2cd-be/be? dace? 2cd-be-+/b2e2-4ace?

EllipticE[i ArcSinh| B ] -

Vd+ex 2cd-be++/b2e?2-4ace?

2cd-be-+/b%e’-4ace?

E1lipticF[i ArcSinh | ]

A d+ex

/2 \/_ cd’-bde+ae?

2cd-be-+/b%2e?-4ace? ]

/ 2+/2 (cd®>-bde+ae?)
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-2cd+be

. _
d+ex

2(cd2—bde+ae2)

cd’-bde+ae? cd’-bde+ae?
- C+
2cd-be-+/b2e2-4ace? (d+ex)?
iAbcde|2cd-be++/b?e?-4ace? 1-
. 2(cd2—bde+ae2)
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cd’-bde+ae?
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EllipticE[i ArcSinh|

Vd+ex
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ﬁ\/—
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EllipticF[i ArcSinh]

A d+ex
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3

s
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(d+ex)2

d+ex

2 (cdz—bde+ae2)
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2 (cd*-bde+ae?)
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1-

cd’*-bde+ae?

ﬁ\/—

2cd-be-+/b%e?-4ace?
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Vd+ex

)
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2cd-be-/b2e?-4ace?

E1lipticF [i ArcSinh| ]s

Vd+ex

[ \/ cd’-bde+ae?

2cd-be-+b2e2-4ace? ]

/ 242 (cdz—bde+ae2)
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C+ + +

| aa7

2 (cd?-bd 2
iaAce? 2cdfbe+\/m 1- (c e+ae?)
(2cd-be-VbTe?-dace? | (d+ex)
1 2 (cd’-bde+ae?)

(chfbe+\/b2e274ace2> <d+ex)
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2(cd2—bde+ae2)

(2cd—be+\/b2e2—4ace2) <d+ex)

1-

\/7 cd’*-bde+ae?
2cdbe/b’e dace’ ] 2cd—be—\/b2e2—4ace2}/

EllipticF [i ArcSinh|
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\/7 - * C + h + * +
2cd-be-+vb2e2-4ace? (d+ex>2 d+ex
2 (cd®’-bde+ae?
iv2 Ac?d |1- ( )
(2cd-be-VbTer-aace? | (drex]
1 2(cd2—bde+ae2)

(2cd—be+\/b2e2—4ace2) <d+ex)

\/7 cd’-bde+ae?
2cdbe/b’e dace? ] 2cd—be—\/b2e2—4ace2}/

EllipticF [i ArcSinh|

Jdrex 2cd-be+Vb2e2-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
- C+ + -
2cd-be-+b2e2-4ace? (d+ex)2 d+ex
2(cd2—bde+ae2)
1Abce |1-
(2cd—be—\/m) (d+ex)
1 2(cd2—bde+ae2)

(2cd—be+\/b2e2—4ace2) <d+ex)

\/? _ cd’-bde+ae?
2cd-be-v/b?e?-4ace? 2cd-be-+/b2e2_4ace? } /

EllipticF i ArcSinh| ]

Vd+ex 2cd-be++vVbZe?-4ace?
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cd’-bde+ae? cd?’-bde+ae? -2cd+be

\/? - ~ C + - + +
2cd-be-+/b2e2-4ace? (d+ex)? d+ex
2 (cd*’-bde+ae?
]'l\/?aBCE 1- ( >

(ch—be—\/b2e2—4ace2) (d+ex>

2 (cdz—bde+ae2)

1-
2cd-be.Vber-4ace? | (d-ex
\/— cd’-bde+ae?
2cd-ben/b2e?dace? 2cd-be-+b2e?-4ace?
E1lipticF[i ArcSinh | ] ] /
\Jd+ex 2cd-be++Vb2e2-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ +
2cd-be-+/b2e2-4ace? (d+ex)? d+ex

Problem 2638: Result unnecessarily involves imaginary or complex numbers.
A+ BX

J\/d+ex (a+bx+cx2)3/2

dx

Optimal (type 4, 528 leaves, 6 steps):
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(2\/d+ex (aB(ch—be)—A(bcd—b2e+2ace)+c (de—ZAcd+Abe—ZaBe) x))/

[(b2—4ac) (cdz—bde+ae2)\m

c (a+bx+cx2)

V2 (bBd-2Acd+Abe-2aBe) /d+ex J

b2-4ac

b+y/b%2-4ac +2cx
Jbaac | 2+/b2-4ac e ] /
, -
2 2cd—(b+\/b2—4ac)e

EllipticE[ArcSin|

d
\Jb?-4ac (cdzbde+ae2>J C( +ex) AJarbx+cox? |+

2cd—(b+\/b2—4ac)e

d b 2
2+/2 (bB-2Ac) c (drex) J_C<a* x+cx?)
2cd—(b+\/b2—4ac)e b’-4ac

b+y/b2-4ac +2cx
Vb?-dac 2/b2-4ac e ] /

EllipticF[Ar‘cSin[ ]

NES J72cd—(b+\/m)e

(c\/b2—4ac Vd+ex Ja+bx+cx?

Result (type 4, 893 leaves):

(2\/d+ex (Abcdechd—AbzeJrabBe+2aAce—bBcdx+2Ac2dx—Abcex+2aBcex)

(a+bx+cx2))/((fb2+4ac) (cd®>-bde+ae?) (a+x(b+cx))3/2)f 2 (d+ex)??
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q ) e(bfﬁJri)
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d+ex d+ex
1 . 2 (cd*+e(-bd+ae))
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(—2cd+be+ <b2—4ac)e2)(d+ex)
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d 2 e [b- bd N ae
C (—1+ ) + -
d+e x d+e x

(dJrex)2

Y

Problem 2639: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.

J A+BXx dx
(d+ex>3/2 (a+bx+cx2)3/2

Optimal (type 4, 705 leaves, 7 steps):
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Result (type 4, 6669 leaves):
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Vd+ex 2cd-be++vbZe?-4ace?
ﬁ(cdz—bde+ae2) - cd®-bde:ae’

2cd-be-+b2e2_4ace?
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cd’-bde+ae? -2cd+be
C+ ! + - -121+2 aBcde
(d+ex)? d+ex

2 (cd’-bde+ae?
(2cd—be+\/b2e2—4ace2) 1- ( )

(ch—befx/b2e2—4ace2) (d+ex)

2 (cdz—bde+ae2)
(chfbe+\/b2e274ace2) <d+ex)

1-

/ cd*-bde+ae?
2cdbe/b’e? 4ace’ } 2cd-be- b2e2—4ace2]

EllipticE|i ArcSinh|

B —

Vd+ex 2cd-be+/b%2e?2-4ace?

/2 _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

Vd+ex

EllipticF[i ArcSinh|

2cd-be-+/b%2e?2-4ace? ]

/ (cdszde+ae2)
2cd-be+/b2e?-4ace?

cd?’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -
2cd-be-+/b2e?2-4ace? (d+ex)2 d+ex

2 (cd*-bde+ae?)
(ch—be—\/b2e2—4ace2> (d+ex)

i Ab?e?

2cd-be++/b*e?2-4ace?

1-

2 (cd*-bde+ae?)
(2cd—be+\/b2e2—4ace2) (d+ex)

1-

\/? B cd®*-bde+ae?
2cd-be-\/b2e?-4ace’ } 2cd-be-+b%2e2-4ace?

> —

EllipticE|i ArcSinh
[ [ Vd+ex 2cd-be++b%2e?2-4ace?
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2cd-be-/b2e?-4ace?

E1lipticF [i ArcSinh| ]s

Vd+ex

[ \/ cd’-bde+ae?

2cd-be-+b2e2-4ace? ]

/ \E(Cdz—bde+ae2)
2cd-be+Vb2e2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
C+ + +

2cd-be-+/b%2e2-4ace? (d+ex)2 d+ex

2 (cd?-bd 2
iabBe? [2cd-ber[b2e?-4ace? | [1- (e e+ae?)
(2cd-be-/bTe?-4ace? | (d+ex
1 2 (cd*-bde+ae?)

(chfbe+\/b2e274ace2> <d+ex)

/ cd*-bde+ae?
2cdben/b’e? 4ace’ 2cd-be- b2e2—4ace2]

EllipticE|i ArcSinh| B

Vd+ex 2cd-be+/b2e?2-4ace?

/2 _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

E1lipticF[i ArcSinh | ]

Vd+ex

2cd-be-+/b2e?2-4ace? ]

/ 22 (cd*-bde+ae?)
2cd-be+/b%2e?-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +

2cd-be-+/b2e?2-4ace? (d+ex)2 d+ex

2 (cdz—bde+ae2)

3iaAce?|2cd-be++/b*e?-4ace? 1-

(ch—be—\/b2e2—4ace2) (d+ex)
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2(cd2—bde+ae2)

1_
(2cd—be+\/b2e2—4ace2) <d+ex)
\ﬁ cd*-bde+ae?
E1lipt] E['A <i h 2cdber/bleraace } 2cd-be-+/b%2e?-4ace? ]
ipticE|i ArcSin s -
Vd+ex 2cd-be+Vb2e2_-4ace?
\/? _ cd*-bde+ae?
2cdbe/ble’ dace’
E1lipticF [i ArcSinh| )5

Vd+ex

2cd-be-+b2e2_4ace? ]

/ \/7<cd2—bde+ae2)
2cd-be+Vb2e2_-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+/b2e2-4ace? (d+ex)2 d+ex
2(cd2—bde+ae2)
ibBcd |[1-
(ch—be—\/b2e2—4ace2) (d+ex)
1 2(cd27bde+ae2)

(chfbe+\/b2e274ace2) (d+ex)

2 cd’-bde+ae?
2cd-be- bze —4ace? ] 2cd7be—m} /

EllipticF[i ArcSinh|

3
Vdrex 2cd-be+Vb2e2-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
\E - * C + i + * _
2cd-be-+/b2e?2_4ace? (d+ex)? d+ex

2 (cdz—bde+ae2)

2cd—be—\/b2e274ace2) (d+ex)

iv2 Ac?d |1-
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2(cd2—bde+ae2)

(2cd—be+\/b2e2—4ace2) <d+ex)

1-

\/7 cd’*-bde+ae?
2cdbe/b’e dace’ ] 2cd—be—\/b2e2—4ace2}/

EllipticF [i ArcSinh|

Vdrex 2cd-be+Vb2e2-4ace?
cd?’-bde+ae? cd?’-bde+ae? -2cd+be
- C+ + +
2cd-be-+b2e2-4ace? (d+ex)2 d+ex

2 (cdz—bde+ae2)

1Abce |1-
(2cdfbe7\/b2e274ace2) (d+ex)
L 2(cd2—bde+ae2)

(2cd—be+\/b2e2—4ace2) <d+ex)

\/7 cd’-bde+ae?
2cdbe/b’e dace? ] 2cd—be—\/b2e2—4ace2}/

EllipticF [i ArcSinh|

Vdrex 2cd-be+Vb2e?-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
\/7 - : C + h + * _
2cd-be-+vb2e2-4ace? (d+ex>2 d+ex
2 (cd’-bde+ae?
i+/2 aBce [1- ( )
(2cd—be—\/b2e2—4ace2) (d+ex)
1 2(cd2—bde+ae2)

(2cd—be+\/b2e2—4ace2) <d+ex)

\/? _ cd’-bde+ae?
2cd-be-v/b?e?-4ace? 2cd-be-+/b2e2_4ace? } /

EllipticF i ArcSinh| ]

Vd+ex 2cd-be++vVbZe?-4ace?
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cd’-bde+ae? cd?’-bde+ae? -2cd+be
- C+ +
2cd-be-+b2e2-4ace? (d+ex)2 d+ex

Problem 2640: Result more than twice size of optimal antiderivative.

J(A+Bx) (d+ex)” (a+bx+cx2)3dlx

Optimal (type 3, 594 leaves, 2 steps):

(Bd—Ae) (cdz—bde+ae2)3(d+ex)1+m 1
ed (1+m) e8 <2+m>
(cdz—bde+ae2)2(3Ae<2cd—be)—B(7cd2—e(4bd—ae))) (d+ex)2”“—
¥3 (cdz—bde+ae2)
e (3+m)
(B(7c2d3—cde(8bd—3ae)+be2 (Zbd—ae))—Ae(5c2d2+b2e2—ce(5bd—ae)))
(d+ex)3*m—#(Ae(2cd—be) (18c*d®*+b*e’*-2ce (5bd-3ae)) -
e® (4+m)
B(35c*d*-b*e® (4bd-3ae)-30c’d’e (2bd-ae) +3ce’ (16b°d*-8abde+a’e?)))
(d+ex)4*m—¥(8(35c3d3—b3e3+3bce2 (5bd—2ae)—15c2de(3bd—ae))—
e® (5+m)
3Ace (52 +b?e? ce (sbd-ae))) (drex)™" ———
e® (6+m)

3c(Ace(2cd—be)—B(7c2d2+b2e2—ce(6bd—ae))) (d+ex)6+m—
c? (7Bcd-3bBe-Ace) <d+ex)7”" Bc3(d+ex)8*m
+

e® (7+m) et (8+m)

Result (type 3, 6116 leaves):
(d+ex)"
1

| 461

- d (5840Bc’d’-17280bBc’d®e-

e (1+m) (2+m) (3+m) (4+m) (5+4m) (6+m) (7+m) (8+m)

5760 A c>d®e +20160b°Bcd’e?+20160Abc?d®e®+20160aBc?>d’ e?-8064b3Bd*e3 -

24192 Ab%>cd*e®-48384abBcd*e®-24192aAc?d*e®+10080Ab3d3e* +

30240 ab?Bd>e*+ 60480 aAbcd®e*+30240a2Bcd3e*-40320aAb%d? e’ -
40320a’°bBd?e®-40320a’Acd?e® +60480a2Abde®+20160a>Bde -
40320a°Ae’ -2160bBc2d®em-720Ac3d®em+5400b%>Bcd’>e?m+ 5400 Abc?d®e?m+
5400 aBc?d®e’m-3504b>Bd*e>m-10512Ab2cd*e*m-21024abBcd*e3>m-
10512aAc?d*e>m+6396Ab3d>e*m+19188ab?Bd3e*m+38376aAbcd®e’m+
19188 a’Bcd3e*m-35664aAb’>d?’e®m-35664a>bBd’>e®>m-35664a2Acd>e’m+
73656 a’Abde®m+24552a3Bde®m-69264a>Ae’m+360b2Bcd®e?m?+
360Abc?d’e?m? +360aBc®d’e?m?-504b3Bd*e>m? - 1512 Ab%cd*e3m? -
3024abBcd*e*m?-1512aAc?d*e>m? + 1506 Ab> d> e* m? + 4518 ab2Bd> e*m? +
9036 aAbcd3e*m?+4518a’Bcd®>e*m?-12420aAb?d?e’m?> -12420a2bBd? e’ m? -
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12420a2Acd?e®m? +36462a’Abde®m?+12154a>Bde®m? - 48860 a>Ae’ m? -
24b3Bd*e*m®-72Ab2cd*e>m*-144abBcd*e*m*-72aAc?d*e3m? + 156 Ab3 d3 e m? +
468 ab’Bd>e*m®*+936aAbcd3e*m®+468a2Bcd®e*m®-2130aAb%d?>e’ m’ -
2130 a’bBd?e’m®-2130a%Acd*e’m® +9405a2Abde®m?+3135a3Bde®m’ -
18424 a3Ae’'m +6Ab>d*e*m*+18ab?Bd3e*m* +36aAbcd’e*m*+18a2Bcd®e*m* -
180aAb2d?e®m*-180a’bBd2e’m*-180a2Acd?e®m* +1335a’Abde®m* +445a3Bd e’ m* -
4025a*Ae’m*-6aAb’d?’e®m°-6a’bBd?’e’m° -6a2Acd’e’m®+99a2Abdem’ +
33a3Bde5m5—511a3Ae7m5+3a2Abde6m6+a3Bde5m6—35a3Ae7m6—a3Ae7m7) +

1

e (2+m) (3+m) (4+m) (5+m) (6+m) (7+m) (8+m) (e+em)

(40320a°Ae’ +5040Bc’d’m-17280bBc*d®em-5760Ac’d®em+20160b*Bcd>e’m+
20160 Abc?d®e’m+20160aBc’>d’ e’m-8064b>Bd*e>m-24192Ab%cd*e3>m-
48384 abBcd*e®>m-24192aAc’d*e>m+10080Ab3d3>e*m+30240ab’Bd>e*m+
60480 aAbcd3e*m+30240a’Bcd®e*m-40320aAb’>d?’e®m-40320a’bBd? e’ m-
40320a’Acd’e®m+60480a2Abde®m+20160a>Bde®m+69264a°Ae’ m-
2160bBc?d®em?-720Ac>d® em? + 5400 b2 Bc d® e?m? + 5400 Ab c? d®> e m? +
5400 aBc?d®e?m?-3504b>Bd*e*m? - 10512 Ab% cd*e®>m? - 21024 abBcd*em? -
10512aAc?d*e®>m? + 6396 Ab3d3e*m? + 19188 ab?Bd*> e*m? + 38376 aAbc d® e*m? +
19188 a2Bcd*e*m?-35664aAb’>d?e®m? - 35664 a>bBd?>e’m?-35664a’Acd?e’m?+
73656 a2Abde®m?+24552a3Bde®m? +48860a>Ae’m?+360b°Bcd’e?m’+
360Abc’d>e?m®+360aBc’d’e?m®-504b3Bd*e3m®-1512Ab%cd* e3> m’ -
3024abBcd*e>m®-1512aAc?d*e®m®+ 1506 Ab>d> e*m® + 4518 ab? Bd> e* m® +
9036 aAbcd3e*m®+4518a?Bcd>e*m®-12420aAb%d? e’ m®>-12420a%bBd?*e’m® -
12420a2Acd?e®m®+36462a>Abde®m®+12154a>Bde®m®+18424a%Ae’ m? -
2403Bd*e3m*-72Ab%cd*e*m*-144abBcd*e’m*-72aAc?d*e*m* + 156 Ab> d® e* m* +
468ab?Bd>e*m*+936aAbcd3e*m*+468a2Bcd’e*m*-2130aAb2d?e’ m* -

2130 a’bBd? e’ m*-2130a%2Acd?e’m* +9405a2Abde®m* + 3135a°Bd e®m* +

4025a3Ae’m +6Ab3d>e*m®+18ab?Bd*e*m® +36aAbcdie*m® +18a°Bcdi e m’ -

180aAb?d?e’m°-180a’bBd?e®m° -180a>Acd?e’m’ +1335a?Abde®m’ +

445a3Bde®m®+511a2Ae’m®-6aAb’d’e®mb-6a’bBd*e’>mb-6a2Acd’e’mf +

99a2Abde6m6+33a3Bde6m6+35a3Ae7m6+3a2Abde6m7+a3Bde6m7+a3Ae7m7)x+
1

e® (3+m) (4+m) (5+m) (6+m) (7+m) (8+m) (2e+em)

(60480 a*Abe®+20160a° Be®-2520Bc>d°m+8640bBc*d>em+2880Ac*d>em-
10080 b2Bcd*e’m-10080Abc’>d*e’m-10080aBc®d*e’m+4032b>Bd>e3>m+
12096 Ab>cd®e®>m+24192abBcd®e®>m+12096aAc?d®e>m-5040Ab3>d2e*m-
15120 ab’Bd?e*m-30240aAbcd?e*m-15120a2Bcd?e*m+20160aAb>de’m+
20160 a’bBde’m+20160a’Acde’m+73656a’Abe®m+24552a>Bem+
1080bBc?d’em? +360Ac3d>em? - 2700 b2 Bcd*e?m? - 2700 Ab c? d* e m? -

2700 aBc?d*e?m? +1752b3Bd> e3> m? + 5256 Ab>cd*e®>m? + 10512 abBcd* e’ m? +
5256 aAc?d3e®m?-3198 Ab3d2e*m?-9594ab’Bd?e*m*-19188aAbcd?e*m? -
9594 a’Bcd’e*m?+17832aAb?>de’m?+17832a’bBde’m?+17832a2Acde’m? +
36462 a2Abe®m?+12154a°Be®m?-180b2Bcd*e?m®-180Abc?d*e?m’ -

180 aBc?d*e?m®+252b3Bd3e>m® + 756 Ab>cd®e3®md® +1512abBcd®e3m’ +

756 aAc?d3e®m®-753Ab3d?e*m®-2259ab*Bd*e*m®-4518aAbcd?e*m’ -
2259a2Bcd’e*m®+6210aAb>de’m® +6210a°bBde’m®* + 6210 a2Acde’m® +
9405 a2Abe®m®+3135a>Be®m*+12b*Bd* e’ m*+36Ab%cd®e*m*+72abBcd? e m+
36aAc?d®e’m*-78Ab>d?e*m*-234ab?Bd?*e*m*-468aAbcd?e*m?-
234a’Bcd?e*m* +1065aAb>de’m* + 1065a2bBd e’ m* + 1065 a2Acde’ m* +
1335a2Abe®m* +445aBe®m* - 3Ab>d?*e*m®-9ab?Bd*e*m®-18aAbcd?e*m’ -
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9a’Bcd’e*m®+90aAb’de®m® +90a’bBde’m® +90a>Acde’m® +99a%Abefm® +
33a’Be®m° +3aAb’de’m®+3a’bBde’m®+3a’Acde’m®+3a’Abe®mt+a’Bebmt) x* +
1
e* (4+m) (5+m) (6+m) (7+m) (8+m) (3e+em)

(20160aAb2e5+20160a2bBeS+20160a2Ace5+84GBc3d5m—2880bBc2d4em—
960Acd*em+3360b2Bcd*e’m+3360Abc’d>e’m+3360aBc®d’e?m-1344b3Bd?e3m-
4032Ab%cd’e®>m-8064abBcd’e®>m-4032aAc?d?’e>m+1680Ab3>de*m+5040ab?Bde*m+
10080 aAbcde*m+5040a2Bcde*m+17832aAb’e’m+17832a’bBe’m+
17832a’Ace’m-360bBc?d*em’-120Ac>d*em?®+900b’>Bcd>e?m?+900Abc>d®>e?m?+
900 aBc?d®e?m?-584b3Bd?e®>m? -1752Ab%>cd*e®>m?-3504abBcd?e3m? -

1752 aAc?>d*e®>m? + 1066 Ab3de*m? + 3198 ab?Bde*m?> + 6396 aAbcde*m? +
3198 a’Bcde*m? +6210aAb% e’ m? +6210a’bBe’m* + 6210 a’Ace’m?> +60b2Bcd® e’ m’ +
60Abc?d*e’m®+60aBc>d®e’m’-84b3Bd?>e3>m*-252Ab%cd*e>m®*-504abBcd?e’m’ -
252aAc?d?e®m®+251Ab3de*m®+753ab®Bde*m®+ 1506 aAbcde*m®+753a2Bcde*m® +
1065 aAb%e’m® +1065a°bBe’m® + 1065a2Ace’m®> -4b3Bd?e*>m*-12Ab% cd?e3m* -
24abBcd’e*m*-12aAc?d?’e>m* +26 Ab3de*m* +78ab’Bde*m* + 156 aAbcde*m* +
78a’Bcde*m*+90aAb’e’m*+90a’bBe’m* +90a2Ace’m*+Ab3de*m®+3ab*Bde*m® +
6aAbcde4m5+3achde4m5+3aAb2e5m5+3a2bBe5m5+3a2Ace5m5) x3 +

1

(1680 Ab> e* + 5640 ab”>Be* + 10080 aAb ce +

e (5+m) (6+m) (7+m) (8+m) (4e+em)
5040 a’Bce*-210Bc>d*m+720bBc®d>em+240Ac>d>em-840b%Bcd?e’m-
840Abc?d?’e?m-840aBc?d?e?m+336b>Bde®>m+1008Ab%2cde®m+2016abBcde3m+
1008 aAc’de’m+1066Ab3e*m+3198ab’Be*m+6396aAbce*m+3198a2Bce*m+
990bBc?d*em?+30Ac3d em?-225b2Bcd?e?m?-225Abc>d?’e?m?-225aBc?d*e?m? +
146b>Bde®m? + 438Ab%cde®>m? + 876 abBcde®m? +438aAc’de®m? + 251 Ab% e m? +
753ab’Be*m? + 1506 aAbce*m? + 753 a’Bce*m?> -15b?Bcd?e?m® -15Abc?>d?e?m’® -
15aBc?d?’e?m®+21b3Bde’m®* +63Ab2cde®>m®+126abBcde*m®+63aAc’dedm’+
26Ab3e*m®+78ab%Be*m? +156aAbce*m®+78a2Bce*m +b3Bde®m* +3Ab%2cde3mt +
6abBcde3m4+3aAc2de3m4+Ab3e4m4+3abZBe4m4+6aAbce4m4+3ache4m4) x4+

1

(336 b>Be’+ 1008 Ab* ce’+2016abBce’ +

e2 (6+m) (7+m) (8+m) (5e+em)
1008 aAc?e?+42Bcd®m-144bBc?d’em-48Ac®d’em+168b?’Bcde?m+168Abc>de?m+
168aBc’de?m+146b3Be>m+438Ab%ce>m+876 abBce®>m+438aAc’edm-
18bBc?d’em?’-6Ac3d?’em?+45b°Bcde’m?+45Abc’de?m®+45aBcide?m? +
21b3Be*m?+63Ab%ce®m?+126abBce>m?+63aAc?e>m?+3b2Bcde?m’ +
3Abc*de’m*+3aBc’de’m’ +b*Be’m’ +3Ab>ce’m’ +6abBce’m’ +3aAc?e’m’) x° +

((168b*Bce”+168Abc*e*+168aBc?e*-7Bc*d*m+24bBc*dem+8Acidem+
45b°Bce?m+45Abc?e’m+45aBc?e’m+3bBcldem?+Acidem? +
3p’Bce’m’ +3Abc*e*m’ +3aBc?e’m’) x®) /(e (7+m) (8+m) (6e+em)) +

(24bBc2e+8Ac3e+Bc3dm+3bBc2em+Ac3em) x? Bc3ex8
+

(8+m) (7e+em) 8e+em

Problem 2641: Result more than twice size of optimal antiderivative.

J(A+Bx) (d+ex)” (a+bx+cx2)2dlx

Optimal (type 3, 333 leaves, 2 steps):
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(Bd—Ae) (cdz—bde+ae2)2(d+ex)1*m 1
e® (1+m) eb <2+m>
(cdz—bde+ae2) (2Ae(2cd—be)—B(Scdz—e(Bbd—ae))) (d+ex)2*m—#
e (3+m)
(B (18 c?d® + b e? (3bd—2ae)—6cde(2bd—ae))—Ae(6c2d2+b2 2—2ce(3bd—ae)))
(d+ex)3”"— ! (2Ace (2cd-be) -B (10c?d*+b?e*-2ce (4bd-ae))) <d+ex)4”"—
e® (4 +m)

C (58cd—2bBe—Ace) (d+ex>5+m B c2 (d+ex)6*m
+

e® (5+m) e® (6+m)

Result (type 3, 722 leaves):
1
e® (1+m) (2+m) (3+m) (4+m) (5+m) (6+m)
(Ae (6+m) (c® (24d*-24d>e (1+m) x+12d*e® (2+3m+m®) x*-4de’ (6+11m+6m” +m’) x> +
e* (24+50m+35m” +10m> +m*) x*) +e* (20+9m+m*) (a’e® (6+5m+m?) +
2abe (3+m) (-d+e (1+m)x) +b>(2d*-2de (1+m) x+e* (2+3m+m’) xX*)) +
2ce (5+m) (ae (4+m) (2d*-2de (1+m) x+e® (2+3m+m’) x*) +
b(—6d3+6d2e(1+m)x—3de2 (2+3m+m2) x? +e3 (6+11m+6m2+m3)x3)))+
B (-c?(120d°-120d%*e (1+m) x+60d>e® (2+3m+m*) x> -20d*e> (6 +11m+6m* +m’
5de* (24+50m+35m>+10m’ +m*) x* - e® (120 +274m+225m* + 85m> + 15m* + m>) X°) +
e’ (30+11m+m?) (a®e® (12+7m+m?) (-d+e (1+m) x) +
2abe (4+m) (2d°-2de (1+m) x+e” (2+3m+m?) x?) +
b*> (-6d>+6d*e (1+m) x-3de* (2+3m+m?) x*+e® (6+1lm+6m*+m’) X°)) +
2ce(6+m) (ae (5+m) (-6d>+6d*e (L+m) x-3de* (2+3m+m*) x>+
e (6+11m+6m’+m’) x*) +b (24d*-24d>e (1+m) x+12d*e® (2+3m+m?) x* -
4de (6+11m+6m” +m’) x> +e* (24+50m+35m” +10m> +m*) x*))))

(d +ex)1*m

X3+

Problem 2644: Unable to integrate problem.

dx

J(A+Bx) (d+ex)"

(a+bx+cx2)2

Optimal (type 5, 538 leaves, 5 steps):
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((d+ex)1*’" (aB (ch—be) —A(bcd—b2e+2ace) +C (de—ZAcd+Abe—2aBe) x))/
((b2—4ac) (cdz—bde+ae2) <a+bx+cx2)) +

e (de—2Acd+Abe—2aBe) m—;(Zb (Bcd2+2Acde+aBe2) -

VvbZ-4ac

C

b’e (Bd (2-m) +Aem) -4c (A(cd*+ae’ (1-m))+aBdem))

(d+ex)1*mH . 2c<d+ex) /
ypergeometric2F1[1, 1+m, 2 +m, ]

2cd- (b—\/b2—4ac ) e
((b2—4ac) [ch— (b—x/b2—4ac

e (de—ZAcd+Abe—2aBe) m+;<2b (Bcd2+2Acde+aBe2) -

Vb2-4ac

e +

(cdz—bde+ae2) (1+m)

C

b’e (Bd (2-m) +Aem) -4c (A(cd’*+ae* (1-m))+aBdem))

2¢ (d
(d + e x) " Hypergeometric2F1[1, 1+m, 2 +m, c(d+ex) }]/

2cd—(b+m)e
((b2—4ac> (2cd—(b+xlb2—4ac

Result (type 8, 27 leaves):

J(A+Bx) (d+ex)"

(a+bx+cx2)2

e| (cd®-bde+ae?) (1+m)

dx

Problem 2645: Result more than twice size of optimal antiderivative.

j(A+Bx) (d+ex)m 5
X

a+bx+cx?
Optimal (type 5, 212 leaves, 4 steps):
2c (d+ex)

2cd7(b—\/b2—4ac)e

(d + ex)*™Hypergeometric2F1[1, 2 +m, 3 +m,

]

/

(B bB-2Ac
Vb2-4ac

((2cd—(b—«/b2—4ac el (2+m) || -
bB-2Ac 2em . 2c (d+ex)
B+ —————| (d+ex)*"Hypergeometric2F1[1, 2+m, 3 +m, ] /
Vb%2-4ac 2cd—(b+\/b2—4ac)e
((chf(b+«/b274ac el (2+m)
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Result (type 5, 1358 leaves):
1

4c? (b274ac) ez m (1+m)

c (d+ex) c(d+ex)

(d+ex)m -2¥"Ace <1+m)

be- (b2—4ac)e2+2cex be+ (b274ac)e2 +2cex

m
C (d+ex)

[(2cdbe+ (b2—4ac)e2

be+ (b2—4ac) e2 +2cex

2cd-be+,/(b>-4ac)e?
Hypergeometric2F1[-m, -m, 1 -m, |+

-be~+ (b274ac) e2 _2cex

c (d+ex)

-2cd+be+ (b274ac)e2)

m
be-./(b>-4ac)e? +2cexJ

-2cd+be+ <b2—4ac) e?
Hypergeometric2F1[-m, -m, 1 -m, +

be+ (b2—4ac) e2 +2cex

B 2c(2cd—be— <b2—4ac)e2 m(d+ex)—

m (d+ex) -2c (ch—beJr (b2—4ac) e?

-m

c (d+ex)

2" (2cd—be+ (b2—4ac) e? )2

be-./(b®-4ac)e® +2cex

2cd-be+,/(b?-4ac)e?
Hyper‘geometr‘icZFl[—m, -m, 1-m, -
-be+./(b?-4ac)e’ -2cex

-m

c(d+ex)

be- (b2—4ac)e2 +2cex

2cd-be+./(b2-4ac)e?
Hyper‘geometr‘icZFl[—m, -m, 1-m, +

-be~+ (b2—4ac) e2 _2cex

-m

2 c(d+ex)

2" (-2cd+be~+ (b2—4ac) e?

be+ (b2—4ac) e +2cex

-2cd+be+,/(b2-4ac) e
Hyper‘geometr‘icZFl[—m, -m, 1-m, +
be+./(b?-4ac)e® +2cex

2

d
. c( +ex)

2" |-2cd+be+/ (b*-4ac)e’

be+ (b2—4ac) e2 +2cex
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-2cd+be+ (b2—4ac) e?
Hypergeometric2F1[-m, -m, 1 -m, |+

be+./(b®-4ac)e® +2cex

-m

c (d+ex) c (d+ex)

21" cd (1+m)

be- <b274ac)e2 +2cex be+ (b2—4ac>e2+2cex

m
C (d+ex>

{(2cdbe+ (b2—4ac) e?

be+ (b2—4ac) e2 +2cex

2cd-be+./(b*-4ac)e?
Hyper‘geometr‘icZFl[—m, -m, 1-m, } +

-be+ (b2—4ac> e2 _2cex

|

Problem 2646: Result more than twice size of optimal antiderivative.

m
C (d+ex)

-2cd+be+/(b*-4ac) ez)

be- (b2—4ac) e2 +2cex

-2cd+be+ (b2—4ac) e?

Hyper‘geometr‘icZFl[—m, -m, 1-m,

be+./(b*-4ac)e’ +2cex

J(A+Bx) (d+ex)’3’Zp (a+bx+cx?)Pdx

Optimal (type 5, 349leaves, 2 steps):
(Bd-Ae) (d+ex)’2<1+p> <a+bx+cx2)1+p
2 (cd>-bde+ae?) (1+p)

2cd-[(b-+vb2-4ac|e|] [b+rvVb2-4ac +2cx
(b—x/b2—4ac +2CXx ( ( ) ) ( ' . )
(2cd—(b+x/b2—4ac)e) (b—\/b2—4ac +2cx)

(d+ex) 1-2p (a+bx+cx?)?Hypergeometric2F1[-1-2p, -p,

(de—ZAcd+Abe—2aBe)

-P

4cvb*-4ac (d+ex) ]
(chf (b+\/b2—4ac ) e) (b—\/b274ac +2cx)

2fca-[o-fiaac

Result (type 5, 1158 leaves):

,2p’ —

e

(cd*-bde+ae?) (1+2p))

-p

e(—b+\/b2—4ac —2cx)

1 ,23p b-vVb%-4ac Jp
— ——+X
e? 2c 2cd+(—b+\/b2—4ac)e

p -P

e(b+\/b274ac +2cx)
-2cd~+ (b+\/b2—4ac ) e

[b—\/b2—4ac +2cCX

C
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2c(d+ex> P

2cd+ (-b+/b?-4ac|e
ooy met 3 e esse
(4cd(1+p)+(—b+xlb274ac)e<1+2p)+2cex

Gamma [-p] Hypergeometric2F1[1, -p, -2p, (4c«/b2—4ac (d+ex)
2cd+(—b+x/b2—4ac b++b*-4ac +2cx||]+

7b2+4ac+b\/b274ac +2c\/b274ac x| (d+ex) Gamma[l-p]

(d+ex)’2(1+p) (a+x (b+cx))p 1-

p

Gamma | - e

N |

Gamma[1l-2p]

/

e

[4ce

Gamma[-2 p] Hypergeometric2F1 [2, 1-p,1-2p,

[4c«/b2—4ac (d+ex) /[(2cd+[fb+xlb2—4ac
(b+x/b2—4ac +2CX ])/(b+x/b2—4ac +2CX

e

/

(1+p) A/ Gamma[l-2p] Gamma[—Zp}]] +

2
e

(2 [2cd+ (—b+x/b2—4ac

2c(d+ex) P

2cd7(b+x/b274ac)e

[(2cd+ (—b+x/b2—4ac e) 4cd (1+p) + (—b+w/b2—4ac

Gamma [l -2p] Gamma[-p] Hyper‘geometr‘icZFl[l, -p, -2p,
4cVb*-4ac (d+ex) ]

+

(2cd+ (—b+\/b2—4ac ) e) (b+\/b2—4ac +2cx)

[4ce(fb2+4ac+b«/b274ac +2cA/b’-4ac x
Hypergeometric2F1[2, 1-p, 1-2p, (4cﬂb2—4ac (d+ex)

\Jb>-4ac (b+xlb2—4ac +2CX
(2 [2cd+ (—b+x/b2—4ac

1

1+2p
B
<d+ex)

Ae |1-

Gamma [—

N |

~p]

e(l+2p)+2cex

(d+ex) Gamma[1-p] Gamma[-2p]

/((2cd+(—b+
])/[b+m+2cx

e

/

2
e

(1+p) A/ Gamma[l-2p] Gamma[—Zp}] -

41+p
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2c(d+ex) P

2cd+ (7b+\/m) e
Hypergeometric2F1[-1-2p, -p, -2p,
4cVb’-4ac (d+ex]

i (—2cd+ (b+\/b2—4ac ) e) (—b+\/b2—4ac —2CX)]

1
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Summary of Integration Test Results

2646 integration problems

A - 2297 optimal antiderivatives

B - 99 more than twice size of optimal antiderivatives
C - 241 unnecessarily complex antiderivatives

D - 9unable tointegrate problems

E - Ointegration timeouts



